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[IEPEIMOBA 11

ITEPE/IMOBA

Hudepenrianbai piBHSHHS I METOMN TOCTIIZKEHHST X PO3B’ sI3-
KiB IIIMPOKO BUKOPHUCTOBYIOTHCs Yy PI3HOMAHITHUX TaJly3sX 1 PO3JIi-
Jlax cydacHol Hayku i TexHiku. CamMe ToOMy HaBYaJbHA JUCIUILIIHA
«ludepenrianbui piBHSHHS» 3afiMae UijbHE MICIE Yy IIiJIIOTOBII
crieriaicTiB 3 iHpOpMaTHKN, MaTeMATUKU, MPUKJIATHOI MaTeMa-
TUKU TOIIIO.

[IporronoBanmii MOCIOHUK OXOILIIOE OCHOBHY YACTUHY YHIBEp-
CUTETCHKOI IporpaMu 3 jirudepeHIiajbHuX PiBHAHD JIJIsi CTYJIECHTIB
HAITPSIMIB IT/INOTOBKY «iH(MOPMATUKAY, IIPUKJIAIHA MATEMATUKAY,
ajie MOke OyTU BUKOPUCTAHUN TAKOXK JIjIs CTYJACHTIB iHKEHEepHO-
TEXHIYHUX BUINMUX HABYAJILHUX 3aKJIAIIB.

Mertoro nocibnnka € o3HafloOMJIEHHS CTYJIEHTIB 3 OCHOBHUMH 10~
HATTAMU, TBEPIZKEHHSIMH, METOIAMU Ta 3aCTOCYBAHHSIMU TeOopil
nudepeHiajIbHuX PiBHAHD, CHPUSIHHA TTHOOKOMY 3aCBOEHHIO Te-
OPETHUYHOr0 MaTepiajy 3a JOMOMOIrOI PO3B’s3aHUX MPUKJIAIIB 1
3a/1a4d PI3HOIO PIBHSA CKJIAJIHOCTI, MHiJIFOTOBKA 1X JI0 CAMOCTIHHOT
pobOTH 3 HAYKOBOIO JHTEPATYPOIO.

[Tocibnuk mae Buriis Kypey 3 24 jexiiiii, sKi yMOBHO MOXKHA
HOJIJINTH HA D PO3JIUIB: «3BUYAiiHI JudepeHIiaibil pIBHSIHHS [1€D-
IIIOTO TOPSIIKY », «3BUYalH] qudepeHIiaibii PIBHAHHS BUIUX 10~
PSIKIBY, «CHCTEMHU 3BUYANHUX TU(pEpPeHIiaibHuX PIBHIHbY, «PiB-
HHHS 3 YACTUHHUMU MOX1THIMU TEPIIOro MOPSIKY», «OCHOBU Te-
Opil CTIAKOCT1».

Te, o aBTOpaMU HA3BAHO <«JIEKIIISIMI», MOXKHA BBAXKaTU HU-
MH YMOBHO — IIEPEJIOBCIM depe3 00csr, KUl He 3aBK/IU BiIITOBiTae
JBOM aKaJIEMiYHUM TOJIMHAM, & TAKOXK Uepe3 HEPIBHOMIPDHO PO3IIO-
minenunit marepiasi. Hacrpasmi, Tepmin «jiekiiisy — 11e paJiie mes-
HUIl TeMaTuIHO 00 €IHAHUN MaTepias, AKuii MoyKe OyTH OCHOBOIO
JJIS CIPABKHBOI JIEKIIIT Ta BiJIIOBIIHOIO NPAKTUIHOI'O 3aHSITTSI.

BaxkuBi moHATTS, TEOPEMU, METOY 1LIIOCTPYIOTHCS TPUKJIA 1A~
vu. Kigers po3s’sa3anux MpUKIAIIB Ta 337a9 MO3HATAETHCA CHUM-
Bosiom M. ajile y TUX BUIAJKaX, Jie Oysia MOXKJIUBICTDL «3aryOuTu»
BIJIMIOBI/Ib cepe/ TEKCTY, 11 HAITMCAHO B KIiHI[ MPUKJIAILY YU 3a/1adl.

3HaK P 03HAYAE KiHEIb JOBEJIEHHS] TEOPEMH.
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Koxkna jexiiiss cympoBO/KYETHCS MTUTAHHIMU JIjI KOHTPOJIIO
Ta CAMOKOHTPOJIIO 3aCBOEHHSI MaTePialy Ta BIPABAMHU, STKi MOXKYTh
OyTH OCHOBOIO [IjIsI IIPOBEICHHS MPAKTUIHUX 3aHITH 3 IEBHOI Te-
mu (y noeaHanHi 3 inmumu 36ipaukamu). [TociGHIK MOXKe BUKOPH-
CTOBYBATHUCH 1 K JIOBITHUK, YOMY CIPHUSE JeTATbHUN TTpeIMeTHUN
MOKAYKINK.

Y nomaTkax ;g0 pO3ILIiB s MaiizKe BCiX PO3B’sI3aHUX y BiJIIIO-
BIJIHUX TeMax MPUKJIAJIB HABOJSTHCS 1X PO3B’S3aHHS 32 JIOMOMO-
o0 IIaKeTa CUMBOJIbHUX obuuciaenb Maple. 3 ocnoBamu poboru 3
HUM 9HTaY MOXKE O3HAWOMUTHUCH Y JTOJATKY 6.

Y chomcky JiTepaTypu UuTad 3Hale TEepesiK JTepaTypHUuxX
JKepeJI, y SKUX MUTAHHs, BUCBITJIEH] y I[bOMY IOCIOHUKY, BUK/Ia-
JIeHI TO-1HITIOMY ab0 OLJIbII TTOBHO.

Bci cioBa ta uncia, BuijieHl 9€pBOHUM KOJILOPOM, ITPAIIOIOTDH
dK rinepriocunanid. [Ipu kiamanni Ha HUX JIIBOIO KHOMKOIO MUIITKH
BiI0yBaETHCA TIEPEXis] Ha Ty YACTHHY CTOPIHKH, 7€ PO3MIIIEHa Bijl-
noBijHa indopmaris. Harajgyemo, 1o Jijist MOBEpHEHHS O TOTIe-
PEHBOI CTOPIHKY TiC/I KOPUCTYBAHHS TiIIEePIOCUTIAHHAM CJIiJT 3a-
CTOCOBYBaTH CTAHJIAPTHY I IPOrpaMu, K00 Bu Kopucryerecnh,
KOMOiHAITf0 KjaBimr. Y OiIbITOCTI mporpaM TaKoK KOMOIHAIIEO
kiasim € Alt-<— (crplika BiiBo). Bech 3mict mpomy6iaboBano y
3aKJIaJIKaX, [0 JT03BOJISIE MIBUIKO IEPEXOJIUTU 10 IOTPIOHOrO po3-
iy, Jiektil am 11 myHKTy. lepeBo 3aK/iaoK pO3KPUBAETHCS IIPHU
KJIAIIAHHI MUIIKOIO HA 3HAMII +.

CroiBaeMocCh, 110 Ieil eJIeKTPOHHUI TOCIOHUK JIOITOMOKE CTY-
JeHTaM B OBOJIOJIIHHI BayKJIUBUMHU PO3JILJIAMU CydaCHOI MaTeMaTh-
KM, a8 TAaKOXK Oy/le KOPUCHHUM J[IjIsi BUKJIQJAYIB IMij dac poboru 3i
CTYIEHTaMU.
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Pozain 1.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHA ITEPITITIOI'O ITIOPAIKY

Jleknisa 1. IlousiTTsas mpo mudepennianbHi piBHAHHSA
Ta audepeHIiajabHi MOoJeJTi

Ilan

1. IudepenriianpHi piBHSIHHS Ta MaTeMaTHIHE MOJICJIOBAHHS.

2. OCHOBHI O3HAYEHHSI i TOHSITTSI.

3. Crurajianust jindepeHIiajbHuX PIBHAHb BUKJIIOUEHHSIM JI0-
BIJTbHUX CTaJIAX.

1. ndepeniiiajgbHi piBHAHHA Ta MaTeMaTU4IHE MOIE-
aroBaHHsi. JocmipKkyoun pisHoMaHiTHI (bizudHi siBUIIA, TEXHOJIO-
rivHi mporecu y 0araTbox rajiy3sx HayKd 1 TeXHIKT, J1esKi IPOIEeCH,
AKl BUHUKAIOTH B €KOHOMIIll, €KOJIOT1l Ta IHINX COIMIaJbHUX Hay-
Kax, He 3aBXK/U BIAETHCA OE3IT0CePETHBO TPOCTEXKUTH 3aIEKHICTH
MiXK BeJIMIMHAMU, 110 OIMUCYIOTH IeBHUIT mportiec 1uu siputie. OHak
y 6araTbox BUIAIKAX MOYKHA BUSIBUTH (DYHKIIOHAILHY 3a/1€2KHICTH
MiK BU3HAYAJbHUMU XapakTepucrukamu mporecy (dyHKiismm),
MIBUIKOCTSIMHA 1X 3MiHU § 9acoM, TOOTO 3HANTH PIBHAHHS, SIKi Mi-
craTh nryKaHi dyHKIl Ta/abo ix noxigni. Taki piBHsHHS HA3u-
BalOTh JudeperHuiasbHUMU, a 3HAXOKEHHST HEBIIOMOT (DyHKITT
(po3B’si3Ky) — tHIMeE2pY8aHHAM TdEPEHIIATLHOIO DIBHSIHHS.

Judepeniiaibie piBHSIHHSI, OJ€pKaHE Y IIPOIECT JOCIIiIZKEeH-
Hsl JIESIKOTO peajIbHOTO sIBUINA abo Ipoliecy, Ha3uBaioTh dudghe-
PEHULIANBHOMN MOOEAt0 TTHOTO ABUIIIA, porecy. dudepenmiaib-
Hi MOMETl HA3WBAIOTDL 1€ OUHAMIYHUMY MEMEMAMUYHUMU
modeasmu. Y TaKuxX MOJENAX, KPIM IIYKAHUX 3aJI€KHUX BEJIH-
YWH, MICTATHCSA TaKOXK IOXITHI NIYKAHWX 3aJIEXKHOCTEH, HaIpu-
KJIaJl, IITBUJIKOCTI, IPUCKOPEHHS Ta iH.

Judepenmiaapui Mome i T0IOMAraioTh 3PO3YMITH TOCIIZKY-
BaHl ABUINA 1 MIPOIECH, JAIOTH MOXKJIUBICTH BCTAHOBUTHU SKICHI Ta
KUTBbKICHI XapaKTEepUCTUKHU 1X CTaHIB, 3 IX BUKOPUCTAHHAM MOXKHA
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OIIMCATU MEXaHI3M PO3BUTKY IPOIIECY, & TAKOXK IepeadadInT Horo
HOJIAJIBIITII PO3BUTOK 6€3 HATYPAJIBHUX €KCIEPUMEHTIB, IIPOBE/IE-
HHsI SIKAX YACTO € HAJTO JIOPOTUM abO MPOCTO HEMOXKJIMBUM.

Judepenmiaibai MoJIEi € BaXKJIMBOKO CKJIAJIOBOIO MaTeMaTH-
YHOI'O MOJIE/IIOBaHH, siKe BKJIIOYA€ B cebe He TiIbKU OOYI0BY
1 JMOC/IiIPKeHHsT MaTeMaTUIHUX MoJiesieil, ajie il cTBOpeHHsT 004u-
CJIIOBAJIBHUX aJITOPUTMIB 1 IIporpam, 1Mo peati3yioTh I MOJesl Ha
€JIEKTPOHHO-O0IUC/TIOBAJIbHIX MAaITHHAX.

VY mporieci mobyaoBu udepeHitiaIbHIX MOJIEIe BaXKInBe 3Ha-
YeHHSI Ma€ 3HAHHSI 3aKOHIB Ti€l 0bJ/IacTi HAYKH, 3 SKOK IOB’si3aHa
NpUpoIa 3aJ1adi, 10 BUBYAETLCA. Hanmpukimasl, y MexaHimi 1e Mo-
e Gyt mpyruit 3akon Hproromal) (F = ma, me m — maca Tina,
a — TPUCKOpeHHsI pyXy, F' — cyma cuii, mo JHioTh HA TLI0); y eJie-
KTporexHini — 3akon Kipxroda (asrebpudna cyma cuir crpymis,
fK1 POTIKAIOTH Y MEBHIN TOYI €JIEKTPUYHOI'O KOJIa, JIOPIBHIOE HY-
JI10); y XiMil — 3aKOH PO3YMHEHHsI PeYOBUHU (IIBUJKICTH PO3YMHE-
HH$I IPOIIOPIiiiHa HasgBHIN KiJbKOCTI HEPO3UYMHEHOI PEYOBUHHU Ta
Pi3HUI KOHIEHTPAIiil HACUYEHOI0 PO3YMHY 1 PO3YUHY Y IEBHUI
MOMEHT 4acy) TOIIIO.

[Turanus mpo BiAMOBIAHICTE MaTeMaTUTIHOI MOJIEN i peaJbHO-
ro sBUIIlA BUBYAETHCA HA OCHOBI aHAJI3y pPe3yJbTaTiB JIOC/ITY Ta
TX MOPIBHAHHS 3 MOBEIIHKOIO PO3B’SI3KY OIEPXKAHOTO JAudepeHtli-
aJIbHOT'O piBHHHHH.Q)

Posrnsimemo Jtekisibka NPUKJIAQIHUX 337, sIKi NPUBOIATH 10
3BUYAHUX AU(EPEHIIATLHUX PiBHIHD.

Bamaga 1. 3uatimu 3aK0n 3pOCManmna tHPOPMaUITHUT NOMO-
Ki6 y nayyi (3pocmanna KiAbKoCmi HAYKOBUT NYOAIKAYIT), AKULO
6100M0, ULO WEUIKICTNG 3POCTAHHA NPAMO NPONOPULTHA OCAHY-
MoMYy PIeHIO KIAbKOCME nybaikayit. Busnavwumu, 3a axul wac
KIALKICTD NYOATKAUIT T00B0IMBCA NOPIBHAHO 3 NOYATNKOBON0 KiAb-
KICTMI0, AKUWO 610HOCHA WEUIKICMb spocmants craadae TY%.

YBi6iorpadivmi gani mpo BUEHNX, Npi3BAmA TKIX 3yCTpivarThCsa y MOCi-
OHUKY, MOXKHA 3HAWTH HA CTOp. 341.

2 Heranbhinre nmpo mudepenmiaabai MOIE Ta METOANKY 1X CKIaTaHHS HTH-
MeThbCsl Ha JIeKIil 9.
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Pose’azanns. Hexail y(t) — KIbKicTh 1myGUIiKariii y MOMEHT Jacy
t, Yo — movaTKOBa KiibKicTh mybuikariii, Tooro y(0) = yo. [Bu-
KiCThb 3pocTaHHs iHMOPMAIHHUX IMOTOKIB K MBUIKICTH 3MiHU
dyHukil € noxiguorw i€l dpyukiii. OTxke, 3aKOH 3pocTaHHs iHMOP-
MaIliiHIX MTOTOKIB MOXKHA 3AIMMCATH Y BULVIS TU(EPEHITATIHLHOTO
pIBHSHHS
Y (t) =ky(t), (1.1)
ge k > 0 — xoedilieHT NPOMOPIHHHOCTI, IO XapaKTEePU3YE BiATYKU
Ha ybJikariil y 1meBHiil rayiysi 3HaHb.
Hudbepennianbue pisusinas (1.1) pasom 3 ymosow y(0) = yo
€ MATeMaTUIHOI MOJIEJIII0 3POCTaHHs 1H(MOpPMAIIHHUX TOTOKIB.

Po3B’szkeMo T1e piBHsAHHS, BpaxoByoun, mo y' (t) = Z—?:

d d
Yky=0 = Y_pa=0 =
dt Y

dlny—kt)=0 = hy—-k=C = y = 1kt

ne C; — nosimbra crana. dkmo nepenosuauutu eC! wepes C, o
y(t) = CeFt. Ockimbku y(0) = yg, T0 C' = 7o, TO6TO IIyKAHMIT
3aKOH 3POCTaHHs iH(MOPMAIIITHUX MOTOKIB y HAyIll BU3HAYAETLCS
dopmyJioro
y(t) = yoe™. (1.2)
Suaitemo rerep dac T, 3a gKUil MOTIK HAYKOBOI iH(MOpMAIIT y
MOPIBHSIHHI 3 TIOYATKOBOIO KIJIBKICTIO 30L/IBIIATHCS BABITL. 3a yMo-
BOIO 3aJ1a4l BiIHOCHA MBHIKICTH Y’ /y 3pocranus indopMariinmx
noToKiB ckiagae 7%, a romy k = 0,07. Ockinbku y(T') = 2y, TO

In2

y(T) = yoe Yo 0.07

~ 10 pokis. B

Bingunaunmo, mo vepes crpumyrodi dpakTopu, OB’ si3aHi 3 pis-
KUMU 3MIHAMU 30BHINIHIX YMOB, €KCIIOHEHITIAJIbHUN XapaKTep 3po-
CTaHHsI TIOTOKY HayKoOBOI iH(popmariil 36epiraTucs He MoOxKe. 3po-
CTaHHsI PiBHA OOMEXKYETHCsS IEBHUM HOT0 3HAYEHHSIM 1 MEXaHi3M
3pOCTaHHS KiJTHKOCTI myO IiKaIiil BUpaykaTuMeThCs InepeHItiaib-
HUM PIBHAHHIM

y =ky(M —y),
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e k>0, 0 <y < M. Posp’szkemo 11e piBasgaus. Maemo

dy 1 /1 1
—2 = kdt — (24— )dy—kdt=0
y(M —y) - M(y+M—y> Y -
d(lny —In(M —y) —kMt) =0 =
y MeMkt+Cl
lniM_y:kMt_'_Cl = yZil_'_eMk;t-‘,—Cl =
- M
Y= 1 ¥ Ce Mkt

Jle, BPaxoByIOUN JOBLIbHICTH cranoi Cf, mepenosHadeno e C1 ue-

pes C. Hamani y taxiit curyaril BUKOPHCTOBYBATHMEMO 3HAK =

Hanpukiag, C = e ©1,

Y

Kpusy, Busnadeny octaHHIM DIBHAHHSM, HA3UBAIOTH A021CTNMU-
YHOM0 KPUBO010. Y 1I0YATKOBI MOMEHTH HYacy, KOJIU Y 3HAYHO MEHIIIe
M, noricTuvuHa KpUBa MPAKTUIHO 30ira€ThCsi 3 TpadiKoM MOKa3HU-
kool dyukii y = MeM* TIpami y = M iy = 0 ¢ acumnroramu
JorictuaHol Kpuboi (Ha puc. 1.1 moGyaoBaHa JoricTHYHA KpUBA

upu M = 4C = 8k).

0] t
Puc. 1.1

3akoH 3pocTaHHs 1HMOpPMAIIHIX TOTOKIB, BU3HAYEHMIT (HOp-
mysioro (1.2), € noosti yHiBepcasbuuM. HuM MoKHA CKOpUCTATUCS
JJTsl OIUACY TPOIIECIB PaJIIOAKTUBHOIO PO3IMaLy, XIMITHUX peakIiiii,
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JI7IsI PO3B’ I3y BaHHsI OaraTbox 3324 €KOJIOril, 3a1ati mpo eheKTuB-
HicTh peksiamu Tomio [5, 8, 14, 17]. YV 6ankiBcbKiil cpasi HapaxyBa-
HHSI 3200PTOBAHOCTI 38 KPeInTOM ab0 TOXOIIB 38 BKJIAIAMEI TaAKOK
BiJIOYBAETHCS BIJIIIOBI/IHO /10 IIBOTO 3aKOHY, aJie Y [UX BUIIAJIKAX Tac
BIJIpaXOBY€EThCA HE HENEPEPBHO, a Yepe3 JUCKPETHI MPOMIKKH.

Bamada 2. Yosen cnosisvHiwe ceiti pyx nid Jdiero onopy 6o-
du, Axul nponopuitnull keadpamy weudkocmi wosha. Ilowamkosa
weudkicms woeHa 3 m/c, a Uoeo weudkicmv uepes 4 ¢ craadae
1 m/c. epes arui wac weudkicmsd wo6na merwumvcs do 1 cm/c.
Pose’sazanns. 3rinno 3 apyrum 3akonoM Hbiorona ma = F, ne
m — Maca J0BHA, a4 = % — floro npucKopenHst (IOXijiHa MBUIKOCTI
v(t) 3a gacom t), F' — cuyia onopy Bozu. 3a ymosoto 3ajiadi F = kv,
Omxke, MaeMo Take judepeHitiajgbHe PiBHSIHHSI:

dv

m— = kv?. (1.3)

3 (1.3) omepkyemo:

d
—Z:fdt = d(—1—£t>:0 =
v m
1 k —-m
__——t:C = T .
vooom - v kt +Cm

3 ymosu v(0) = 3 3naxoqumo C' = —1/3, a Tomy

- 3m
m — 3kt

o(t) (1.4)
_ 3m _ _
3 (1.4), spaxosytoun, mo v(4) = 1, onepxyemo, mo T = 1,

7 = —0, a orxe,

3 Sl 3(—6
o(t) = —— = ok :f_)
m—3kt T —3t —6-3t
6

Axmmo renep B (1.5) migcrasuru ¢t = T (T — mykaunuii gac), a
Takoxx v = 0,01, To 3Biycu 3naxoaumo 1'= 598 c. B
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Bamada 3. Busnavumu gopmy dzeprana, Axe Cnpamosarull Ha
HBO20 MOMIK NAPAAENOHUT TPOMEHIE 30UPae 6 00HY MOUKY.
Poses’sazarns. 3pobumo mepepis jzepkajia miomuHown Oy, 1Moo
TOUKA, B Ky 30MpatoThesi npoMeHi (hokyc), Oyia moIaTkoM KOop-
auHaT, a Bich O — mapaJjeabHOIO JIO IIPOMEHIB, SKi 1aJaloTh Ha
J13epKasio. Y nepepisi ojepikyemo jesky kpuby y = f(z) (puc. 1.2).

Yy
y = f(z)
M _~&
\
& 'y
| |
A 0] B T
Puc. 1.2

Bukopucraemo 3aKoH reOMeTPpUTHOI OIITUKHY, 3Ti/IHO 3 IKUM KYT
HaJiiHHs IIPOMEHsI JIOPIBHIOE KyTy #oro BiadburTts (1eil KyT nosHa-
geno 4epes «). Hexait M (z,y) — nosinbua Touka kpusoi y = f(x).
[Ipoeenemo y tiit Touri porwany M A. Tpukyrauk MOA pisHO-
beapennii. He Brpadaioun 3arajbHOCTI, BBazKaTuMeMo, 1o y > 0.
Ockinbku 3y’ = tg o (reomerpuanuii 3MicT HOXIIHOT), TO OIEPKYE-
MO

r_t MB Y
AB ?2+y?+a

a60, JOMHOXKYIOUH YHCEJIbHIUK 1 3HAMEHHUK Apo0y Ha /22 + y2—x,
1
y = ; (x/x2+y2—$>. (1.6)

Hudepennianbue pisasinast (1.6) € nudepeHIiajabHOI MOJEILITIO
3aj1a4di. BoHo ommcye dopmy mepepisy jzepkadia monmHon Oxy.
3 (1.6) omepxyemo:

! d
wzl = —(/xQ—l—yQ):l =
/l‘2+y2 dx

Va2 +y?2=24C,
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e C' — noBuibHa crasa. OTiKe, MAEMO PIBHSIHHSI OCBHOBOI'O I€pe-
pisy azepkasa mwiomunoo Oxy: y? = 2Cx + C2. Oxeprxamnu cim’io
napabo. 3 BepmuHamu y Toukax (—C'/2;0), a ToMy [HOBEpXHsI J[3eP-
KaJia K [MOBEPXHs 0OEPTaHHS OChOBOI'O Iepepidy HaBkoJio oci Ox
Mae Burts y2 + 22 = 20z 4+ C2, tobro mykani popMu 13epKasia
OIHCYIOThCs CiM’€I0 PiBHsSIHB 1apabosoiaiB obeprants. W

2. OcHOBHI 0O3HaYeHHS ¥ IOHATTs. 38UualUHUM Juge-
PEHULANBHUM DIBHAHHAM HASUBAIOTH CIIIBBIIHOIIEHHS

F (x,y,y’,y”,m,y(")) =0 (1.7)

MizK He3aJIe7KHOI0 3MIHHOIO Z, NIyKaHOW (dyHKIiEw y = y(z) el
3MinHOT 1 moxiyammu o,y ... y(™).

[Toznavennsi, BUKOPUCTaHI y HaBeJIEHOMY O3HAYEHHI, He € CyT-
TEBUMMU: He3a/IeyKHa 3MiHHA MOXKe MMO3HA4YaTHUCd 4depe3 t, TIyKaHa
dyukIis — yepes s, f, ¢, F Torio.

ITopsaodxom 3sudaiinoro audepeHIiajgbLHOr0 PIBHAHHS Ha3UBa-
IOTH TOPSAIOK HARBHUIIOI HOXiIHOT HEBIIOMOI PpYHKIIT, siKa BXOIUTH
y piBusinHsA. Y piBHSAHHI n-ro mopsaKy (1.7) BBasKaeThCs, IMIO IO-
XiJIHA N-TO MOPAJKY IIYKaHOI (pyHKIT CIpaBi BXOAUTL y 1€ PiB-
HsIHHS, TOJI SIK HAABHICTH PEIITH apryMeHTiB HeOOOB’si3KOBA.

Hagenemo npukiamm 3Buvdaiiiux audepeHIiaj bHuX PiBHIHD:

y=zy +y°, ¢y +y|=0, ' +y=-cosz,

yIV _ 4y/// + 5y// _ 2y’ +y = ze, y(l()) — 5

Ilepmmi gBa 3 HaBemeHNWX PIBHSIHB MAaOTh MEPIINA MOPSIIOK, Tpe-
T€ PIBHSAHHS — JIPDYTHUil TOPSJIOK, YeTBEPTE PIBHAHHS — YeTBEPTHH
MIOPSIJIOK, TI'SIT€ — JIECSITUN OPSIIOK.

Axmo audepeniiagbie piBHIHHS MICTUTh YACTHUHHI ITOXIIHI
HEeBi0MOI PYHKINT BiJl KITbKOX HE3AJIEXKHUX 3MIHHUX, TO HOIO Ha-
3UBAIOTDL PIBHAHHAM 3 YACTMUHHUMU Noridnumu. Hasenemo
NPUKJIa/IA TAKUX PiBHSIHB:

ou  Ou 0 Ou_ 0%
ot " Yer - ot " ax2
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Pu_ pdu Pu P
ot? 0x?2’ 0x2  Oy? 022

Hanaumi, kpim sekmiit 21 1 22, po3risggaruMeMo TITbKY 3BUYaiH]
nudepeHIiaibii PIBHAHHS, IPUTIOMY 3aBXK/IM HE3AJIEKHY 3MIHHY 1
nrykaHy (QYHKIHIO BBAXKATUMEMO JIICHUMU.

Pose’sasxom pisusinas (1.7) wa nesikomy inrepsasi (a,b),
—00 € a < b < 400, HazuBaOTh GyHKII0 ¥y = y(x), Ka Mae Ha
IIBOMY 1HTepBaJIl MOXiJIHI 70 MOPSJIKY 7 BKJIIOYHO Ta 38JI0BOJIHHSIE
piBusinas (1.7). Lle osmauae, mo Jyist Beix = € (a,b) cupaBmKye-
ThCsI TOTOXKHICTD

F (x,y(:c),y'(m),y”(m), . ,y(”)(m)> =0.

= f(xhy?Z)'

Hamnpukiaa, dyHkiis y = cos2x € po3B’siBKOM TudepeHIri-
aJbHOTO PiBHAHHS Apyroro nopsaaky y” + 4y = 0 Ha inTepsasi
(—00, +00). Posp’siskamu 11bOr0 piBHSIHHS, SIK JIETKO I€PEBIPUTH,
€ TaKoXK Y = sin 2z, y = 3 cos 2z, y = cos 2z — sin 2x i, B3araJi, Bci
byukil y = C1 cos 2z + Co sin 2x, ge Cp, Co — 10BUIBHI cTaIi.

[TizHimre 6y1e BcTaHOBIIEHO, IO 3BUYaiine audepeHIiaabae pis-
HSIHHSI 7-T0 HOPSiJIKY V 3arajbHOMY BHIIQJKY Ma€ CiM'10 PO3B’si3-
KiB, 3aJI€KHy Bi N MOBULIbHUX cTajuxX. Hampukiam, yci po3s’ss-
K1 TudepeHIliabHOTO PIBHIHHS y(") = 0 mictarbesa y dopmyiii
y=Ciz" 1 +Coz" 2+ ...+ Cph_1z+ Cp, ne Cy,...,Cy — 10-
BLJIBHI CTaJIi.

3 reOMETPUYHOI TOUKHU 30PY PO3B 3Ky Jn(EPEHIIAJIBLHOIO PiB-
HAHHS y TPsMOKYTHI# cucTeMi KOOpAMHAT BiIIIOBIIa€ edKa KpH-
Ba, SKY Ha3UBAIOTb tHME2PaabHot0 Kpusoro. CyKyIHICTh iH-
TerpaJibHUX KPUBHUX, 3aJI€KHY BiJ JIOBIIBHUX CTAINX, HA3UBA-
0Th CiM €10 tHMezpasvHur Kpusux. Hampukia, pos3s’sizku
piBuaHHs" Y’ = 2 yTBOPIOIOTH JBOIAapaMeTPUUHy ciM'I0 mapabos
y = 22 4+ C1x + Oy, KOKHA 3 KX € IHTerPaIbHOI0 KPUBOIO.

[Tportiec 3HaXOIKEHHST PO3B’A3KIB AU(EPEHIIATBLHOTO PIBHSIHHS
HA3WBAIOTH THME2PYBAHHAM ITHOT0 PIBHAHHS. JKINO IPU IHOMY
BCl PO3B’SI3KU BJIAETHCSI BUPA3UTU Yepe3 esieMeHTapHi dyHKIIT abo
y K8adpamypax (Kojau po3B’SI3KU BUPAYKAIOTHCS Yepe3 IHTerpaJiu
Bij| esleMenTapHuX (DYHKIIIi), TO KayKyTh, 0 PIBHIHHS 3iHTErpo-
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BaHe Y CKIHYEHHOMY 6U2AA0t. PO3rIsmaTnMeMo mepeBaKHo ca-
Me Taki pIBHSHHS, X049a 3HAYHO OiIbIe indepeHIiajbHuX PiBHSAHD
He IHTErpyIoThCA Y CKIHYEHHOMY BUTJIS/I I JJTs TIPEJICTABIEHHS 1X
PO3B’SI3KIB JIOBOJIUTHCsI BUKOPUCTOBYBATU OLIbII CKJIAHUI MaTe-
MaTUYHUN alrapar.

OcHoBHOW0O 3ajiadero Teopil iHTerpyBaHHs JTu(EPEHIAIbHIX
PIiBHSIHB € 3HAXOKEHHS BCIX PO3B’SI3KIB 3aIaHOTO IudepeHIrialb-
HOT'O PIBHAHHS Ta JIOC/IJIZKEHHs 1X BJIACTUBOCTEN.

3. CkiaamanHsa gudepeHIiaIbHUX PIBHAHb BUKJIIOYEH-
HAM AOoBiIbHUX ctasimx. Hexait maemo piBHsiHHSA CiM'T KPUBUX,
3aJ1e2KHOI Bijl oaHoro jiiicuoro mapamerpa C':

O(x,y,C)=0. (1.8)

[To6yayemo nudepennianbae piBasiaHs ¢im'T Kpusux (1.8), T06-
TO PIBHSAHHS, sK€ OIMUCY€E BJACTUBOCTI, TPUTAMAHHI BCIM KPUBUM
miel cim’i. st mporo 3amdepeHiiiioeMo 3a 3MIHHOIO & OOMIABI da-
crunn pisaocti (1.8), BpaxoBytoun, 1o y = y(x):

02 02 dy _ (1.9)
Jor Oy dzx

Axmo cniseignomenss (1.9) we micturs C, T0 BOHO Oyie BU-
pazkaTH Ty 3arajbHy BJIACTUBICTD, siKa IIPUTAMAHHA YCIM KPUBUM
cim’T (1.8) (manpurnasm, sxmo y = z+C, ro y' = 1). Y 3aranbromy
Buna/Ky pisticrs (1.9) sanexarume Bin napamerpa C. Toxi, Bu-
KJIIOUAIOUN [ell IapaMeTp i3 CHUCTeMH, CKJIaJeHOl 3 piBHsHb (1.8),
(1.9), onepxkumo judepenitiajgbie PIBHSHHS EPIIOTO TOPSIKY

F(z,y,y") = 0. (1.10)

Pipusnns (1.10) nasusaiors dugdepenuianvrum pieHAHHAM
cim’i kpusux (1.8). BoHo Buparkae CIijibHY BJIACTHBICTH KPUBUX
(1.8) mesamexwuo Bij crasoi C.

Ilpukiang 1. 3natimu dudeperuianvre pieharHa cim’i napa-
60, AKL NPOTOOAMB YEPE3 NOUAMOK KOOPOUHAM, 1 MAIOMB 0CL ClU-
MEMPIL, napaseavi 0o oci opduram.
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Poseg’sazarns. CiM'io mapabos 3 yMOBU 3aJadi MOKHA OIHCATH
3a noromoroo dopmyitn y = x2 — Cx, e C' — 10BiIbHA CcTaJa.
CrutaieMo cucremy
y =122 - Cr,
{y’ =2z —-C

i Buksrounmo 3 uel cramay C. st nporo 3uaiigemo C' 3 1epiioro
PIBHSHHS CUCTEMH 1 TJICTABUMO Y JIpyTe:

2 _ 2 _ 2
c=2"4 o 3/’:233—L J o y’:—x +y.
T x T
Bionoside: xy = 2% + y.
Amnagoriuno, maioun cim’to kpusux ®(z,y,C,Cs, ..., Cy) =0,

3ajIeKHy BiJl N JIOBUIBHUX CTaJIUX, MOYXKHA IIPU IIEBHUX yMOBAX
ojiepkaTu JaudepeHIiiajibHe PIBHAHHS, JJIsd AKOTO Il KPUBi Oy/1yTh
inTerpanpunMu. st mporo moTpibHO 3mmdepeHIioBaT CIIiBBiI-
womennst Y(x,y,C1,Co,...,C,) =0 n pasiB 3a 3MiHHOIO T 1 BU-
KJIFOUUTH 3 HbOTO Ta OTPUMAHUX BHAC/IJIOK JU(EPEHIHIOBaAHHS 7
pieastab cram C1,Cy, ..., Cy,. Y pesyabrari oaep:KuMo 1udepeH-
HiaJibHe PIBHSHHSA CiM'T KPDUBHX, SKE€ BHPAXKATUME 3araJjibHy BJla-
CTUBICTH IUX KPUBHUX.

Ilpukiam 2. 3natimu dupepentiasvre Prenants cim’i Kpueux
(x—C1)?+Coy® =1.
Pose’sazanns. pidi 3nudepeniitoeMo 3a 3MiHHOIO & TOTOXKHICTH
(l’ — 01)2 + ng2 —1=0:

2z — C1) +2Coyy' =0, 1+Cs (y*+yy") =0.

Bukrouatoun 3 Tprox pisHocreit crami Cp, Co, micjst HECKIaIHUX
[IEPETBOPEHD OJIEPKYEMO 2ﬂmcbepeHuiaJH)He PIBHSIHHS JIDYTOTO T10-
paky y°y" + (y? +yy") =0 m

Pexomendosana aimepamypa: |1, c. 15 — 23|, |5, ¢. 3 — 13,
22 - 25|, [6, c.9 - 19|, [7, c. 4 — 8], [17, c. 6 — 15].
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Iluranusa mo gekirii 1

1. dke piBHAHHS HA3UBAIOTH 3BUYANHUM AUEPEHITIAILHIM DiBHSIH-
HsM? Yum 3Buvaiiai gudepeHiaibil piBHSHHS BiAPI3HAIOTHCS Bl piB-
HSIHb 3 YaCTUHHUMM [OXITHUMMI!

2. dk BU3HAUNTH MOPANOK AUMDEPEHITATLHOTO PIBHIHHS !

3. dky dyHKII0 HAZUBAIOTH PO3B’ A3KOM TU(DEPEHIATIbHOTO PiBHS-
HHsA! K HA3WBAIOTH OIEPAIliI0 3HAXO/ZKEHHS PO3B’A3KIB M epeHItiaib-
HOTO PiBHsiHHsI? $IKy KpPHBY HA3WBAIOTH IHTEIPAJIBHOK KPUBOKO Jude-
PEHIIIAIbHOTO PIBHSTHHS !

4. YV doMmy moJisira€ OCHOBHA, 3a/1a4a Teopil iHTerpyBanus audepeH-
MiaJbHAX PIBHSHB!

5. Y domy moJisira€ MaTeMaTHIHe MOJIETIOBAHHS PEAJTHHUX IIPOIEe-
ciB 1 siBWII, sika HOTO poJib y BuB4YeHHI mporecy? Illo HasuBaroTh ju-
depenrniaabaoo Moaemnno? HapeaiTh aekijbKa MPUKIAIHIX 3a0a4, sKi
MPUBOJIATD JI0 3BUYANHUX JTudepeHITiaIbHIX PIBHIHD.

6. Akuit Bursizm Mae piBHAHHS CiM'T KPUBUX, 3aJI€2KHUX BiJl OIIHOTO
napamerpa (n napamerpis)? Ik 3maiitu nudepenniajibae piBHAHHS 3a-
JAHOT ¢iM’T OHOIIAPDAMETPUIHUX KPUBUX (N-IapaMeTPUIHUX KPUBUX)?

Bropasu mo gekirii 1
1. IlepeBipre, un € pyHKITIT

a)y:x~f5'1tﬂdt; 6) bx =Inby; B)y=3x+lnx+2
0

pPO3B’si3KaMu BimmoBimHuX audepenIiajbanX PiBHIHD

/ _ y+xsinx, r_ xy' /. 2,11 _ /
a) y' = R 6) v = e /V; )y Inx=xy —y.
2. 3HaliiTh KPUBI, y AKX KOXKHUI BiAPI30K JOTHUIHOI, IO JIEKUThH
MiK KOODAMHATHUME OCAMHU, TOUKOIO TOTUKY JTITUTHCS HABIIL.
3. CkaiiTh qudepeHiiajgbHe PiBHSIHHS CiM'T KDUBUX:

a)z? —y>=C; 6)y=sin(z+C); B)y=Crz?+ Cae®.

4. CkaaiiTh qudepeHiiajgbHe PIBHIHHS:

a) ycix KijI, siKi JOTUKAIOTHCA J10 Oci abCIuc;

6) ycix UpAMUX HA ILIONIUHI;

B) mapaboii, gki npoxoadaThb depe3 TouKy (1; 2) i Marorh Bich, napa-
JIEJTBHY JI0 OCi abcItuc.

5. 3HailiTh KPUBi, HOpMaJIi J0 IKUX B YCIX TOYKAX IMPOXOIATH Yepes3
MTOYIATOK KOOP/IMHAT.
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Jlekiiisa 2. /IndepeniiiaabHi piBHIHHSA
MepIIoro IopsiJiKy, PO3B’sd3aHi BiJTHOCHO ITOXi/THOT
(3araspHa Teopist)

Ilan

1. OcHoBHI O3HaYeHHSs i TOHSITTSI.

2. Bagaqa Ko, YMoBu icHyBaHHS Ta €IMHOCTI PO3B’SA3KY 3a-
nadgi Kori.

3. Kitacudikariist po3B’si3KiB.

4. Teomerpuune Ta MeXaHiIHE TIyMadeHHs Tr(epenIiaabHOro
PIBHSIHHS TIEPIIIOrO HOPSIIKY Ta 0ro po3B’sA3KiB.

[y

1. OcHoBHi o3HaYeHHd I moHATTHA. {udepenmiaabue pis-
HSIHHSI TIEPIIIOTO MOPSIJIKY B 3araJIbHOMY BHUIIAJIKY MOXKHA 3aIlUCATH
Y BUTJISI

/
F(z,y,y") =0, (2.1)
Jle T — He3aJIesKHa 3MiHHa, Y — HeBimoma dyukuis Big x, F(x,y,y) -
g o ’ dy
3aJlana YHKIs 3MIHHUX T, Y, Y = 72

Axmio piBHsiHHs (2.1) MOXKHA PO3B’sI3aTH BIHOCHO IIOXIJHOI,

TO HOr0 3alMCyBATUMEMO Yy BUTJISII

y/ = f(x7y) (22)

Taky dopmy 3anucy audepeHniaJbHOrO PIBHSAHHS Ha3UBAIOTDH
HOPMAABHOIO.

Haitnpocrinium 3 judepeHIiajbHuX piBHSAHb Yy HOPMAJIbHI
dbopmi € pisasang y' = f(x). dxmo dbyukuia f(r) sBusHauena i
HellepepBHa Ha JiesikoMy iHTepBasi (a,b), To, siK BiJIOMO 3 MaTeMa-
tranoro anamsy, y = [ f(z)dx + C, ne C — nosinbHa crana.

Y Gararbox BHIAJKAX DPIBHsHHsI (2.2) 3py4YHO 3alucyBaTH y
surisizii dy — f(z,y)dx = 0, sikuil € OKpeMUM BHUIIAJIKOM DiBHSIHHSI

M(z,y)dx + N(x,y)dy =0, (2.3)

e M(z,y), N(z,y) — Binomi dyskuil (Koepiuienmu pieHaHH ).
Pisusinnst (2.3) 3pyuHe TuM, 1o 3MiHHI & 1 § Y HbOMY PIBHOIPABHI,
TOOTO KOXKHY 3 HAX MOXKHA PO3IJIAMATH K (DYHKINIO BiT iHITION.
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Po3se’szkom nudepennianbaoro pisasiaus (2.2) Ha intepsai
(a,b) HABUBAIOTH HellepepBHO JUMEPEHIIHOBHY Ha IIbOMY IHTEpBa-
ai dyukmiio y = y(x), ska neperBopioe piBHsHHS (2.2) y TOTO-
xkuicrb, 10670 Y (7)) = f(2,y(2)).

Posp’s130k piBusians (2.2) Moxke OyTn 3ajaHuil He TIILKU SB-
HO, TO6TO siK y = y(x), ane it y nesiBHomy Burisigi ®(z,y) =0
(y Bursizi, He PO3B’sI3aHOMY BiJIHOCHO Y) abo0 y HapaMeTphYHiit
dbopmi: & = ¢(t), y = ¥(t). Hanpuxian, byuknis y = v 1 — x2, ze
x € (—1; 1), € po3s’askomM piBHsiHHA §y = —x /Yy, omHAK Teil camuii
PO3B’SI30K MOXKHA NOJATH y HessBHOMY BT 22 + 4% = 1, y > 0,
a TaKoXK y mapamMerpudHiii ¢popmi x = cost, y =sint, 0 <t < 7.

2. Bagaya Kormi. YMoBHu icHyBaHHsSI Ta €IUWHOCTI pO3-
B’si3Ky 3agaui Kormri. Bxke 3asnagasoch, 1o mgudepeniiaibhi
PiBHSIHHST 3a3BHUail MaroTh 6e3/id po3p’s3kiB. OpHak y 6araTbox
3a/la9ax TEOPETUIHOIO 1 MPUKJIAHOTNO XapaKTEPy CEePeJ] YCiX po3-
B’s13KiB JudepeniagbHoro piBusuus (2.2) morpibHo 3HaiiTH Takmit
pO3B’s130K Yy = y(x), sIKUil 38JI0BOJILHSIE YMOBY

y(@o) = wo, (2.4)

Je Tg, Yo — 3a8JaHi 9rcyia, TOOTO PO3B’A30K, SIKUI /I 3aIaHOT0 3HA~
“YeHHsI He3asIeXKHOI 3MIHHOT & = X HaOyBae 3a/1aHOr0 3HAYEHHS Y.

Bajady BialIyKaHHs PO3B’si3Ky piBHsHHS (2.2), gKuHil 3a710-
BOJIbHsIE yMOBY (2.4), nasuBaiorh 3adavuero Kowsi (abo noua-
mxoeoro 3adauero). YMoBy (2.4) Ha3UBAIOTL NOYAMEKOB010, &
qucIa o, Yo — NOYAMKOSUMY daHUMY 33141 (2.2), (2.4).

3 reomerpuunol Touku 30py 3amada Komi (2.2), (2.4) nomsrae
y BiykaHsi iHTerpasbHOl KpuBol piBHsHHS (2.2), sIKa IPOXOJUTh
yepes 3aJlaHy TOUKY (o, yo) wromuun Ozy.

Biamosinp ma mumranHs mpo Te, 3a gKHX yMOB 3ajada Korri
(2.2), (2.4) mae posB’si30K, nae reopema Ileano, moBejeHHs SKOT
MOXKHA 3HafiTn, Hanpukia, B [3, c. 44 — 46].

Teopema 1 (Ileamo). Axwo dynxuia f(x,y) nenepepsra 6
deaxit obaacmi D naowuru Oxy, mo iCHYE HENEPEPSHA PA30M 31
c6oer0 noxidnoro pynruis y = y(x), axa € pose’azkom sadaywi Kowi

Y = f(z,y), y(zo) = yo, de (xo,y0) € D.
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Opnnak st 6araTbox 3a/1ad BarKJIMBO 3HATU HE TLIBKHU (DAKT
icHyBaHHsI PO3B’g3Ky JuEPEHIiaabHOTO DIBHSAHHS, ajie TaKOXK 1
Te, UM € 1eil po3B’ga30K e€auHuM. BiAmoBinb Ha Iie NUTAHHS MA€
BUHATKOBE 3HAYEHHS sK JIjIsi caMol Teopil judepeHriajibHux pis-
HsIHb, Tak 1 JiIsi Oararpox i1 3acrocyBanb. CrpaBii, KO 3HAa-
TH, 10 PO3B’30K 3asia4i Kot €iuHuil, T0 3HAAIIOBIIN PO3B 30K,
KW 38J0BOJIBLHSIE 38 IaHi IOIATKOBI yMOBH, JIOCIITHUK MOYXKe Oy TH
BIIEBHEHUM Y BiJICYTHOCTI 1HIIIMX PO3B’#A3KIB, 5K 38/I0BOJILHSIOTH Ti
cami IoIaTKOBI yMOBH. Y 3a/a4ax IIPUPOIO3HABCTBA I1€ IPUBOIUTH
10 OJIEpKAHHS €JIMHOTO 3aKOHY SBUINA, SKUH BU3HAYAETHCI TIIbKH
JepeHIiaIbHUM PIBHAHHSM 1 IIOYATKOBUME yMoBaMmu. LiocTpa-
€TI0 10 IIHOT0 MOXKYThb OyTH 3a/1adi 3 Jiekiil 1.

BusiBiisierbest, 1m0 ymoBa HenepepsaocTi dyHKil f(x,y) 3 Te-
opemu Ileano e rapanrye exunocTi po3s’s3ky 3a1a4i Kormi (2.2),
(2.4). Posristnemo, HaNpUK/Ia, piBHaAHHSA y = 2,/Y. Moro mpasa
JacTUHA BU3HAYEHA 1 HellepepBHA Y BepXHiit yacTuHi mrorman Oxy
(y > 0). 3a J0H00MOroI0 IiJICTAHOBKH JIEMKO [EPEKOHATHCH, 110 1H-
TerpaJbHEMI KpuBnMH € misnapabomn y = (z + C)2, ne x > —C,
a Takoxk npsiva y = 0 (Bice Ox). OueBuiHO, 10 y KOXKHiil TO-
ani (x0,0) oci Oz enunicTb PO3B’SI3KY IOPYIIYETHCs, 60 depes
[0 TOYKY IPOXOJATH JIBl iHTerpasibHi KpuBi, a came: mapadoJia
y = (v — x0)? i mpama y = 0 (puc. 2.1).

Puc. 2.1

OcHOBHOIO TEOpPEMOIO, sika 3abe3Medye He TITLKHM 1CHYBAHHS,
ajie il equHicTh PO3B’sA3Ky 3ajadi Ko, € Teopema Ko, sika y
JIeIIo iHImii mocTaHoBIN Oy/ie 10BeieHa Ha JIEKIT] 8.
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Teopema 2 (Kowii). Hexati ¢gynruis f(x,y) susnavena y
NPAMOKYMHUKY

G:{(xvy):‘$_$0‘<av ‘y_yo‘gb}a CL,b>0,

1 300080NDHAE Y HHLOMY MAKT YMOBU:
1) f(x,y) nenepepena, a, omorce, i obmesrcerna, mobmo

|f (=

2) wacmumnna noxidna ICHYE Ma 00MEIHCERA.
Todi 3adavwa Kowi (2.2), (2.4) mae edunuti po3e’a3ox npunatimmi
na 61dpisky |r — xo| < h, de h = min (a, b/M).

)| < M, M > 0;
of
0

3a BUKOHAHHsI YMOB Teopemu KoIl MOXKHa rapaHTyBaTH, IO
Uepe3 KOXKHY BHYTPINIHIO TOUKY obsacti G IPOXOJUTh €/IMHa iH-
TerpaJibHa KPHUBa.

Teopema Kot mae Bestnke 3nadensst B TeOpil 3Budaitaux mude-
PEHIAJILHIX PIBHSIHB, 0O JI03BOJISIE€ 38 BUIVISIIOM IIPABOI YACTHHH
piBHsHHS (2.2) BiAmoBicTH Ha MUTAHHS [IPO ICHYBAHHS Ta €IUHICTD
PO3B’SI3Ky IIBOTO PIBHSIHHS [PU 33JIAHUX MOYATKOBUX yMmoBax. lle
0CODJIMBO BarKJINBO Y TUX BUIAIKAX, KOJIM HEMOYKJINBO BKA3ATH TO-
qHy (GOPMYJIY, IO BU3HAYAE PO3B’sI30K PIBHSHHS, & TOMY MOTPIOHO
3aCTOCOBYBATU METOJU HaOJIMKEHOI'O PO3B’si3yBaHHs Tu(pepeHtii-
AJIbHOTO PIBHSIHHS.

3. Knacudikariiss po3B’sizKiB. 3a2aA4bHUM PO38’°A3KOM
judepeniianbHoro piBasiHHS (2.2) v Jeskiit obuacri G muiomuHn
Oxy Ha3uBaOTh PYHKIIO

y=y(z,0), (2.5)

sKa 3aJIeXKUTh Bl ofHiel qoBiabHol cranol C', saKIno:

1) BoHa € po3B’sI3KOM piBHsAHHS (2.2) JyIst 10BLIBHOTO (biKCOBa-
Horo 3Havenns crajol C';

2) mist poBinbHOI movarkoBol ymosu (2.4), ne (xo,y0) € G,
icnye emuue 3Hadenns crajgol C = (Cy Ttake, 1mo QyHKIlisS
y = y(z, Cp) 3amoBosbHSIE YMOBY (2.4).
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ZKI10 He MOXKHA 3HANTH 3arajbHUl PO3B’s30K y BUrIsL (2.5),
fioro mykatorb y HesisHomy Burisii F(z,y,C) = 0. Takuii pos-
B’SI30K HA3WBAIOTh 3A2AAbHUM THIME2PAAOM TUDEPEHITIATBLHOTO
piBusiaHst. YacTo 3araibhuii iHTerpas onepxKyors sk VU (z,y) = C,
TOOTO y BUIVISAIl, PO3B’SI3AHOMY BITHOCHO moBLILHOT crasmoi C.
Oyukiio VU(z,y) y 1bOMY BUIAJKY HA3UBAIOTH THME2PAAOM -
depeHiiagabLHoro piBHsHHA. AHAJIOIMYHO BU3HAYAIOTL CIM'IO iHTe-
IpaJIbHUX KPUBKUX (PO3B’sI3KIB) PIBHsIHHSI, 3aJI€2KHY BiJl JIOBLIBHOT
crasol C, y mapamerpuyusiii dhopmi x = ¢(t,C), y = ¢(t,C) sk 3a-
2anvHull po3s’a3ok Yy napamempuuHiti popmi.

Axmo y Touri (xg, yp) mopyuryroThest ymoBu Teopemu Kori, To
9gepes 10 TOUKY HPOXOJUTH JIeKiIbKa iHTerpajbHuX KpUuBUX (po3-
B'SI30K He €JMHUIT) ab0 He MPOXOJHUTH YKOJHA IHTerpajbHa KpUBa
(posB’si30K He ichye). Taki TOUKM HA3WBAIOTH 0COBAUBUMU TNO-
yramu TudepeHIiagIbHOr0 PiBHSAHHS.

[MIykaTn ocobiuBi TOYKH MOTPIOHO cepel TOUOK, Y SAKUX Ma-
10Th pospus bynknia f(z,y) abo i wacrunna noximma f; (v,y), a
MOTIM, aHAII3YIOUN 3arajbHUil PO3B’s30K, HEOOXIIHO IepeBipuTH,
au OyyTh 111 TOYKH ocobuBumu. Taka nepeBipka 0060B’sg3K0Ba, 60
Teopema Kori jiae smuine pocraTai yMOBH, a OTKe, MOXKe iCHyBaTu
enuHnit po3p’s3ok 3ajadi Komd (2.2), (2.4) maBits Tozi, Koo B
Toutti (Zg,Yo) HE BUKOHYETHCsI OjiHa ab0 OOM/BI YMOBH TEOPEMHU.

Posrisimemo nipukiaim.

1.y = ycosx + e3*. Oynknia f(r,y) = ycosz + 3% nemne-
pepBHa, a IoXiJHa f?; = cos z OOMeXKeHa B YCIiX TOYKaX ILIOIIHHU
Oxy. 3riguo 3 Teopemoro Kot gepe3 kKoxKkHy TOUKY 1wiomuuau Oxy
IIPOXOJIUTD OJIHA, IHTErpabHa KPUBA.

2.y = /1 — 2. IlpaBa uyacTuHa BU3HAYeHa 1 HelepepBHA B
ycix rtoukax mnommuan Ozxy, ne —1 <y < 1. Yacturna moximgna
fé = —\/%7 crae HeoOMexkeHow, skio y — =+ 1. Jlerko nepe-
KOHATHCH, MO KoxkHA 3 dyHKHil y = sin(z + C') € po3s’sa3kom
piBasiHHA. OKpiM TOro, MaeMo Takok po3B’sizku y = + 1. Takum
YUHOM, Yepe3 KOXKHY TOUKY IpaAMux y = + 1 npoxomdaTh npuHaiiM-
HI ABl IHTEerpa/ibHl KpUBL, & TOMY y TOYKAX IUX HUPAMHUX HOPYIILY-
€ThCsS €UHICTL PO3B’si3Ky (puc. 2.2).
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Yy y=1

= sin(x + C)

y=-1
Puc. 2.2

3.y = y~* B ycix Toukax (x9,0) oci Oz dbyuknii f(r,y) =
— —4 l
- y ) Yy
ajle 4epe3 KOXKHY TOYKY IIi€l OcCl NPOXOJUTh €JIUHa IHTerpaJib-
Ha Kpusa y = {/5(x — zp). PucyHok inTerpanbHux Kpusux aude-
penmianbHoro piusuus ¢y’ = y~4 npomnonyemo umTauaM 3poGHTH
CaMOCTITHO.

= —4y™° pospusHi it HeoOMmexeni mpu y — O,

YacmurHum po3e’askom pisusuns (2.2) B obnacri G Hazn-
BaloTh QyHKIio y = y(z,Cp), yrBOpeHy 3 3arajbHOrO PO3B’S3KY
(2.5) upu nepnomy 3uavenHi crasuoi C' = Cy.

AKio KoYKHA TOUKA PO3B’SI3KY JU(EPEHIIAJIBHOIO PDIBHSIHHS €
0CODJIMBOIO, TO TAKUI PO3B’SI30K HA3UBAIOTHL 0CobAUE8UM. OcobIn-
BUiT PO3B’SI30K HE MOXKHA OTPUMATHU 3 (DOPMYJIH 3arajibHOIO PO3-
B’9I3Ky (3arajibHOroO iHTerpasa) JudepeHIjajbHOr0 PIBHSIHHS IIPH
KojtHOMY 3HaveHHi crajol C.

3  reoMeTpUYHOI TOYKHM 30py 3arajbHUM  PO3B SI3KOM
y=y(z,C) € ciM’sa inTerpajbHuX KpuBHX Ha IwiomuHi Oy,
dKa 3aJeXKUTh Bif oxHiel goBilabHOI crasol C, a YaCTHHHUN
PO3B’gI30K — I1e IHTerpa/ibHa KpUBa 1€l ciM’l, M0 NPOXOJIUTDH Uepe3
3ajlaHy TOYKY. ['padikomM 0cobJMBOrO pPO3B’SA3KYy € iHTerpasibHa
KpUBa, fdKa y KOXKHIIl CBOIIl TOYI Ma€ CIIJIbHY JOTHYHY 3 OJHIEIO
3 iHTerpajibHUX KpUBHX. TaKy iHTerpajibHy KpPUBY HA3UBAIOTH
066101010 ciM'T iHTerpabHuX KpuBnx. Hanpukiia i, st piBHIHHS
y' = 2,/y obsinuOIO € psiva y = 0, To6T0 Bick Ox (puc. 2.1), a s

piBastang y' = /1 — y? o6BimHUME € npsami y = + 1 (puc. 2.2).
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4. T'eomeTpuvHe Ta MeXaHiuHe TJIyMadeHHs audepeHIri-
aJIbHOI'O PiBHSIHHSI IIEPIIIOrO IMOPSAKY Ta MOro po3B’si3KiB.
Aximo posrisimati € 1 Yy 9K JIeKapTOBI KOOPAWHATH TOYKHU, TO M-
dbepennianbue piBHstHHS (2.2) BCTAHOBJIIOE 3B’130K MizK KOOD/IMHA-
Tamu JOBLIbHOT Toukn M (x,y) nuonmHu i KyToBuM KoedinieHToM
JOTUYHOT g—g J10 iHTerpasbHOl KpuBoi y 1iit Tourni (puc. 2.3):

dy
t = — = .

Axmo dyukuis f(x,y) Busnadena B obiaacri G, T0o KOXKHIN TO-
ani M (x,y) niei obsacTi BiIoBiae gesKuil HAIIPSIM, Ky TOBUI Koe-
dinienr sikoro yopisuioe f(xz,y). Bkasyroun neii HAIPsSIM BEKTOPOM
(/17151 BUBHAYEHOCTI BBAXKATUMEMO HOIO OJMHUYHKM) 3 OYATKOM Y
Touri M, onepkumo B obsiacti G noae Hanpamis, BU3HadeHe pis-
usaHusaM (2.2) (puc. 2.4).

y‘\ yl\
y=y(x)

0]

=V
=V

0]
Puc. 2.3 Puc. 2.4

[urerpasibHa KpuBa, sika IPOXOIUTH depe3 Touky M (z,y) € G,
XapaKTepHa THUM, 10 y KOXKHIi 1T TOYIl HAIIPAM JOTUYIHOI 30irae-
TbCS 3 HAIIPAMOM IOJIg y Iiit Touri. ToMy 3 reoMeTpuvIHOl TOUKN
30py iHTerpyBaHHsl JudepeHniaabHoro piBHsAHHsA (2.2) mossirae y
3HAXO/PKEHH] KPUBUX, JOTUYHI JI0 SKUX y KOXKHIi#l CBOI# TOUI 30i-
raloThCsd 3 HAIPIMOM IIOJIS.

ko y pesikiit Touni (xg, yo) dyukiis f(z,y) crae HecKiHYeH-
HO BEJIMKOIO, TO HAIIPSM I10Jist Oy/ie napaJesbHuii j10 oci Oy. fximno
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f(z,y) y Touni (z9,yo) neperBoproerbest B HeBusHadenicts 0/0, To
gepes 110 TOUYKY He IIPOXOJUTh YKOJHA 1HTerpajibHa, KPUBA.

Jlist o0y moBu 1107151 HANIPSAMIB JnbePEeHITAIbHOIO PIBHSIHHS
3pYyYHO BUKOPUCTOBYBATU I'€OMETPUYHI MICIs TOYOK, Y SKUX J0-
TUYHI 70 IHTerpaibHUX KPUBUX MAalOTh CTAJUi HampsMm. Taxi Jii-
Hil HA3UBAIOTH 130KATHAMUY. PiBHSIHHS 130KJIIH JudEpPEHIIaIbHOrO
piBHsiHHS (2.2) Ma€ BHIVIS

f(z,y) =k, (2.6)

Je k — nosinbHa crasa. 3Minoodn B (2.6) 3HadeHHs k, 0epKIMO
MHOXKHHY 130KJIiH B obstacti . 3a J0IMOMOIoo i30KJIiH 1 BiIoMux
cramux KyTiB o (kK = tga) Haxuily JOTUYHUX /[0 IHTErpaJbHUX
KPUBHX, SKi TX IEePETHHAIOTH, MOXKHA CXEMaTUYIHO MOOY/LyBaTH iH-
TerpaJibHi Kpusi jgudepenianibHoro piBHAHHA. Takuit MeToI 10-
caipKeHHs udepeHIiaJbHIX PIBHIHb HA3UBAIOTH MET0JOM 130-
KATH.

3a JI0IIOMOI0I0 METO/Ty 130KJIiH MOYKHA BH3HAYUTU TAKOXK TaKi
XapakTepHi JiiHil it obsacTi moJis IHTerpaJbHUX KPUBUX: 00/1acTi
spocrannst (npu k > 0), cnaganns (k < 0) iHTerpaabHUX KPUBUX
Ta JiHil ix ekcrpemywmis (k = 0). fAxmo dyukuis f(x,y) y pis-
uanai (2.2) nudepenriiioBra, TO 3a JIOMOMOrO0 JAPYrol MOXimHOT
y' = fo+y' - f, = [+ [ [, moxua BusHaunTn 0b/1aCTi OMyKIOCT]
Ta JIiHIl TOYOK IMEepernHy iHTErpaJbHUX KPUBUX.

Ilpuksang 1. 3a donomozoro i30xain nabausicero 300pa3umau
inmezpasvhi kpuei pishanna y = x(y —1).
Pose’aszarms. 3rigpo 3 (2.6) piBHSAHHS 130KJIH Mae€ BHIVISLL
z(y—1) =k, k € R. dxmo k = 0, To i3okainamu € upsmi x = 0 i
y = 1. Banoex mnx ¢y = tga = 0. ko k # 0, To i30K1iHAME €
rinepbosmm y = % + 1. dxmo, manpukian, k= +1, to tga = £1,
a, orke, a = +45°. dxmo k = £0,5, o « = +arctg0,5 ~ +27°
i1 . Tone nanpsamis audepennianbuoro pisusnus y' = x(y — 1)
300pazkere Ha puc. 2.5.
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J;
A
- v
4 y'=1
=05
1 YEs
- }-‘—1
P ¥'==035
Q/ /&JIJ:?I
O = A
|
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Aximo nosre HAPAMIB JudepeHItiaIbHOrO PIBHIHHS 100y 10Ba~
HE, TO JIJIsi TOro, 100 HAKPECJUTH IHTerpajbHy KPUBY DIBHSHHS,
OTPIOHO, K BXKE 3a3HAYAJIOCH, B3SITH Ha, IJIOMINHI OYIb-sIKY TOUKY
1 mpoBecTH 4Yepe3 Hel KpUBY Tak, 100 BOHA y KOXKHINA CBOTH TOYII
36irajach 3 HAIIPAMOM II0JIg, TOOTO JOTHIHA 10 KPUBOI y KOXKHIii
TOYIll MOBUHHA MaTH HAIPsM BEKTOpa y Iiil Touri. InTerpasbmi
KPUBI 33/1aHOTO PiBHIHHS CXEeMATHIHO 300pazkeni na puc. 2.6. B

Posrnsimemo 3ajady mpo pyx MaTepiajbHOI TOUKH P B3IOBXK
oci Ozx. Iosnaunmo meuaKicTh Touku P gepes v(t, z) — dyHKIio,
3aJIe2KHY BT 9acy t 1 TIOJIOYKEHHS T, dKe 3aiiMae TOYKa Y MOMEHT
qgacy t. JludepentiaibauM piBHAHHSM IIHOTO PyXy Oyjie

dx

i v(t, ). (2.7)

Bynpb-sikuit po3s’si3ok © = x(t) piBHsiHHs (2.7) BU3HA4YAE IeB-
Huil 3aKOH pyXy (#ioro HaszMBaTUMEMO LPOCTO PYTOM). 3ajada
Ko jyist piBasiabst (2.7) mosisirae y 3HAXOJZKEHHI TAKOTO PYXY

= x(t), sikuil BusHAUAETHCS PIBHSAHHAM (2.7) 1 33/J0BOJIbHSIE 110
9aTKOBY yMOBY Z(tg) = Xg.

Pyxy x = z(t) Biguosinae Ha mommui (¢,x) kpusa MoM;
(puc. 2.7), sika 300paxkye 3asiexuicrs = Bij t. 1o KpuBy Hazu-
BaIOTh 2pagdirom pyxy (He Tpeba mwiryraru rpadik pyxy 3 Tpae-
KTOpi€ro pyxy Touku P — Bigpiskom PyP; Ha puc. 2.7).

XA YA
Ml
R X X:XO
x=x(7) 0
P M
MO
V4 X
xO
O 1 G 1 [t Tt

Puc. 2.7 Puc. 2.8
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Axmo y piBusaui (2.7) dysxuis v(t,x) #e 3amekuTh Bif t,
TOOTO

dz
ri v(z), (2.8)

TO Take PIBHAHHS HA3UBAIOTH CMAULOHGPHUM aDO A8MOHOM-
HuMm. Y piBasHHI (2.8) MBHAKICTH 3a1€KUTH TUIBKH BiJI IOJIOKE-
HH$T TOYKU.

ko npasa yactuHa piBHsiHHS (2.7) IEPETBOPIOETHCS B HYJIb
IpU & = g JUId BCIX 3HAYEHb (, 1110 PO3IVIAIAIOTHCS, TOOTO IIBU/I-
KICTb PyXy y TOUI T B Oy/Ib-IKUH MOMEHT Yacy JIOPIBHIOE HYJIIO,
To piBHsiHHs (2.7) Mae po3B’si3ok x = xg (puc. 2.8). Ilbomy pyxy
BimnoBiiae cman cnoxotro. TpaekTopieio MLOT0 PyXy € TOYKA X,
sIKy HA3WUBAIOTHb MOYKOI0 CNOKOM0 abo MOowKo pieHo8a2u.

Pexomendosana aimepamypa: |1, c. 24 — 37, 42 — 48], [3,
c.9—- 11,36 — 59|, [5, c. 14 — 22, 25 — 27, 97 — 104], [7, c. 8 — 25,
76 — 85|, [16, c. 7 — 14].

Iluranusa go gekrii 2

1. dxuii 3arajabHUil BUTJIsIT Mae 3BUYaiie judepeniiaibHe PIBHIHHS
HepIoro mopsiiiky? fAky (GyHKII0 Ha3UBAIOTh PO3B’SI3KOM I[HOI0 PiBHSI-
HHs Ha iHTepBai (a,b)?

2. dxy dopmy 3BHUAHOrO AudEPEHIIATHLHOTO PIBHIHHS IIEPIITOTO
HOPSIJIKY HA3WBAKOTh HOpMaibHOW! K 3Bectn piBusiHHs M (z,y)dx +
+ N(z,y)dy = 0 1o sHopmasbHOI dbopmn?

3. Ak dbopmymoeThest 3amada Ko g audepeniiaabHOrO piBHIH-

4. Chopwmysoiite Teopemy Ileano mpo icayBanns po3B’s3Ky 3aati
Ko mg pisugnug y' = f(x,y). Yu MoxkyTh iHTErpabil Kpusl piBHs-
uHs y' = f(2,y) 3 HENEPEPBHOIO NMPABOK YACTHHOI MEPETHHATHUCS abo
JIOTUKATUCSI OJTHA OJIHOI?

5. Yn rapantye HemepepsHicTh byHKIl f(2,y) iCHyBaHHsS €IUHO-
ro poss’asky 3agaui Komi s pisasansg y' = f(x,y)? Chopmysmoiite
Teopemy Kormmi. Un moxKe icHyBaTnm enmHUit po3B’sa30K IMi€l 3a7adi mpu
HEBUKOHAHHI Oy 1b-s1K01 yMOBH Teopemn Kori?

6. /laiiTe o3HaMEHHs 3araJbHOTO PO3B’A3KY JTU(PEPEHITATHLHOTO PiB-
uauHs y' = f(z,y) y Aedkiii obaacri icHyBaHHSI Ta €IMHOCTI PO3B’SI3KY
zamadi Komr. dxuit po3B’s30K HA3WMBAIOTH 3arajlbHAM 1HTEIDAJIOM, 3a-
TaJIBHUM PO3B’sI3KOM Y ITapaMeTpudHiit dhopmi?
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7. Illo Take gacTuHHUIT pO3B’ 30K piBHsHHS y' = f(2,y)? Akuit pos-
B’SI30K Ha3mMBatoThb ocobymBuM? JlaiiTe reoMerpudHe TJIyMAadeHHs IIUX
PO3B’SI3KiB.

8. dkuii reomerpuunuii 3mict MaoTh piBugnug y' = f(x,y) Ta fioro
po3B’s3ku? K BU3HAYNTU HAXUJI IHTErPAJbHOI KPUBOI y 3aIaHiil ToqI
3a BUIVISIIOM IIPABOI YaCTUHU PIBHAHHSA! ZK moOymyBaTu moJie Haps-
MiB, Bu3HaueHe piBHAHHIM y' = f(x,y)? YV 9oMy nossirae TeOMeTPUTHIH
3MICT iHTerpyBaHHsI [IbOI'O PiBHSIHHSI?

9. o Taxe i3okiaina? AxumM € piBHAHHS 130KJIIH /1Tt Tudepentiab-
noro piBusguug y' = f(x,y)? fk 3uaiitu ginil ekcrpemymis 1 Jinil TogoK
MePEruHy iHTErpaJbHIX KPUBUX IIHOTO PIBHAHHSA! Y TOMY MOJISITAE Me-
TOJI 130KJIIH HAOJIMYKEHOTO PO3B’si3yBaHHs Ju(ePeHIialbHOIO PiBHAHHSA !

10. dxwmit mexanigauit 3mict MaioThb JaudepeHItiagbHe PiBHIHHI
y' = f(x,y) Ta fioro po3p’sizku? K n0B’s3aHui Mizk cobow rpadik py-
Xy (po3B’si3Ky), BUBHAYEHUIT UM PIBHAHHSM, I TPAEKTOPI IHOrO PyXy?!
Jxuit pyx Ha3mWBAIOThL CTAHOM CITIOKOIO, AKUMU € Trpadik i TpaekTopis

IIHOTO PyXy?!
Bropasu go gekirii 2

1. Posp’sxkiTs 3amga4ui Kommri:

a)y +2*=1,4(0)=5 6)y =ctgz, y(§) =3;
B) ¥y =Inz, y(e) = 1.

2. Kopucryrouncs Teopemoro Korri, BumimiTe 061acTi, y IKUX KOXKHE
3 mudepeHIiaIbHIX PIBHAHD Ma€ €IUHUN PO3B A30K:

a)y =cosy—2x; 6)y =+a?—y+a3 B)yY =2y,/y+e"

3. 3a J0IoMOror MeToLy 130KJIiH 1mo0y/1yiiTe moJjie HAIpsAMiB aude-
penmiagpHoro pisaanng ' = 2 + y? — 4 Ta HAGMIDKeno 306pasiTh me-
KiTbKa IHTerpaJbHIX KPUBUX.

4. HanurniTeh piBHSHHS, SKOMY 33 0BOIbHAIOTD:

a) ycl TOYKM eKCTpeMyMy IHTerpaJbHUX KPHUBAX DIBHSIHHS
y =2ty

6) yci TOYKM II€peruHy IHTerpajbHUX KDPUBUX — DIBHAHHS

y/ — y363x — 9.
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Jlekuisa 3. Haiimrpocrinti audepeHIiiajibHi piBHIHHS
MePIIoro IMopsiaKy, iHTErPOBHI y KBaJpaTypax

Il1an

1. PiBHsiHHS 3 BiJIOKpEMJIIOBAHUMU 3MIHHUMHY Ta, 3BiJIHI JI0 HUX.
2. OHOPiIHI PIBHSIHHSI.
3. PiBHsiHHS, 3BiJIHI JIO OJIHOPITHUX.

1. PiBHsHHS 3 BiJOKpeMJIFOBaAaHUMU 3MiHHUMHJ Ta 3BiHI
no Hux. PosrisiHemo judepeHiiajibie PIBHIHHS TEPIIOTO MTOPsi/I-
Ky

My (z)N1(y)dz + Ma(z)Na(y)dy = 0, (3.1)
e KoKeH 3 KoedirieHTiB 6isa audepeniiaiiB € 100yTKOM JIBOX
GYHKINH, oaHa 3 AKUX 3a/€KUTh TLILKU BiJl X, a 1HIIA — TLILKA
Bix y. PiBusanns (3.1) HasuBaioTh pi6HAHHAM 3 6100KpEMAIO-
B8AHUMY 3MIHHUMU.

s inrerpysannst pisusuus (3.1) morpibHO gomortucs Toro,
o6 KoedimienT 6l dr 3aj1ekaB TIILKH Bl T, a KoedimieHT 6l
dy — tinpku Bin y. lle mocaraerbest mieHHIM 000X 9acTUH PiBHS-
HHsi Ha 100yTOK Mas(x)Ni(y), npudoMy BBazkaeMo, 3BUYAIIHO, 110
Ms(x) # 01 Ni(y) # 0. [Ticas uporo oxepxKyemMo

de + N2—(y)dy — (0, (3.2)
My (z) Ni(y)

PiBusianst (3.2) MOXKHA PO3IVISIIATU sIK PIBHICTH JudbepeHtiia-
JIiB, TOMY iHTerpaJiu Bij AudepeHtia/iiB BiAPI3HIIOTbCI HA CTAJY,
TOOTO

[Mi(z) . [Noly),
Vo) dx +y[N1(y) dy = C, (3.3)

x0

se C' — j1oBiibHA cTasa, g, Yo — JesiKi Jucia 3 001acTi HerepepBHO-
cri koedinjenris piusians (3.2). Cuiesigaomenns (3.3) € 3arasb-
UM iHTerpasiom piBusiaHs (3.1). Moro MoxKHa 3ammcaT TAaKOXK y

M), [Nl ,
et [ me =

BUTJIS T
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60 Bu3HAEH] iHTErpa/In 31 3MIHHOI BEPXHBOIO MEXKEIO i HeBU3HATE-
Hi IHTErpaJsu € MepBiCHUME JIJIsi TUX CAMUX IIHTErPaJIbHIX (DyH-
KITi{l, & TOMY BiJIDI3HAIOTHCS JIUIIE CTAJTUMHA, SKI MOXKHA BKIIOUYATH
B C.

Axmio a — kopiub piBasiaHs My () = 0, TO T = a € Po3B’sI3KOM
piBusinus« (3.1), 60 dz =0, a Ma(a) = 0. Tak camo, 1Ko b — KOpiHb
piBusinast N1 (y) = 0, 1o y = b — po3B’si30K piBHsiHHS (3.1).

Hudepenrianbue piBasiHHs (3.2) MOXKHA 3aIIUCATH Y OLIBII 3a-
raJIbHOMY BUTJISIIIL

M(z)dx + N(y)dy = 0. (3.4)

Pipusnns (3.4) HasuBalOTH PIBHAHHAM 3 6100OKPEMAEHUMU
3aminHuMmu, a nepexin Bz (3.1) mo piBHsiHES Bursny (3.4) — 6i0-
OKPEMAEHHAM 3MIHHUL.

BaranpHuM iHTerpasoM piusHHS (3.4) €

/M(:z:)d:zc + /N(y) dy = C.

PiBHAHHA 3 BiJOKPEMJIIOBAaHNMHU 3MIHHUMHU MOXKHA 3alUCATH
TaKOXK y BUTJISIII

y' = fi(z)f2(y) (3.5)

st interpyBanus piBasians (3.5) morpibHo moaimmTu 0buaBi iforo
qactuau Ha fa(y) (smo fo(y) # 0) i nomuoxkurn Ha dr (Bpaxy-
sagmmy, mo dy = y'dr). Orxe,

1

mdy = fi(z)dz,

a Micjs IHTerpyBaHHS OJIEPXKYEMO 3arajibHAi 1HTerpaJjl PiBHAHHS
(3.5):
dy

faly)
Ty, sik 1 gyist pisasias (3.1), skuo fa(a) = 0, To y = a € po3s’s3-
KOM piBHstHHS (3.5).

/fl(a:)da: +C.
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Ilpukiazn 1. 3inmezpysamu pierAHHA
(y — a?y)dy = (x — zy*)da.
Po3se’azarns. PiBHsIHHS MOXKHA 3aIMCATU Y BUIISII
y(1 — 2?)dy = z(1 — y*)dz.

st BimoKpeMIeHHST 3MIHHUX TTOIIIMMO OOMIBI YACTUHY PiBHSTHHST
na (1 — 22)(1 — y?). Toni

)
d p—
1—y2y 1—x2

_l/d(l—yQ) __1/d(1—x2)

2) 1—92 2] 1—22
njl-¢y?}=lnl-2?|+C =

11—y’ =1 -2 = 1-y*=C(1-4?),

dr (x #=+1, y#+1) =

ne C := + €%, BpaxoBytoun nosiabHicTs BubOpy crasoi C.
Orxke, 3arajlbHIM IHTEIPAJIOM 3aJ[aHOTO PIBHSIHHSI €

¥ =1+C(z? —1). (3.6)

3’sICyeEMO MOXKJIUBICTH MOSIBH OCODJIMBUX PO3B’S3KIB 3a/1aHOTO
piBusuns. Jlerko mepesipuru, mo dyuknii z = —1, x =1,y = —1,
y = 1 € po3B’sizkaMu PIBHsSIHHS, OJIHAK Y 3arajbHOMY iHTerpaJi Mi-
CTSITHCH JIUIIe 1Ba OcTaHHIX (1X MoxkHA oTpuMmaTh 3 hopmyin (3.6),
sk C' = 0). Oyuknii © = —1 iz = 1 € ocobmBuUME PO3B’sI3KAM.
Bionosiov: y> =1+ C(2?> - 1), x = -1, z = 1.

o piBHIHHA 3 BIIOKPEMJIIOBAHUMU 3MIHHUMU 3BOIAATHCA PiB-
HAHHS BUTJISLY

y' = f(az + by), (3.7)

Je a, b— nmesiki cragi. CrpaBi, sIKIIO BUKOHATH 3aMiHy z = ax+by,
TO
z—ax , 1, a

p . YT e
1 JiJ1st 3HAXOKEHHsT (DYHKINT 2 OJIEPYKYEMO DIBHSIHHS 3 BiJIOKpEM-
moBaauMu 3MiaanMu 2 = bf(2) + a.

y:
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IMpuxkmaan 2. 3inmezpysamu picnanns y = (4r +y + 5)2.
Poze’sazanns. Hexait z = 4x + y. Tomi

d=44y = y=2/-4 = J-4=(2+5?% =
2 =(z+5)2 +4.

3sigcn, axmo (z +5)2 +4 # 0, To

dz d(z+5)
———=dz = — = c =
(z+5)2+4 . /(z+5)2+4 v
1 z+5 dx+y+5

—arctg?:x—i—C = arctg =2x+2C =

2 2

dr+y+5=2tg2z+C) (C:=20C).

Otke, 3arajbHuM po3B’siskoM € y = 2tg(2x + C) — 4z — 5.
Ockinmbku (z+5)%+4 # 0 B MHOXKIHI JTIHCHIX 9HCe, TO IHIMIX

PO3B’SI3KIB HEMAE.

Bidnosidv: y = 2tg(2z + C) — 4x — 5.

2. Opuopinsi piBusinus. Oyukuio f(x,y) HasUBaIOTL 00HO-
PiOHO010 PYHKUIE BUMIPY M, HAKIO i OyJIb-siKUX T, Y, t
CIIPAB/ZKYETHCSI TOTOXKHICTD

f(tl',ty) = tmf(x,y).

22
Hanpuxaaz, f1(z,y) = 3/20% + 4, fo(,y) = arcsin 5745 € omo-
pimanmu dyuakigamu BuMmipis 1 i 0 BigmosigHo, 60

filtz ty) = V2(tx)3 + (ty)® =t-v/223 + 3 = ¢! fi(x,y),

(to)? — (ty)? Nt
m = arcsme n y2 = f2(x7y)

fa(tz, ty) = arcsin

Hudepenriaabue piBHIHH

y' = f(z,9) (3.8)

HA3UBaIOTh 00HOPIOHUM, KO f(z,y) € omHOPiIHOW (DYHKIHED
BuMipy 0.
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[Tokarkemo, 10 OFHOPiAHE PIBHSIHHSA MOXKHA 3BECTH [0 PiB-
HSIHHSI 3 BIJIOKPEMJIIOBAHUME 3MIHHUME. ZKINO IpaBa YacTHHA
piBusiaHg (3.8) — ommopinna dynknis Bumipy 0, To 3a o3HavUEH-
waMm f(tx,ty) = f(z,y). dxmo nigcrasuru t = 1/x, To f(z,y) =
= f (1, y/z), a romy piBusHHA (3.8) MOXKHA 3AlMCATH y BUIISAIL
y' = f (1, y/x), 3Bigku BUIHO, O B OMHOpiAHOMY piBHsAHHI (3.8)
npaBa YacTUHA (DAKTUYIHO 3aJeKUTh TIIbKU BiJ dacTku y/x. 3
OLJIsI/ly Ha IIe BAKOHAEMO 3aMiHy U = y/x, TOOTO

y = uz,

ne u = u(z) — HoBa mykana ¢yukiis. Tomxi

d
y=dr+u = Jr+u=f(lu) = md—u:f(l,u)—u.
X

Opnepkau piBHSHHS 3 BIJIOKPEMJIIOBAHUMHU 3MIHHUME. 3iHTE-
IPyEMO iioro:

T ULwAu a0

u xT
du

Ao nosnaunru F(u) = | Jf(liﬁ’ TO 3araJIbHUil inTerpaJ oJHo-

pijiHOro piBHsIHHS (3.8) MOXKEMO 3AIMCATH Y BULJISI
F(y/z) =In|z| + C.

Posp’si3kaMu oHOPiiHOTO piBHsIHHS (3.8) MOXKYTH OYTH TAKOXK
byuxuii y = ax (z # 0), ze f(l,a) = a, Ta z = 0 (y #0), gki
Morin OyTu BTpadeHi rpu BijmokpemsieHHi 3minaux. Li po3s’sa3ku
MOXKYTb BUSIBUTHCH OCOOJIUBUMU.

Ilpukgazn 3. 3inmezpysamu pienanna ydr + 2./rydy = xdy.
Pose’azarmsa. 3anmcaBmy PiBHIHHS y BUTIS

g5
yde + (2y/xy —x)dy =0 = o = (@ #0, y# ),

Y
r—2\/xy
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[IEPEKOHYEMOCD, 110 BOHO € OJHOpizHuM, 60 dyHKIis f(z,y) =

= x,gy N onHOpiHOK dyHKIie BuMipy 0. Bukonaemo 3aminy

y = ux. Tomi 3y = vz + u, i nmigcrasnasgoun i Bupasu ausa y iy’ y
PIBHSAHHS, OJIEPAKYEMO

u’x—i—u: = u'a:—i—u:

ux u
x — 2V ux? 1-2yu
du  2uy/u (1-2yu)du dx
& 1-2va ez PO =

T L
2 U 43
1

x
—— —lnfu|=Injz|+C = \/j+ln]y|+0:0.
Vu y

Axmo u = 0, To y = 0 — ocobausuit po3s’s30k. OcobuBUM
pose’sazkoM € Takoxk = = 0. OyHKIiis y = /4 He € PO3B’sI3KOM
PIBHAHHS.

Bionosiodv: \/%4— Injy+C=0,y=0,x2=0.

Axmmo audepentiaibue PiBHIHHS IEPIIOr0 MOPSIKY 3aIluCaHe
Y BUIVISL/IL
M (z,y)dx + N(z,y)dy =0, (3.9)

T0 BOHO OyJie omHopigauM, akio M (z,y), N(x,y) € ogHopianumu
dyuknismMu ojHakoBoro BuMipy. [Ipononyemo ynradam camocTiitno
[IEPEKOHATHUCH, 110 JudepeHIialbHl PIBHIHHS

(z +y)dz + (x —y)dy =0, 3Bzydz + (2° +y*)dy =0

€ OJTHOPITHUMU.
BayBakuMo, 110 JudepenIjiaibae PiBHIHHS

, VPt yi—z
== (3.10)
Y
ojiepxkane Ha JieKIil 1 y 3aja4di 3 npo hopMy J3epKaJa, sike 30upae
napaJiesibHi MpOMEHI B OJHY TOUYKY, € ofaHopimaum. Po3p’szkemo
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fforo 3a JIonoMororo 3aMinu y = uz. Toui

vVl +ua? -z du V1+u2-—-1

u’x+u: = =

rT— = U
U dx U
udu B dx+C N
V1iduZ —1—u? x
1 d(1 + u?)
- =Inlz| +C.
2/ Vi+u2—-1-—1u2 e

OcKiIbKH
d(1 + u? 2pd
( ) :]1+u2:p2‘:/p292:
V1i4+uZ—1—u? p—p
d
—9 —p:—21n|p—1]:—21n‘x/1—|—u2—1

1—p

9

TO

—ln’\/1+u2—1’:1n]x|+0 =

Vi+u2—-1=C/z = u®>=(C/z)*+2C/z =
2 249
(2) _ ety y? = 20z + C*.
73 %

OTtske, 3arajbHEM iHTerpasom pisasaEs (3.10) € y? = 20z + C?
(mopiBHsiiiTe 3 PE3yJIBTATOM, OJIEPKAHUM Ha JIEKIl 1).

3. PiBaganHs, 3BigHi o omHopigumx. Posrisnemo aude-
peHIiajabHe PIBHAHHSA BULJISALY

,_mT+biy+a

, 3.11
asx + boy + co ( )

e ai, as, by, ba, c1, co — mesKi crami. Axmo ¢ i ¢y omHOUACHO He
JIOPIBHIOIOTH HYJIIO, TO IIpaBa JacTuHa piBHsHHs (3.11) He € ojHO-
pigHoro dyHKIieo Bumipy 0, a TOMY 1€ PiBHsIHHS HE € OJTHODI/IHUM.
OsHaK SIKIIO

ar by

A az by

7& 0 = ab 75 asba, (312)
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1o piBHsAHHS (3.11) MOXKHA 3BECTH JI0 OJHOPIJIHOIO 3a JOIOMOTOIO
3aMiH

=&+ x9, y=1n+1yo, (3.13)

Jie 1ucja g i yg norpibHo BUOpaTH Tak, Imob

{awo + b1yo = — ¢, (3.14)

asxg + boyg = — co.

Brigno 3 (3.12) A # 0, a Tomy JiniiiHa HEoHOPiAHA cucTeMa (3.14)
Ma€ €INHUI PO3B’SI30K, SIKM MOYKHA 3HANTH, HAIIPUKJIA, 3a (Hop-
mysiamu Kpawmepa. Iligcrasisitoun y (3.11) 3amicts x 1 y Bignosiani
Bupasu 3 (3.13), osepKyeMo piBHSIHHS

dn _ a1§+bin+aixo +biyo +c
d§ a4 ban + azwo + bayo + co

abo, BpaxoBytoun (3.14),

dn _ & +bin
d§  as€+ban

Hudepennianbue piBusinast (3.15) €, 09€BUIHO, OJHODIHUM.

(3.15)

Ilpukiazn 4. 3inmezpysamu pieHAHHA
(x—2y+3)y =1—y—2x.
Po3se’azarns. 3anuieMo pIBHSIHHS Y BUTISJI

2v+y—1 1
/
== = 3)).
y T 273 (y # 5(z +3))
Ockinbku A # 0, To BUKoHaeMo 3amian x = & + xg, Yy = 1+ Yo, Je
qucaa Tg i Yo 3HAXOAUMO 3 CUCTEMU

{2$0 + Yo = 17

zo— 2o =-3, 077

7y0:g-

1
5
Takum unHOM, Ticas 3amin ¢ = £ — 1/5, y = n + 7/5 onepxyemo
OJIHODIIHE PIBHSAHHS
dn 28+
¢ £—21
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Hexait n = u&. Toxai

) 24w du,  —2u® 4 2u+2
UETU= T T &S T T (@uo D
(2u — 1)du d¢ 9
e A J} —u—1+#0).

[urerpyrfoun ocranne piBHSHHS, 3HAXOINMO:

Inju?—u—-1=C-2nl¢] = [W2-u—-1=e% =
2
2—2—2—1:% (C:=%) = P-nt-€2=C =

&) AT FEL PR
Y75 Y A 'T5) T
v -z —zy+x—3y+57/25=C

OT}KG, 3al'aJIbHUM iHTeI‘paJIOM 3a,/1aH0I'0 piBHHHHH € y2 — {L‘2

+z—-3y=C (C:=C—-57/25).

ko uz—u—l—O TO U = HE‘/B 3Bi,H,KI/IT]— 1i\/5
Yy = H‘[x —|— + ‘16 1y = 1= ‘[ —|— 5 = i Beanocepe):LHBOIo
Hi,H,CTaHOBKOIO HepeKOHySMOCH y TOMY, H],O ,Z[Bl ocTaHHl QyHKIT
€ PO3B’sI3KaMu 33aH0r0 JudepeHIiabuoro pisusuus. Haperri,
akimo § = 0, o x = —1/5, ane 1z QyHKIsT He € PO3B’I3KOM
PIBHAHHS.
Bionosiov: y> —2®> —axy+ax—3y=C,y = 1i*/_1:+ + \/_

&, TobTO

HKH_[O JJ1A KOQ(blH,lSHTlB plBHHHHﬂ (3.11) HE BUKOHYETLCA YMO-
a (3.12), Tobro
ale = CLle, (316)

T0 a1 = Aag, by = A\bg, a Tomy 3 piBusiHHs (3.11) BuiMBaE, 110

Aagz + bay) + 1

!

= — b

Y azx + bay + c2 J(asz + bay),

TOOTO OjiepKasM piBHsIHHA BUIIsiy (3.7), sike 3BOJUTHLCSI JIO PiB-
HAHHA 3 BiJOKPEMJIIOBAHUME 3MIHHUMHU 3a JIOIOMOIOIO 3aMiH’
z = asx + bay.
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BayBaxkumo, 1110 3a BUKOHaHHsI yMoBH (3.16) 11151 3BejieHHsT PiB-
HsaHHs (3.11) 10 PIBHSAHHS 3 BIJOKDEM/IIOBAHIME 3MIHHIME MOXKHA
3aCTOCOBYBATH TAKOXK 3aMiHU 2z = a1x + b1y, z = a1z + b1y + c1
abo z = asw + by + co.

Ilpukiazng 5. 3inmezpysamu pienarms

;T —2y+3
2r —4y —1°
Poss’azarnsa. Ockinbkun A = 0, To BUKOHAEMO 3aMiHy z = & —2y.
. — — / . . .
Tomiy = 552, ¢ = L 5 1, IjicTaBIAI0 Y y PIBHAHHS, OJIEPAYEMO

PIBHSHHS 3 BIJIOKPEMJIIOBAHUMU 3MIHHUMU:

1-2  2z+3 L g1
= A —
2 2z -1

22— 1 221
(2z — 1)dz = —Tdx.

=

3inTerpyemo itoro:
2

25 —z=-Te+C.
SaMiHUBIN 2 HA T — 2y, 3HAXOJIUMO 3arajbHUl iHTEerpaJ

(x—2y)°—(2—2y) = —Tx+C = 2’—doy+4y*+62+2y=C. W

AHaJIOrivHO IHTErPYIOTHCsI PIBHSIHHST O1/IBII 3araJbHOIO BUIISI-

b
y/:f<a1x+ 1y+61)7 (3'17)

4y

asx + boy + co
ne f(u) — HenepepBHA (DYHKIIiSE CBOIO apryMeHTY.
3ayBaKUMO, IO JesTKl PIBHSHHS MOXKHA 3BECTH 0 OJHOPITHIX
3a JI0IIOMOro 3aMinu y = 2", ne z = z(x) — HoBa GbyHKIs, a
m — JedKe 49uco. Taki piBHAHHSI HAa3UBAIOTh Y3A2aAbHEHO-00-
nopidnumu. Hanpuxnan, y pisaauni y = x + z—i 3poOUMO 3aMiHy

y = 2" (tomi iy = mz™"12') i BuGepemo m TaxkuM, mob ofeprKane
piBHSIHHS
2m m+1
m—1_/ __ z /I €T z
mz zZ =x+ —3 = mz == 3
a3 M= a3
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Oys10 omHOpigHuUM. st 1IHOTr0 TTOTPIOHO, IIOO IpaBa YacTHHA PiB-
HsIHHSI OyJ1a OJTHOPIIHOI0 (PYHKITE BuMipy 0, TOOTO 9HCJIO M 11O~
BUHHE 33JI0BOJILHATH piBHAHHA M — 1 = 11 m + 1 = 3, 3BiaKn

2

m = 2. OTxKe, 3a JIOIMOMOIOIO IIJICTAHOBKU Y = 2° 3aJaHe PIBHAH-

He BJIAJIOCS 3BECTH JIO OJIHOPITHOTO

w

27 == 4

SIS
&w|l\z

3IHTErpyBaTH fgKe ITPOTOHYEMO YUTadaM CAMOCTIITHO.

Pexomendosana aimepamypa: |2, c. 11 — 39|, [5, c. 28 — 33,
56 — 61], [7, c. 27 — 37], [16, c. 23 — 27], [17, c. 16 — 177].

Iluranusa go gekrii 3

1. fdxe mudepentianbae pIBHIHHS HA3WBAIOTH PIBHAHHAM 3 Bijl-
okpemjIeHIME 3MiHHUMEU? $IK 3HAWTH 3arajbHUN iHTErpaJ TAKOTO piB-
HSIHHSI?

2. fdxe audepeniianbHe PiBHsIHHS HA3WBAOTh PIiBHSIHHAM 3 Bijl-
OKpeMIIoBaHUMU 3MiHHUMEU! ZIK iHTerpyerhes Take piBuHannasa?! Aki hyH-
KITil MOXKYTh BUSIBUTHUCS OCOOJIMBUME PO3B’SI3KaMu’

3. 3a momomoroio axkux 3amin pisagnnas y' = f(ax + by + ¢) MoxkHA
3BECTH JI0 PIBHSHHS 3 BiJOKPEMJIFOBAHUME 3MIHHUMU !

4. Komn byukuis f(x,y) 6yae omHopigaoo umipy m? Hasesith
npuKJIaan omHOpimHux Gyukmiin Bumipy 0, 1, 2, 3, a TakoXK IPUKIAIN
HEOTHOPIIAHUX (DYHKITIA.

5. fke mudepenianbHe PIBHSHHS IIEPIIOTO MOPSIKY HA3UBAIOTH
ofHOPimHUM? 3a JOMOMOrOI0 SIKOI 3aMiHM TaKe PIBHSIHHSI 3BOJIUTHCSI IO
PIBHSIHHST 3 BiJIOKPEMJIFOBAHMME 3MIHHUME !

6. fkoro mae GyTu npasa yactuHa pisHsiHHA Yy = f(,y), 1106 BOHO
Oys10 omHOPiMHIM?

7. dxmo byuxuiit M (z,y), N(x,y) ogHopiaHi, TO 94 JOCATH IHOTO
st Toro, mob pisagausa M (x,y)dx + N(z,y)dy = 0 Gymno oxuHopimaum?

8. dxmmu moBuHHI 6yTH WNCIA ¢1, Co, MO0 AudepeHIiaabue PiBHs-
HHs1 (3.17) Gyso omHOPiTHUM?

9. dxumu noBunui 6yTu Yucaa ai, az, by, by, mo6 piBusug (3.17)
MOXKHa OyJI0 3BECTH 110 OIHOPimHOrO piBHAHHA! Kosn 11e piBHAHHSA MO-
JKHa 3BECTH Bifpa3y /10 PIBHAHHS 3 BITOKPEMJIIOBAHIMUI 3MIHHUMU !

10. 4ki piBHsIHHSI HA3MBAIOTH y3araJibHEHO-OHOpIMHUME ! fKa 3aMi-
HA BUKOPHUCTOBYETHCS JjIsl IHTErpYBaHHsI TaKUX PIBHSHB
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Bopasu go jsekiiii 3

1. Bimrerpyiite mudepeHiaabHi PIBHAHHA 3 BiIOKPEMIIOBAHUMUA
3MIHHUMMT:

a) Yy = e¥tY; 6) x\/14+ 132 +yy'vV1+22=0;
B) (zy® —y?)y = ya? + 2>

2. 3HaiiaiTs po3s’a3ku 3aga4 Komri:

a) (L+e%)yy =e*, y(0)=1; 6)y'tgz=y+3, y(3) =1

3. Biurerpyiire judepeniiaibai piBHIHHSA, 3Bi/IHI 0 PIBHSIHb 3 BiJ-
OKPEMJIFOBAHUMH 3MiHHUMHU:

r—2y—1
a)y =2x+3y+10; 6) 2z+y)y' =1, B) Yy = ——.
)y y )@z +y)y'=1; B)y 2576

4. ObrpyuryiiTe, M0 PIBHAHHS € OJHOPIIHUME, Ta 3iHTErpyiiTe IX:

2
xT xT Y

5. 3imTerpyiite piBHAHHSA, 3Bi/IHI 0 OJHOPITHUX PIBHAHD:

a) (z+ 1)y +3z+2y+5=0;
6) (Tx — 3y + 2)dr + (4y — 3z — 5)dy = 0; B) (422 + y*)dy = 2xydx.
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Jlekiia 4. Jliniiini audpepenitianbHi piBHIHHSA
Ta 3BIOHI J0 HHUX

Ilan

1. Jliniitne piBHSHHS Ta METOJU HOTO PO3B’S3yBaHHS.
2. BiractuBocti po3B’sa3KiB JIiHITHUX PiBHAHD.

3. PiBuannga 4. Bepmyswi.

4. PiBagaus Pikkari.

1. JliniitHe piBHSIHHS Ta MeTOAMW HOro PO3B’I3yBaHHH.
JIinitinum qudepeHIia bHUM PIBHAHHSIM IEPIIOr0 MOPSIKY Ha-
3UBAIOTh PIBHSIHHS BULJISILY

A(z)y + B(z)y + C(z) =0, (4.1)

ne A(z), B(z), C(x) — ueunepeppri dynkiii. B obuacri, jae
A(z) # 0, (4.1) piBHOCHIIbHE DIBHSHHIO

Y +p(x)y = q(z), (4.2)

y sikoMmy nosnadeno p(x) = B(z)/A(z), q¢(z) = —C(x)/A(z).

Axo x A(zg) = 0, To po3s’si3koM piBusiaHs (4.1), 3anmucanoro
y mudepentianbhiii dopmi A(x)dy + B(x)ydx + C(x)dx = 0, €
T = Xg, Y YOMY JIETKO NEPEKOHATHUCS 32 JOTIOMOTOIO IiJICTAHOBKH.
Hanpuksan, poss’sskamu pisasuns x(x — m)y + sinz-y = tgz €
r=0iz=m.

Axmo byl p(x) Ta g(x) y piBusuui (4.2) HenepepsHi Ha
nesikomy iHTepBasi (a,b), To 3rimHO 3 Teopemoro Ko uepes ko-
JKHY TOYKY cMyru a < a; < & < by <b, —oo <y < 400 1npoxo-
JIUTh €auHa iHTerpasbHa Kpuba. Cupasii, siKiio piBasiHHs (4.2)
sammcaru y sursial ¥ = q(x) — p(x)y, To Horo mpasa UacTHHA
f(z,y) = q(x) — p(x)y €, oueBuaHO, HemepepBHOWO (DYHKIHEW, a
wacTunHa noxiima fy (r,y) = — p(r) obmexkena y miit obmacti. ¥
[IbOMY BUIAJIKY PiBHsiHHS (4.2) 0cOOJIMBUX PO3B’SI3KIB HE Mae.

Axmo dyHKIis ¢(z) TOTOXKHO JOPIBHIOE HYJIO, TO DIBHSHHSI
(4.2) Has’MBAIOTH ATHIUHUM O0OHOPIOHUM, a SIKIO TOTOXKHO He
JIOPIBHIOE HYJIIO, TO ATHIUHUM HEOOHOPLOHUM.
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[Toxkarkemo, 1110 JIiHifIHE HEOTHOPIIHE PIBHSIHHSI IIEPIIOrO II0-
PSIJIKY 3aBXKJIM IHTEIPYETbCsl Yy KBajpaTypax. PosrisHemo j1Ba
CIIocOOM IHTerpyBaHHs TAKUX PiBHIHb.

Mertopn Bapianii gosisibHOI cranol (meron Jlarpan»ka).

3iHTErpyEMO CIIOYaTKYy JiHiiTHEe OJHOPiIHE PIBHSIHHS

y' +p(z)y =0, (4.3)

dKe € BOJAHOYAC PIBHSIHHSAM 3 BiJIOKPEMJIIOBAHUMU 3MIHHUMU:

dy

Veboly = L—-p)i G0 =

dx
In|y| = —/p(:z:)d:z:+0 =

y = CeJP@dz, (4.4)

Dopwmyia (4.4) onmcye Bel poss’si3ku pisasiaHs (4.3), 60 po3B’si-
30K y = 0, sikuit Mir 6yTH BTpadeHuM [IPU BiJOKPEMJIEHH]I 3MIHHUX,
MicTuTbes y opMysti 3arajbHOro poss’si3ky (sikimo C' = 0).

Po3B’s130K J1iHIHOrO HEOMHOPITHOTO piBHsIHHS (4.2) mIyKaeMo
y Buriis (4.4), samiausimm goBiabHy craidy C esko GyHKIHEn
C(z), TobTO

y = C(z)e~/r@)dz, (4.5)

[Migcrasnsiioun (4.5) y piBusanus (4.2), ogepKyeMo
C'(w)e PO — Ca)p(a)e PO 4
+p(@)Cla)e TP = g(z) =
C'(z) = q(zx)e/P@¥ = C(z) = /q(x)efp(x)dxdx +C,
e C — nosinbHa craga. IligcraBiasiroun Tenep 3HaiigeHy (GyHKIIO

C(x) y (4.5), onepxyemo dbopMyILy Jjisi 3arajibHOIO PO3B’sI3KY JIi-
HiftHoro piBasiaHs (4.2):

y = e~ Jp@)1de. (/q(a:)efp(“)d’”dx + C). (4.6)
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Meroz nincranoBku (MeToz, 11. Bepnynui). Poss’s30k Ji-
HIHOIO HEOHOPITHOTO PiBHsIHHS (4.2) IIyKATUMEMO Y BUIJIsIIL J0-
OyTKy nBox judepennifiopanx dbyHkuiil u = u(x) i v = v(x), T06TO

Y = uv. (4.7)
[igcrasisiioan (4.7) B (4.2), omepKyemMo
w'v+w + p(z)uw = q(z) =

w'v+u (v + p(z)v) = q(z). (4.8)

Kopucrytounch poBiibaicTio yHKIHT v, Bubepemo ii Takoro,
106 Bona GyJia po3s’sizkoM pisusiang v’ + p(x)v = 0, 3BiaKu

v = Ce~ Jp@)de,
Buaitneny dyukiio v npu C = 1 nigcrasumo B (4.8). Toxi

ITicrasisoun suaiigeni dyskuil ui vy (4.7), 3HOBY ozepxKy-
emo dopmyity (4.6).
Ilpukiazn 1. 3inmezpysamu pienanms
2
x

y' + 2xy = 2xe”

Poze’sazanns. Memod eapiauii dosinvroi cmanoi. Po3s’sizkeMo
BiJIIIOBIIHE JIiHifiHE OJIHOPi/IHE PIBHSHHS:

d
v +2zy=0 = /—y:—/Qxdx—i—C =
Yy
Inly|=-22+C = y=Ce .

Po3p’s30k 3aaH010 JIIHIFTHOTO HEOIHOPIIHOTO PIBHAHHS MTYKAEMO
. T .
y Bursam y = C(z)e™ . Iligcrasisiioun y piBHSIHHSI, OJ€PKYEMO:

C"(ac)e_:‘c2 — 2$C(x)e_x2 + 2xC’($)e_x2 =2 =
Clle)=22 = C)=2>4+C = y=@>+0C)e ™.
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Memod Bepryani. Hexait y = uv. Toai

/ / _ —z2
uv+uv + 2zuv = 2xe .

Itst 3naxoKentst PYHKINN 4 1 v OepKYEMO CHCTEMY

v + 2zv =0,
'y = 2xe™ .

2
7~ Tlokna-

nemo C' = 11 migcraBumo yHKIO v y apyre pisusanas. Tomi

3 nepioro piBHsHHS cucTemu 3Haxogaumo v = Ce™

W=2r = u=2°4+C = y:(z:2—|—C')efx2.l

Hageneni meTonu po3s’si3yBanHs JIHIRHUX PIBHIHL MOXKHA 38~
CTOCOBYBATH TaKOXK J0 pibHsHb Burmsany (p(y)z +q(y))-y = 1,
SKINO Y IMPUIAHATH 3a HE3aJEXKHY 3MIiHHY, a & — 3a (DYHKIUIO Ii€l
sminnoi. Hanpuxmag, pisaanns 2yy (e’y2 = x) = 1 € HeniHITHUM
BijHOCHO byHKIIT y = y(x). OmHaK, SIKINO 3a1caTh f0ro y BUTJIsI-
his]

, 1 1 1

y:2y(6_y2—x) - y:2y(e—92—x) -

x4+ 2zy = deny,

TO Ma€eMo JiHiitHe BijHOCHO DyHKIIT & = z(y) PIBHSHHS 3 IPUKJIa-
ay L.

2. BiacTuBocTi po3B’sa3KiB JiHiliHUX piBHAHBb. Hasegenmo
JiesiKi BJIACTUBOCTI PO3B’sI3KiB JIIHINHUX PIBHSAHD, SIKi MOYXKYTb OyTH
KOPUCHUMU JIJIsT IPAKTHIHOTO PO3B’SI3yBaHHS DiBHSIHD.

Buaacrusicrb 1. Sxwo eidomuti desxuti wacmunnuti po3e’ 3ok
y1(x) ainitinozo odnopionozo pienannsa (4.3), mo ozo 3azarvrul
P036°A30% 3HarodumbCA 6e3 Keadpamyp.

[lum 3aranbauM po3B’s3koM € y = Cyy(x), ajizke BiH 3a/10BOJIb-
Hsi€ piBHsAHHS (4.2) 1 MiCTUTH JOBUIBHY CTAJLY.

BuaacruBictb 2. Bazaavruil po3e’ssok AiHiIH020 HEOOHODI-
Onozo pieHanma (4.2) € cymoro o020 wacmunnozo po3e’a3ky i 3a-
2a0H020 PO36°A3KY 610N0610H020 001HOPIOH020 piehanns (4.3).
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Cupasni, Binkpusaioun gyxku y dopmyni (4.6), maemo jBa
nonankn: Ce™ JP@)d _ sapaipuit PO3B’SI30K BiJIIIOBIIHOTO OJTHO-
pigEoro pisasams (4.3) i e~ JP@ [g(z) e/P@)d2dy — posp’szok
HeoiHOpiHOrO piBHsiHHS (4.2) (floro omep:kyemo 3 dopmy/n 3a-
rajibHOro pose’s3ky, sikimo C' = 0). Orke, sIKIIO BigoMuii oguH
JacTUHHUN PO3B’s130K Y1 = y1 () JIHIHHONO HEOJHOPIAHOIO pPiB-
HsIHHS, TO HOTO 3araJibHUN PO3B 30K 3HAXOIUTHCS 32 JTOTIOMOTOIO
OJTHIET KBaIpaTypH:

y = y1 + Ce™ P

Buaacrusicts 3. fdxwo sidomi dea Henponopuiting 4acmurmi
poss’asku y1 = y1(z) 1 y2 = ya2(x) pisnanns (4.2), mo tdoeo 3a-
2anvruti po3e’azok odepoicyemo 6e3 xeadpamyp 3a GHopmy.a010

y=y1+Cly2 — ). (4.9)
Crpasai, ockinbkn y; +p(z)y1 = q() 1 y5 +p()y2 = q(2), TO
(y1 = y2) + p(a)(y1 — y2) =0,

3BiJIKM BUILIUBAE, IO Y] — Y2 € YACTUHHUM PO3B’SI3KOM JHHIHHO-
ro ojiHopijHOro piBHsiHHs (4.3). 3arajbHUM PO3B’SI3KOM DIBHSIHHS
(4.3) srigno 3 Bracrusicrio 1 6yne C(y; — y2), a dopmymy (4.9)
OCTATOYHO OJIEPKYEMO Ha IJICTaBl BJIACTUBOCTI 2.

3. PiBaauus f. Bepnysuii. PiBusuus surisity

Y +p(x)y = q(z)y™, (4.10)

Jie m — JesiKe IUCJI0, HA3UBAIOTh PI8HAHHAM BepHyaat. Axiio y
(4.10) m = 0, To ofepzKyeMo JiHifiHe HeoqHOpiNHe piBHsHHS (4.2),
a gKIo m = 1, TO PIBHAHHA 3 BIJIOKPEMIIOBAHUME 3MIHHUMU, TOMY
HaJaJIl BBaKaTuMeMo, 1o m # 0, m # 1.

Jlnst poss’sa3yBanHs piBHsHHA bBepHysut, Tak camo, dK JHiHii-
HOI'O PIBHAHHS, BUKOPUCTAEMO METOJ Bapiallil JOBLJILHOI CTaJIol.
Binrerpyemo crnouarky pismusuus 3 + p(x)y = 0. Moro sarasmmit
PO3B’s130K 1oaeThest hopmynono (4.4): y = CeJp@)dz
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Posp’s30k piBHgHHS Bepuysuii mykaeMo y BUrJIsi
y = C(z)e /P@)d (4.11)

ne C(x) — pesxka dyukiis. Ilincrasnsioun (4.11) y piBHAHHS
(4.10), omepxKyemo

C’(z)e_fp(x)dx _ C(x)p(x)e—fp(x)dx +p(1:)0(1:)e_fp(x)dx _

= CI(J/‘)Cm(:c)e_mfP(x)dw N
C'(z) = q(z)C™(z)ed—™/P@4ds
dC(:E) = (1*m)fp(x)dx
cm(z) q(z)e dr +C; =
1-m
07(1:) — /q(x)e(lm)fp(x)dx d$+01
1—m

TakuMm auHOM,

1

C(x) = ((1 —m) / g(z)e—mIp@)de gor 4 c) o ,

a migcrasisioun 1o GyHkiio y (4.11), ogepkyeMo 3arajbHuii pos-
B'sI130K piBHsAHHS Bepmy/uri:

1

1-m

y = ¢~ Jp@)de <(1 ) / o()ed=m [P(@)do g 4 c)

[Tpu mpomy Mir 6yTu Brpaderuii po3s’szok y = 0, sxio m > 0.
it m < 0 dyukiig y = 0 #He € po3B’a3KOM piBHAHHA BepHysuii.

Ilpukiazn 2. 3inmezpysamu pienanna Bepryani
y + 2xy = 2ze™” v

Poss’asamnns. 3aranpunii poss’a3ok pisagnng y' + 2xy = 0 6ys

. _m2
3HalIeHnit i 9ac po3s’a3yBanusa npukiaaay 1:y = Ce™™ | a Tomy

. 0 _ 2
PO3B’I30K 3aJIAHOTO piBHSAHHS IIyKaemo y Burism y = C(z)e ™ .
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[Tlincrapmsiioan y piBHIHHS, OIEPKYEMO:

C”(:U)ef"’“"2 - 21‘0(1‘)67‘%2 + QCUC'(z)(f%2 = 21‘61"202(13)672‘%2 =

C'(z) = 20C%() Zgg; =2dz (C(z)£0) =
1 1
—m:mﬂ%-C = C(x):—m =
v=-mro

Axmo C(z) =0, o y = 0. g dyukuis € ocobimsum po3s’si3-
KOM 3aJIAHOTO PiBHSHHS.
. o 2
Bionosiov: y = —e % (22 +C)71, y=0.
3ayBaxKuMo, M0 HABEIECHUIT METOJ] MOXKHA 3aCTOCOBYBATH Ta-
KOXK JI0 PIBHSIHb BUIJISLY (p(y)x+q(y)1:m) cy = 1, gaxkmo vy
HPUAHATA 38 He3aJIeXKHY 3MiHHY, & & — 3a (YHKIHO i€l 3MiH-
. . 2
nol. Hanpukiaz, sikio pisusinus 2xy(xe?” — 1)y’ = 1 zanucaru y
BUTJIS T
P! 1

2
=—=——"_ = '+ 2yz=2ye¥ 22
- 2xy(zey® — 1) Y Y

TO Ma€eMO piBHsiHHS BepHysuii 3 npukiajuy 2 (Ko BBazKaTH, 110
z = x(y)).

Bamada 1. 3natmu kpusi, y axur JoexcuHa 6idpisky, AKu

stdmunae domuyuna na oci Oy, dopisnioe Keadpamy opdunamu mo-
YK domuky.
Pose’azanns. Hexait M (z,y) — 10BlIbHA TOYKA IIyKAHOT KPUBOT
y = f(z). Y rouni M uposenemo jgorudny 0 kpusol y = f(x) i
Hexait A — Touka nepeTuHy i€l 70TuIHOI 3 Biccto Oy, B — mpoeKIiist
roukn M ma Bick Ox (puc. 4.1).
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)

Puc. 4.1

3a ymosoro 3anaui OA = BM?, npuuomy BM = y. Binpizok
OA 3naiinemo 3 pisasiang goruanol Y —y = f/(z) - (X —z), y ake
migcrasuvo X = 0. Toni OA =Y =y — /.

TaxuM 4MHOM, OJepKaIl PIBHSHHS Y — 1T = 42, fKe € piBHSH-
HsM BepHyJ/LIl, y 90My JIErKO TIEPEKOHATHCS, SIKIIO 3aIUCaTH HOro

Y BUIVISL/IL
/ 1 1 2
Yy ——y=—"Y".
x x
Binrerpyemo crnouarky pisusiaas y' — y/x = 0:
d d
o = Inlyl=Injz|+C = y=~Cu.
Y x

Pose’si30k piBusinast Beprysui mykaemo y surisi y = C(x) x.
IligcraBiasioun y piBHAHHS, OJIEPIKYEMO:

C'(z)z+C(z) —C(z) = -C%*(z)z =

Cx) = —C2z) = 2—02 _ _/dx =
1 1 T
_C(x)__x+0 = C’(:L‘)—x_c = Y=

HTykamumu kpusumu € rinepbosn y =14+ C/(z — C). B
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3. Piuanna Pikkari. /o piBusnna Bepnysii 3a meBHuX
YMOB 3BOJIUTHCsI Pi8HAHHA Pixxamsi. Tax HasuBaioTh pIBHSIHHS
BUTJISIITY

y' = p(a)y® + q(x)y + r(), (4.12)

ne byskuii p(z), g¢(x), r(r) HemepepBHi Ha JesiKoMy iHTepBaJi
a < x < b. PiBusanus (4.12) MicruTh sIK OKpeMi BHIIAKN BHBUYEH]
pasirie piBHsHHSL: JiiHifiHe piBHsiHHS, siKio p(x) = 0, 1 piBHsAHHS
Bepwuyuui, sikmio r(z) = 0.

Posrisimemo fesiki BUNaIKu iHTEIPOBHOCTI B KBaJIpaTypax piB-
HaHHsS PikkaTi:

1. ko p, ¢ i r — crasui, o (4.12) — piBHsAHHS 3 BIJOKpeMJIIOBA-
HUMH 3MIHHUMHK, a HOr0 3arajibHUI 1HTErpaJl BUParKaeThCsd Yepes
eseMeHTapHi YHKIII.

2.y = p(x)-(ay® + by +c), ne a, bic— cram i a®+b2#0, -
PIBHAHHS 3 BIIOKPEMJIIOBAHUMH 3MIHHUMU.

3.y = agyc—z + b2 + ¢, ne a® + b? # 0, — onHopiHe piBHSHHSL.

4.y = ay? + bL + & — ysaranpHeHO OGHODiJHE DIBHSHH
(m = —1). icas 3aminn y = 2o~ oepKyeMo PiBHSHHS 3 Bij-
OKPeMTIOBAaHUMY 3MiHHIMA 12" = az? + (b+ 1)z + c.

VY zarajgbHOMYy BulaJIKy piBHsinHst Pikkari (4.12) He inTerpye-
ThCs KBaJIpaTypax, xo4a 3rijHo 3 Teopemoio Korii BoHO Mae €1u-
HUI PO3B’SI30K Jisi IOBLIBHOI HOYATKOBOI yMoBU Y(To) = Yo, e
TOYKA T = X HAJIEKUTDH IHTEpBaJLy HemepepBHOCTI dDyHKIN p(z),
¢(2), r(x).

dxmo Bimommit messknit po3B’sI30K piBHsIHHSA PikkaTi, TO 11
PIBHSIHHSI MOXKHa 3BecTHu 10 piBHsiHHsS bepuysii. Cupasii, Hexait
y1 = y1(z) — po3’sa30K piBasiaHs (4.12), To6TO

vh = p(@)yi + a(@)ys + r(@). (4.13)
3pobumo 3aMiny mrykKaHol (OyHKIHT
y=un-tz
ne z = z(z) — nosa ¢yukuis. Toxi i3 Bpaxysanusam (4.13) maemo

yi + 2 = p(@)yf + 2p(x)y1z + p(2)2® + q(@)y1 + @)z +r(z) =
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7 — (2p(x)y1 + q(2)) z = p(x)z*.
Ocranne piBHsiHHS € piBHsHHsSM bBeprysui BijHOCHO QYHKIHT Z,
sIKe 3aBK/I IHTerpyeThest y KBajparypax. OcobauBuM pO3B’SI3KOM
piBusinnst Pikkari moxke OyTu dyukiis y = y1(x).

Ilpukiazn 3. 3inmezpysamu pienwanrs Pixkami

Pose’sazanns. Criouarky 3HaiinemMo Jesikuii po3s’si3ok yi(x) 3a-
Janoro pisasinHs. [Ipumycrumo, mo yi(x) = a/x, ge a — jeska
crasna. [igcrapisiioun y 3ajiaHe piBHIHHSA, OJEPKYEMO, IO

= == = a=312,

a OTIKe, 3aJlaHe PIBHAHHS MOXKHA 3IHTErpPyBaTH y KBIPATypax 3a
JIONIOMOI'OI0, HAIIPUKJIaJ, 3aMinn y = z + 2/x. Toxi
2 4z 4 =z 2 4 3z
ek T T — = gdo—==7
45 43 43
[Tporonyemo unTadgaM caMOCTIHHO HMEPEKOHATUCS Y TOMY, IO 3a-
3
raJibHUM PO3B’A3KOM OJIEPKAHOTO DiBHAHHS BepHyiui € z = %
Tomy
—4z3 2 2C — 2z%
=T 07 Y= """\
zt+C z z(zt 4+ C)
Posp’s130k y1(x) = 2/x He MOXKHA OfIepyKATH 3 3araJIbHOTO PO3B’si3-
Ky IPHU YKOJIHOMY 3HAUEHHI CTAJIO0l, a TOMY BiH € OCOOJIUBUM.
2C —2z* 2
z(zt 4+ C)’ V=
Pexomendosana aimepamypa: |2, c. 39 — 52, 67 — 73], [,
c. 69 — 86/, [6, c. 31 — 36, 40 — 42|, |7, c. 37 — 46], [16, c. 28 — 33].

)

Biodnosidv: y =
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Iluranusa go aekiii 4

1. dxwmit 3aragpHuil BUTTIs Ma€ JiHiHe nudepeniiagbae PiBHAHHS
MePIToro MOpAAKy ! fKa pisHuUIlg MiXK JIHINHUM HEOTHOPIIHUM 1 OHOPI-
JTHUM DIBHAHHSIMUI?

2. Yu mae JiniiiHe HeOTHOPITHE PIBHAHHSA 3 HelepepBHUMI Koedirri-
eHTaMu 0cobuBi po3B’sa3ku? Biimosigs 06rpyHTYATE 3 BUKOPUCTAHHSIM
Teopemu Korri.

3. ¥V "omy moJsisirae€ MeTOJ, Bapiaril JOBIIBHOI CTAJIOl IHTerpyBaHHs
JIIHITHOTO HEOTHOPITHOTO PiBHAHHSA! 3a IOTIOMOT0I0 CKLIBKOX KBAIPATY]
y 3arajibHOMY BUIIQJIKy IHTEIPYETHCsI [1e PIBHSIHHSI?

4.V yomy moJsiAra€ MeTOJI IiJICTAHOBKY iHTerpyBaHHs JiHIITHOrO He-
OHOPIAHOTO PIBHSAHHS?

5. dxwit 3araapaMit BUrIs s piBEgaAA Beprayiuti? ¥V 9oMy mossdrae Me-
TOJT Bapiaril MOBUIBHOI CTAJIO] iIHTerpyBaHHS [IbOTO PIBHAHHSA! UM MOXKe
piBusgHES Bepryma maru ocobsmBi po3s’sa3ku? Bin goro e 3amexuTs?

6. fxkwmit Burssy Mae piBHsiHHS Pikkari? 3a sikol yMOBH Iie PiBHSIHHSI
inTerpyerbcst y kKBajgparypax?! [lo sIKoro piBHSIHHsSI y I[bOMY BUIAJIKY
3BOINTHCA PiBHIHHA PikkaTi?

Bropasu go gekiiii 4

1. Cepe HaBeneHUX PiBHSHD BifmmykaiiTe JiHiiiHe pIBHAHHS Ta 3iHTe-
rpyiiTe Oro MeTO/IOM Bapiallil JOBLIBHOI CTAJIOl 1 METOJIOM ITiJICTAHOBKMU:

/ 2

a)y =(x—y)? 6)zy +2y—2y°=0; B)y =4dy+e>.

2. Hosenitn, mo pisugunsg f'(y)y + p(x)f(y) = q(z) 3BomuTHES 10
JiHifiHOTO PiBHSIHHSI 3a monoMOroro 3aMinu z = f(y). 3iHTerpyiite Takum
c11oco6oM piBHAHHS COSY Yy + %siny = 2z.

3. Hoeenith, mo pieasHHS y' + p(x) = q(x)e™ 3BoguTHCA 10 JIi-
HIWHOTO PiBHAHHS 3a JOIMOMOTOIO 3aMinu z = e~ Y. 3imTerpyiite TakuM
cnocoboM piBHaAHHA €~ Yy — e ™"

4. Cepen HaBeieHUX PIBHSHB BifnryKaiiTe piBasinus Beprysuii ta 3iH-
Terpyiire oro:

=eY.

a)y +zy=y’sinx; 6)y +2y=2" B)yY =(r+y)*
5. MoweniTh, mo pisHsHHs Beprymii ¢y + p(z)y = q(z)y™ moxuA
3BECTH JI0 JIHIAHOro PiBHAHHA 3a JOTIOMOrolo 3aMinn z = y'~ ™. Binte-
rpyiiTe mam criocobom pisasHEA Ty = Y + 12y 2.

6. BinTerpyiire pisuanns Pikkari zy’ — (22+1)y+y? = —22, 3Hai0um,
10 BOHO MA€ PO3B’g30K Burismy yi(x) = ax + b.
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Jlekmia 5. PiBHssHHsS y moBHUX audepeHIiiagax
Ta 3BIOHI J0 HHUX

Ilan

1. PiBHsiHHS Y nOBHUX jirpepeHIiaiax.

2. InrerpyBasibHUIT MHOXKHUK Ta JesKI CIIOCOOH HOI0 3HAXO2Ke-
HHSI.

3. Teopemu npo icHyBaHHSI, HEEINHICTD Ta 3arajbHUIl BUTJIA
IHTerpyBaJIbHOTO MHOYKHUKA.

1. PiBusinHa y nmoBHuX AudepeHiianax. udepenmiaisae
PIBHSIHHSI TIEPIIOrO HOPSIIKY

M(z,y)dx + N(z,y)dy =0 (5.1)

HA3UBAIOTH PIBHAHHAM Y NOBHUL UPEPEHUIANAT, TKITO HOTO
JiBa 4yacTuHa € MOBHUM judepenmianom deskoi dyukuii U(z,y),
TOOTO AKIIO

M(z,y)dx + N(z,y)dy = dU(z,y). (5.2)

3 (5.1), (5.2) BummBae, 1o piBHsHHS (5.1) MOXKHa 3amucaTu
y Burisii dU = 0, a TOMy 3araJibHUM IHTErpajoM DiBHSHHS Y
nouux judepeniianax € U(z,y) = C.

VY 3araJibHOMY BUIAJIKY CKJIATHO OE3II0CEPEIHBO 3’ ICYyBATH, U1
€ 3aJlaHe PiBHIHHS PIBHAHHIM y MOBHUX gudepeniiaiax. Braxke-
MO O3HAKYy, sKa JO3BOJIUTL BIJIIOBICTU Ha Ile MUTAHHS, & TAKOXK
HaBeJIeMO OJIUH 13 crocobiB 3uaxomkentst Gyukiil U(z,y).

[Mpumnycrumo, mo dbyukuii M (z,y) 1 N(z,y) y piBasuni (5.1)
HEIIEPEPBHI Yy JIesIKOMY HPSIMOKYTHHKY 3 IleHTpoM y Touni (g, Yo),
i He TIepeTBOPIOIOTHCS OJIHOYACHO B HYJIb Y Ii#t Touri. OKpim To-
ro, BBA2KATUMEMO, IO Y 3ra/IaHOMy IPAMOKYTHUKY iCHYIOTL Helre-
pPEpPBHI YaCTUHHI TTOXI1THI %—Aj i %—]X

[Tpunycrumo, 1o cupasizKyerbes ymosa (5.2), TobTo JsiBa da-
cruna pisasias (5.1) € noBHuM judepeniianoM. 3rijHo 3 03HaYe-
HHsIM Jiudepen iaia QyHKIHT BOX 3MIHHAX

oU oU
dU(x,y) = %dfﬁ + a_ydy’
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a TOMY

—— = M(z,y), o = N(z,y). (5.3)

Jludepenrioodn nepiny 3 piBHOCTEH 3a 3MIHHOIO ¥, a APYyry — 3a
3MIHHOIO T, OJIEPKYEMO, IO

0U _OM 0*U _ON

oydx Oy Oxdy Ox

3 TeopeMu PO PIiBHICTL MIMIAHUX ITOXIJHUX BHUILIUBAE HEOOXIHa,
ymoBa Toro, mo (5.1) € piBHSIHHSAM y OBHUX JudepeHIjaiax:

oM _ ON. (5.4)
oy oz

[Tokazkemo, 110 ymoBa (5.4) € TaKOXK JTOCTATHBOIO, TOOTO 3a BHU-
KOHAHHSI 11i€l yMOBH JliBa YacTuHa piBHsHHS (5.1) € noBHUM aude-
penmiaiom jesikol dyukuil U(x,y). 3rigno 3 (5.3) mykana byH-
kst U(x,y) NOBUHHA 33JI0BOJIbHATH YMOBY %_[;,]; = M(z,y). Vci
Taki QYHKIHT MOXKHA ONMUCATH (POPMYJIION0

Ulz,y) = /M(x, y)dz + C(y), (5.5)

ne C(y) — noslibHa HenepepBHO JudepeHnIiioBHa GyHKIis Bl Y.
Ockinbku dyukuis U(z,y) NOBUHHA TAKOXK 33JI0BOJILHATU JIPYTY
ymoBy 3 (5.3), To

gy /M(x,y) dz + C'(y) = N(z,y). (5.6)

s Bukonaunst ymoBu (5.5) moTpibHO BiAmoBigHMM YnHOM IIiti-
6paru dyukuio C(y), npudomy Takuil BUbip 32 BUKOHAHHSI YMOBU
(5.4) zaBxkau moxkimBuit. Cupasni, 3 (5.5) Maemo

0@=N@@—%/mem

JliBa wyactuna 1i€l piBHOCTI € (DYHKINE TIIBKKU Bill Yy, a OTXKe,
IIpaBa JacTUHA He 3aJIEXKUTh Bif , TOOTO MOXiIHA 3a 3MIHHOKIO I
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BiJ[ MpaBol YacTUHU MIOBUHHA JOpiBHIOBaTH HY/II0. [lepekonaemocs
y I[bOMY, BpaxoBytoun yMoBy (5.4):

o (N<z,y> - 5 [Mtan) = 2L -

2(2 [ ) =200

- <% /M(:c,y)dx) = 8N(§z,y) - aMa(;”’y) —0.

Hagenene nosesennsi mocraraocti ymoB (5.4) nae BogHOUAC 1
crioci6 Bimmykanust dyukuii U(z,y). OTxe, crodarky norpibHo
suaiitu dbyukiio U(z,y) 3a dopmyioro (5.5) (posmispanodn y sk
craiy), a noriM 3 pisuocri (5.6) suaiitu C'(y), inTerpyroun sike,
orpumaemo C(y). Iligcrasisitoun 3naiineny dyukiuio C(y) y dop-
myiy (5.5), marumemo dyukiio U(z,y). dis oxepxanus 3araib-
HOTO iHTerpasly piBHsiHHS y I0BHUX judepennianax (5.1), sk 6yso
noBesieHo pasime, dyskiio U(x,y) TOTpiOGHO TPUPIBHIATH JIO J0-
BlbHOT cTasol C.

Ilpukiazn 1. 3inmezpysamu pierAHHA
(z + 9% + sinz) dz + (2zy + cosy) dy = 0.

Pose’azarms. Ockimokun M(z,y) = + y? + sinz, N(z,y) =
= 2zy + cosy, TO %—A;[ = %—];[ = 2y, To6T0 ymoBa (5.4) cupaBiKye-

Thest. oist snaxomkenns Gyukiil U(z,y) Maemo cucremy
9 . ou

— =x+4+y° +sinx, — = 2zy -+ cosy.

ox oy

SHaiteMo BUpa3 ist IMykKaHol YHKINT 3 MEPIIOro piBHSHHS CH-
CTEMU 1 IMJICTABUMO HOro y JIpyre PIBHIHHS:

U(Ly)=/(:c+y2+sinx)dx+c(y) =

x2

ou
U(x,y):?+xy2—cosw+0(y) = a—y:2wy+0'(y) =
22y + C'(y) = 2zy +cosy = C'(y) =cosy =

C(y) =siny + C.
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Ockinbku jrocuthb 3Haditn oxny dbyskuio U(x,y), To B ocraHHii
dopmyJii JOBIIbHY CTajLy IHTErpyBaHHS MOXKHA TPUIAHSTH PIBHOO
HYJTIO.

Orxe, U(zx,y) = x2/2 + xy? — cosx +siny, a 3araabHUM iHTe-
rpajioM € 332/2 +ay? —cosx+siny=C. W

2. InTerpyBajibHMiIT MHOXXHUK Ta OesiKi criocobu iioro
3HAXO/PKeHHsI. Y Oararbox Bumajakax piBHsuHs (5.1), sike He
€ piBHsIHHSIM y NOBHUX Judepenifanax (He BUKOHYETbCS yMOBA
(5.4)), MO’KHa 32 JIOLIOMOIOI0 MHOKEHHSI Ha JIesiKy (DYHKIIO (4T, y)
3BECTH JI0 PiBHsIHHs y 10BHUX Judepenniagax. OyHKIfo u(x,y)
y I[OMY BHIIQJIKy HA3UBAIOTH {HNME2PYBANLHUM MHOHCHUKOM
piBasiaHs (5.1).

Hexaii st koedinienris piBusiinst (5.1) He clIpaBIRKyeThCsI
ymoBa (5.4) 1 npuiycrumo, mo p(z,y) — IHTerpyBaJbHIN MHOXKHUK
nporo piBusiHHSI. Tomi st KoedirmienTiB piBHIHHS

w(x,y)M(x,y) dx + p(z,y)N(z,y)dy =0
IIOBUHHA CHpaBIL}KyBaTI/ICI) yl\IOBa

o(uM)  O(uN) o oM o ON

= M
By oz o "Hey Yoz o T
oM  ON ou o
—_—— — N— — M— )
( dy Ox > Ox oy’ (5:7)

TakuM 4YuHOM, IHTErpyBaJbHUII MHOXKHUK [i(Z,y) € PO3B’I3KOM
PIBHsIHHSI 3 YaCTHHHUMHU ToXimHuMu (5.7), po3B’si3aTu sike y 3a-
raJIbHOMY BUIQJKY 3HATHO CKJIAIHIINE, Hi2K 3BUUaiiHe mudepeniii-
anbHe piBasinas (5.1). I[Ipore y okpemux Bumnajkax 3HaiiTu iHTe-
rpyBaIbHUN MHOXKHUK BJIAETHCS JTOBOJI JIETKO. Po3rysnemo meski
3 IIUX BUMNAJIKIB.

Bunanok 1. Hexaii pisasinas (5.1) mMae iHTerpyBajibHUl MHO-
JKHUK, SIKMH 3a/1€KUTh TIbKY Bij , 10610 1 = p(z). Toui, Bpa-

XOBYIOUH, IO %5 =0, g—g = g—g, 3 (5.7) maemo

<8M 8N) i dp 1.<8M 8N)d:r.

8—y_8—x dz pw N
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Aximo dyHKIsg B IpaBiit 9acTUHI OCTAHHBLOTO PIBHAHHS 3a/I€2KUTh
TIIBKY BiJ 2, TOOTO

1M any
N oy  Ox = A

TO, 3IHTErPYBaBIIN 1€ PIBHAHHS, OJIEPAKYEMO
u(x) = el P, (5.8)

Bunanoxk 2. Hexaii pisasinns (5.1) mae iHTeryBaJIbHHH MHO-

JKHUK, HKHﬁ 3aJIeKUTh TUTbKE Bijt Y, T06T0 1t = p(y). Toxi 3 “ =0,

oy __ .
oy = d_y i3 (5.7) 3HaxomumMo

oM  ON du dp 1 oM  ON
hetmel e NS ¥/ ot s e U B _
<8y 8:1:) dy - w —-M <8y 8:z:>dy

Aximo dyHKIisg B IpaBiit 9acTUHI OCTAHHLOTO PIBHAHHS 3a/I€2KUTh
TIJIBKU BiJT Y, TOOTO

1 oM  ON
M (8—y - %> = w(y),

TO iHTeI‘pyBaﬂbHI/IM MHOKHUKOM €
u(y) = /PO, (5.9)

Bunagok 3. Ilpumycrumo, mo iHTerpyBasbHHI MHOXKHUK
piBusinast (5.1) 3asexkurh Bix 3azaHol dyHKUil w(z,y), TOOTO
pw=p(w(z,y)). Toni 3 (5.7) onepxyemo:

du ow dp Ow  (OM  ON
N -M <8y 8:1:) plw) =

dw Oz dw dy
oM _ oN
dpw) _ oy Tor g0y —M 7é0)

p(w) _Ng—‘;—Mg—‘; oz

Ko mosHavuTU

oM _ ON
dy oz
V(W) = —50 a0 (5.10)
Nge — Ma—z
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pw) = eI V@ = £(0) = £ (w(z,y)) . (5.11)

OueBuiHo, 0 iHTErpyBasbui MHOXKHUKE ((x) Ta u(y), BU3HA-
geni dopmynamu (5.8), (5.9), € OKpeMUMHU BHUIAIKAMU CTOCOBHO
BUIIQIKY 3.

Ilpukiang 2. 3natimu inmeepysasvruti MHOACHUK DIGHANHA
(2zy% — y)dz + (y* + = + y) dy = 0 ma sinmeepyeamu tiozo.
Pose’sazarns. OueBngno, 1Mo %—Aj % %—JX. OcKibKM

M

1 OM ON\ dzy—1-1
y or )

2
___Ewya
y — 2xy? Yy )

TO IHTErpyBaJIbHUI MHOXKHUK 3HaXoauMo 3a dopmysion (5.9):

uly) = 2V = o2l = 2,

SIKIMO MOMHOXKHTH OOUIBI YACTHHH 3aJaHOr0 pPIBHAHHS Ha
p(y) = y~2, To onep:KyeMo pIiBHAHHA y TOBHEX judepeHIianax
(22— 1/y)dz+ (1 +z/y* + 1/y) dy = 0.

Cupasi,

1 1
<2x——>dw+<1+%+—>dy:d<x2—£+y+ln]y|>,
) ) ) )

a OT¥Ke, 3araJbHUM 1HTETPAJIOM €
2
z—z/y+y+Injy=C. B

Hpukiaan 3. 3natimu inmezpysaivrul muoocruk u(xy) pie-
nanna (223y% —y) dx + (22%y3 — z) dy = 0.
Pose’azanns. Ockinbku w = zy, 1o 3riguo 3 (5.10)

9 3,2 3 2,3
bley) = 6—y(21: Y —y) — %(Qz Y —1:) _
(222y® —z)y — (22%y? —y)z

day(a® —y®) 2

T2t oy
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Toni na migcrasi (5.11) maemo

—2dw
nley) = pw) =l =% = 5 = —.
w
[Tporronyemo unTadaM epeKOHATHUC, IO iIHTerpyBaJIbLHUAN MHO-
JKHUK 3HAIEHO MPaBU/ILHO, 1 3a WOro JIOMOMOTrOI0 3iHTerpyBaTh
3ajtane piBHaHHA. B

BamicTh TOro, M6 KOPUCTYBATUCH CKIAIHUMU JIJIs 3a1aM’ aTo-
ByBanHs Gopmysnamu (5.8) — (5.11), MoxkHA IIyKaTH IHTErPyBaJIb-
HUIT MHOYKHWK, IIOBTOPIOIOYN MiDKYBaHHsI, HABEJIEH] JJIsI BUIIA/IKIB
1-3.

BHao4n iHTerpyBaIbHIiI MHOXKHUK, MOYKHA 3HANTH HE TLIBKA
3arajbHuil inTerpas andepeHIiajIbHoro pPiBHAHHS, aje i yci oro
ocobsuBi po3s’sasku. Crpasi, Hexail p = pu(z, y) — iHTerpyBaabHuit
MHOXKHUK piBasnHs (5.1), To6T0 dU = p1 (M dx + N dy). Toxi

ldUsz:C#—Ndy:O = dU =0 abo l:O.
2 2
[leprre 3 omep:kaHuX piBHSIHDL BH3HAUAE 3arajibHUAN iHTErpaJi piB-
uannas (5.1) U = C, a apyre — MOXKe NPHUBECTH JI0 OCOOJIMBOIO
PO3B’sI3KY, SIKIIO B3/I0BXK HBOI'O IHTErPyBaJbHUN MHOXKHUK IIepe-
TBOPIOETHCS B DE3MEXKHICTh.
3BiicH OJIEPKYEMO NPABUAO 3HATOOHCEHHSA O0CODAUBUT
po3s’asKie:
— 3HAMTH JTiHIT, B310BXK IKUX DYHKILS [ IEPETBOPIOETHCI B 00
— IIepeBIpUTH, YU € 3HalJIeHl JIiHIl IHTerpajJbHUMU KPUBUMU;
— IepeBipuTH, IU MIiCTATHCS 3HalIeHi po3B’a3ku y opmyiii
3araJibHOr0 PO3B’S3KY.
Ti i3 3HalifieHnx pPO3B’S3KiB, SKi HE MICTATHCS B 3arajibHOMY
PO3B’A3KY, OY/yTb OCOOJIMBUMH.

3. Teopemu mpo icCHyBaHHSI, HEEAUHICTh Ta 3arajibHUMN
BUTIJIS/T iIHTErPYBaJIbHOT'O MHOXKHUKA. 3’sCYEMO JiesiKi BJIACTHU-
BOCTI IHTEIrpYBaJIbHOIO MHOXKHUKA 1 HABEJIEMO OJIMH 3araIbHUI Me-
TOJI 3HAXO/I?KEHHS 1HTErPYBaJIbHOIO MHOXKHUKA, AKHI I'DYHTYETHCS
Ha BUKOPHUCTAHHI ITMX BJIACTUBOCTEI.
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Ockinbku dyukuil M (z,y), N(x,y) HenepepsHi pa3om 3i cBOI-
MU HEPIIUMEI YaCTUHHUMEI TOXITHUME Y JAesKiil obiacti G 1y xKo-
JTHIT TodI i€l 00/1acTi He IepeTBOPIOIOTLCS B HYJIb, & IHTErPYBa/Ib-
HUI MHOXKHUK [4(Z,Y) HE IEPETBOPIOETHCST B HYJIb 1 Ma€ HellepepBHi
YACTUHHI MOXiAHI HEPIIOro MOPSIKYy, TO Y KOXKHIi#l TodUIi objacTi
G Maemo enuHicTh po3B’a3Ky 3agadi Komri. Kpim Toro, inrerpast
U(z,y), gxkuil BiANOBiZae IHTErpyBaJbHOMY MHOXKHUKY ((X,y),
Mag€ HellepepBHi YacTUHHI IMOXi/IHI Apyroro rnopsaky. Ile TBepkeH-
Hsl BUILIMBAE 3 TOro, 1m0 akimo dU = p- (M (z,y)dz + N(z,y)dy),
TO

oU oU
ar M By
1 OCKIJIbKY TIpaBl YaCTUHU MAIOTh HElepepBHI YacTUHHI MOXIIHI 3a
3MIHHUMU T 1 Y, TO TOXi/THI Bij] JIBUX YaCTUH TaKOXK ICHYIOTH 1

= puN,

HelepepBHi.

JloseieMo, 1110 3a JIEIKUX YMOB, fKi rapaHTyIOTh iCHYBaHH 3a-
rajabHOro iHTerpasy piBHsiHHs (5.1), icHye TakoK iHTerpyBabHUIL
MHOXKHHK ITHOT'O DIBHSIHHS.

Teopema 1. dxwo pisnanna (5.1) mae 3azarvrut inmeepan
U(z,y) =C, (5.12)

de pynxuia U(x,y) — deiui nenepepsro dudepenyitiosna, mo ye
DIBHAHHA MAE MAKOHC THMEZDYBANDHUT, MHOHCHUK.
Hosedenns. Ockinbku dU = 0, To6TO %—g dx + %—g dy =0, ne dy
BU3HAYAEThCs piBHsAHHAM (5.1), 10 d 1 dy 3a70BOJIBHSIOTH CHCTE-
MY piBHIHB
{%—g dr + %—Z dy =0,
M dx + N dy = 0.

Ockinpku audepenrian He3ameKuol 3MIHHOT dr € MOBLTBHIM,
TO iCHy€ HEHYJIbOBUIT PO3B 30K OTPUMAHOT JIHIIHOT OHOPIIHOT CU-
cremu. Tomy
ou  9U
92 Oy 10U 10U _
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ou

3Bijcu %—g =uM, Em = u N, a orxe,

ou ou
uw(Mdx + Ndy)=pMdzr+ puNdy = —dx+ — dy = dU,
ox oy
T00TO mic/si MHOXKeHHsI Ha dyHKI0 1 3 dopmynu (5.13) niBa va-
cruna piBusinas (5.1) € moBuuM nudepennianom byukuii U. e i
O3HAYAE, 10 [t € IHTerpyBaIBLHUM MHOXKHUKOM piBHsHH: (5.1). B

3 o3HaYeHHsI IHTErpyBaJIbHOIO MHOXKHUKA (4 PiBHstHHS (5.1) BU-
nBae, 1o eyukiis Cup ays golibHOr0 C TaKOXK € IHTerpyBab-
HUM MHOXKHUKOM IThOTI'O PiBHSIHHSI. 3 HACTYITHOI TEOPEMU BUILINBAE,
O iCHYIOTH iHTerpyBaibHi MHOKHUKU piBHstHHs (5.1) Glabmn 3a-
raJibHOrO Burjsiy, Hixk Cu.

Teopema 2. xwo U(z,y) = C — s3a2arvhull inmezpan pieHs-
wna (5.1), a po(x,y) — oeo inmeepysarvHull MHONCHUK, MO ICHYE
6e301Y4 THMELPYEANOHUT MHOACHUKIE Ub020 PIGHAHMHA, AKL GUPQ-
2ACAIOMBCA POPMYAOI0

w(z,y) = polz, v)e(U(z,y)), (5.14)

de p — doginvHa GyrKULA, AKG He JOPIBHIOE MOMONCHO HYAIO | MAE
HENEPEPBHY NOTIONY.

Losedenns. [Tomuoxkumo By wacruny piBusiaust (5.1) Ha dyH-
ko (5.14). Toxi

poe(U) - (Mdz + Ndy) = o(U) - (uo(Mdz + Ndy)) =

— p(U)dU =d (/so(U)dU),

To0TO JliBa vacruHa piBHstHHs (5.1) € moBHEUM judepeHIiaioM
byuxuii [¢(U)dU. Orxe, koxkua GyHKuis 1, BusHAaUeHA POpMY-
a0 (5.14), € iHTerpyBaJbHIM MHOKHUKOM piBHstHHS (5.1). B

@opmyna (5.14) micTurh y cobi 6e3/id iHTErpyBaIbHUX MHO-
JKHUKIB, TOPOKEHUX (i 1 BiAmOBiaHUM ftomy inTerpasom. Bunm-
Ka€ IUTAaHHS: YU BCl IHTErpyBaJibHI MHOXKHUKHU MICTATbCA y i
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dopmysti? Bifmosink Ha e TUTaHHS Ja€ Taka TeopeMa, siky HaBe-
nemo 6e3 soejiennst (11 J0BEJIeHHsT MOXKHA, 3HANTH, HAIPUKJIAL, Yy
[4, c. 110 — 111]).

Teopema 3. /[6a 0o6invHi inme2py6asvni MHOHCHUKY (11 (X, Y)
i pa(z,y) pienanna (5.1) nos’asani cnissionowenHAM

pa(z,y) = pa(x,y) e(U(z,y)). (5.15)

Teopemy 3 MOXKHA BUKOPUCTATH IS IPAKTUIHOTO BiIIITyKAHHS
iHTerpyBasbHOrO MHOXKHUKA piBHsAHHs (5.1). [Tpumycrumo, 1o me
PIBHSHHS MOYKHA 3aIlACATH y BUTJISAIL

HMPUYOMY JIJIsl KO?KHOI I'PYIIN MOYKHa 3HAUTH iHTEerpyBaJbHUN MHO-
xuuk. Hexait py 1 Uy = Uy(z,y) iHrerpyBaiabHuii MHOXKHUK 1 3a-
raJIbHUI iHTerpaJs piBHAHHS

My dx + Ny dy =0,

a py 1 Up = Us(z,y) — iHTerpyBaJbHUII MHOXKHUK 1 3arajbHUil
iHTerpaJs piBHIHHS

My dx + Nody = 0.

Toxmi srimuo 3 (5.15) BCi iHTErpyBaibHI MHOXKHUKHU HEPINOl PYIIN
micsitbest y dopmyaii p = p1p(Ur), a Bel iHTerpyBaibHi MHOXKHU-
Ku apyrol rpymu — y dopmyii p = pth(Us). Aximo BuacTbest BU-
oparu dyHkIil ¢ i ¢ Tak, 1100

pre(Ur) = p2yp(Us), (5.16)

ro byukiis u = pu1(Uy) = ugp(Usz) Oyae iHTErpyBajJbHUM MHO-
JKHUKOM yCbOro piBHsHHSA (5.1).

YacTo BIaeThcs po30uTH PIBHSAHHS HA JIBl I'PyIN, Y KOXKHIH 3
JKUX € PIBHSHHS 3 BiIOKPEMJIIOBAHUMU 3MiHHUMY. J[j1s1 pIBHSIHHS
3 BLJIOKPEMJIIOBAaHUMU 3MIHHUMU

My (2z)N1(y) dx + Ma(x)Na(y) dy = 0
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iHTerpyBajbHUM MHOXKHUKOM, 30KpeMa, € (DyHKITist m

Ilpukiang 4. 3natimu iHMe2PYSALLHULT MHOHCHUK DIGHAHHA
3
(g+3x2)dx+ <1+"E—> dy = 0.
z Y

Pose’azarns. Po3ib’emo By dyacTuHy DIBHSHHS Ha JIBl IpyIu:

)

y @’
(— dx + dy) + (3:62 dr + — dy> =

z Y

1 3HAIEMO JIJT PIBHAHD

3
ydm—i— dy =0, 31:2d1:—|—$—dy:()

z Y
iHTerpyBaJ/ibHl MHOXKHUKHU Ta BLIIIOBLJIHI IHTErpaJIN:

p=z, Uy =zy; pe=vy, Us=a"y.

3 (5.16) maemo, mo xp(zy) = yy(x3y). Bisememo p(U) = U?,
$(U) = U, roxi z(zy)® = y(z%y) = 2%y®. Orxe, p(z,y) = 2°y*. W

Pexomerndosana aimepamypa: 4, c. 96 — 112, [5, c. 86 — 96],
[6, c. 89 — 101], [7, c. 46 — 57], [16, c. 33 — 41].

Iluranusa go gekrii 5

1. dxumu nosunni 6yru dynkuii M (z,y) i N(z,y), mob piBHsIHHS
M(z,y)dz + N(z,y)dy = 0 6yio piBHgHHAM y HOBHUX JudepeHiiaiax?
A dpopmymoeThes HEOOXiHA 1 TOCTATHS 03HAKA TOTO, MO0 1€ PIBHAHHS
Oys10 y moBHUX judpepeHiiiaaax’

2. dx sinTerpyBaru piBHAHHS y MOBHUX mudepenHmiamax! Akuit Bu-
VIS Ma€ 3arajbHUil IHTerpaJl TAKoro PiBHAHHS !

3. lllo mazuBaioTh inTerpyBasbanM MHOKHIKOM? HaBemiTs dopmy-
JIM JI7TsT 3HAXOJIZKEHHST IHTerpyBaJIbHIX MHOXKHUKIB BUrIsAy f(x), u(y),
w(w(z,y)).

4. {x 3uaittu 0cob6/ MBI PO3B’A3KN PIBHAHHSA, JJIsI IKOTO € BiJIOMUM
OT0 IHTErpyBAJIBHUI MHOXKHIK !

5. Yu xoxkue nudepentianbue pisaguug M (z,y)dx + N(x,y)dy = 0
Mag€ IHTerpyBabHII MHOXKHUK !

6. fkum criBBiHONTIEHHAM TTOB’3aHi B, IHTErPyBaIbHI MHOKHUKHI
p1 1 po piBasiaEs M (2, y)dx + N(z,y)dy = 07
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Bopasu go jsekiiii 5

1. Cepen HaBeneHUX PIBHSHB BifITyKaiiTe PIBHAHHS ¥ MIOBHUX Jude-
peHIiagax Ta 3iHTerpyiire iforo:
a) (ye® —e¥)dx = (ze¥ — e®)dy; 6) 3x%e¥dx + (x3e¥ — x)dy = 0;
B) (ysin2z + z)dx + (y* — cos2x)dy = 0.
2. 3HaiiiTh IHTErpyBaJIbHUII MHOXKHUK JIHITHOIO HEOIHOPIIHOTO
piBuannsg y' + p(z)y = ¢(x) Ta po3B’axKiTh 1e PIBHAHHI 32 JOIOMOTOI0

1poro MHOKHEKA (MeTos Eitrepa).
3. 3inTerpyiire piBHAHHS 3a JOIMIOMOTOI0 IHTErPyBaIbHOIO MHOXKHITKA

p(w):
Y’ 2 2y
a) <4xy——2+3)dx+ (m ——)dy:(), w = x;
T x

2¢3 — 22+ 3
6) (3% — 1)da + = 22T 4 o,

w=1Y;
B) (3y — 22%y?)dx = (23y — x)dy, w = xy.

4. 3HaliiTh iHTErpyBaJIbHAN MHOXKHUK DIBHSHHS, BHUKOPUCTOBYIOYIN
MeToz, po36uTTs Ha Bl Yacturu (1. 3):

a) y(x+yHdx+2%(y — 1)dy=0; 6) (2% —y)dr +z(y+1)dy = 0.
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Jlekiia 6. HesaBHi qudepennianbHi piBHAHHS
MEePIIOro MOPAAKY

Il1an

1. OcuoBHi o3Ha4YeHHs I TOHATTS.
2. Sagaua Komi. Knacudikarist po3s’si3kis.
3. PiBuganuga cremend n.

1. OcHoBHi o3Ha4denHs it nmoHsaTTsA. Heasnum dugdeper-
UTLANDHUM DIBHAHHAM NEePu020 nopadky (Judepenuiarorum
PIBHAHHAM NEPULO20 NOPAIKY, HE PO3E AZAHUM 610HOCHO NOTIOHOT)
HA3UBAIOTH CIIBBIIHOIIICHHS BUIJISIILY

F(z,y,y") =0, (6.1)

ne dyuknia F(z,vy,z) nenepepsna B fesxiit obmacti D C R3.

Dyukuito y = y(x), sika BU3HA4YeHa 1 HerepepBHO judbepeH-
nifioBHa Ha iHTepBasi (a,b), HA3UBAIOTH PO36’A3KOM DIBHSHHSI
(6.1), sIKIO Ha MBOMY IHTEpBaJi BOHA MEPETBOPIOE HOro y TOTO-
KHICTb.

Axmo piBugHHs (6.1) MOxKHA PO3B’si3aTH Uepe3 eJieMeHTapHi
dbynkuii BigHOCHO Y/, TO ONEP:KUMO OfHE ab0 JeKiIbKa PIBHSHb,
PO3B’sI3aHUX BIIHOCHO ITOXIJIHOIL:

y/:fk(x7y)7 k:]‘727 ctt (62)

ne fr(z,y) — nificai dyHKuii, To6T0 iHTErpyBaHHs piBHsHHS (6.1)
3BOJIUTHCS JI0 IHTErpyBaHHsI KOKHOTO 3 piBHsiHb (6.2), OCHOBHI Tu-
I IKUX PO3TJISAIAIUCH Ha JIEKIIAX 2 — 5.

Ipukmnazn 1. 3inmeepysamu pisnanma y'> — 9/ yt = 0.
Pose’aszanns. Bagane piBHAHHA PO3NAJIAETLCS HA JIBA PIBHAHHS
3 BijokpemmoBarumu aminanmu: y' = 37/y2 1y = — 3/y2.

BarajbHUME PO3B’A3KAMU WX piBHaAnbL € y = (z + C)® i
y = —(2+C)? BinnosiaHo. 3 TEOMETPHYHOT TOYKH 30Dy Iie O3HAYAE,
1o KoxkHa 3 it y = (x +C)3 ta y = —(x + C)3 € inrerpanbuoo

kpusoo. Okpim Toro, po3s’siskoM piBusiHHs € y = 0 (puc. 6.1).
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Puc. 6.1

Sajiane PIBHsSIHHS Ma€ TaKOXK 0e3J1iu pO3B’s3KiB, SKi MOXKHA
«CKJIeITH» 3 YaCTUH HaBeJeHUX BHUIle po3s’sa3kiB. Hanpuxitas, Ta-
KUMH PO3B’sI3KaMu Oy1yTh (pyHKIHT

|0, AKIO T < 1,
J= (x —1)3, axmo x > 1,
—(z+1)3, akmo z < —1,
y =<0, akmo —1 < o < 1,
(x—1)3, saxkmo z > 1,

rpadiku skux 300pazkeni #Ha puc. 6.2 i 6.3 Binnosinno. OHak Ha-
aJii Taki PO3B’SI3KM MU He PO3IJISIIATIMEMO.
Bidnoeidv: y = (z + C)3, y=—(z +C)3, y = 0.

HesiBue nudepenniasnbre piBusinas (6.1), Tak camo, sk 1 pie-
HsIHH¢, PO3B’si3aHe BIIHOCHO ITOXIi/IHOI, BU3Ha4Ya€e Ha miomunai Oxy
Jlesike 110Jie HampsiMiB. AJie Teriep, sIK MMPaBUJIO, YV 3aJaHiil TOUII
(0, Yo) MATUMEMO He OJINH, & JIEKLIbKa HAIPSMIB [0JIs1, 60, PO3B’si-
syroun piBasinEst F'(20,y0,y’) = 0 BimHOCHO ¥/, 3a3BU4ail omepxy-
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BaTHMEMO JIeKiIbKa [ificHux po3B’sizkiB. Hampukias, piBHSIHHS 3
npukaay 1 BusHadae y KoxKHiit Tourni (zo,yo), 1e yo > 0, nBa Ha-
npsivut tiogist: ' = 3/y2 iy = —33/y2. YV woxuiit Toumi (19, 0) oci
Ox e PIBHSIHHSI BUBHAYAE TLILKU OJ[MH HAIPSAM TI0JIs: ' | (@0,0) = 0.

1 r -1 O

O
Puc. 6.2 puc. 6.3

1 T

2. 3amagya Komri. Kiacudikaiiss posB’sizkiB. 3adaua
Kowi nyis pisustaas (6.1) dbopMymoeTsest Tak camo, sIK 1 1Jist pis-
HsIHH$, PO3B’sI32HOI0 BiJHOCHO IOXiAHOI: MOTPIOHO 3HANTH PO3B’s-
30K y = y(x) piBusians (6.1), sikuii 3a/10BOJIbHSIE II0YATKOBY YMOBY

y(xo) = vo- (6.3)

[Tpu mpomy, SKIO PO3B’I3KiB, AKi 38 I0BO/IBHAIOTH IOIATKOBY YMO-
By (6.3), He Gliblie, HI?K KUIBKICTb HAIIPSIMIB 110Jisl, BU3HAYEHOIO
piBusinasM (6.1) y niii Tourt, To6T0 He GlibIe KiTBbKOCTI PO3B’sI3KiB
Yy piBusiaEs F'(20,70,y") = 0, To KaxyTs, mo 3agada Komi (6.1),
(6.3) Mae equHuMil Po3B’sA30K. B iHAKIIOMY BUIIAJIKY BBasKalOTh, 110
€JIMHICTD PO3B’sI3KY IIi€l 3a/1a9i HOPYITYyEThCSI.

Hexait y(, — oquu 3 aificiux Kopenis piBusinus (6.1). 3’scyemo
YMOBH, 3a sIKUX ICHY€ €IMHa iHTerpajbHa KPUBa IILOTO PiBHSIHHS,
1[0 [POXOJUTH 4Yepe3 TOUKY (Zo,Yp), IPUIOMY JOTUIHA JIO Hel y
it TOYIi yTBOPIOE 3 JoAaTHUM HarpsaMoMm Ox KYT (v, TAHIEHC
SIKOTO JIOPIBHIOE ().

Teopema 1. Hexali sisa wacmuna pishanns (6.1) 3adososvhse
Maxt YMosu:
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1) ¢ynruia F(z,y,y') 6usnavena i nenepepena pasom 3 wa-

CMUHHUMU TOTIOHUMU %—5, 2—5 6 JeAKOMY 3AMKEHEHOMY OKOAL TO-

weu (70, Yo, Yo);

2) F(zo,y0,yp) = 0;

3) §& # 0.

(z0,%0.9)

Tooi pisnanmsa (6.1) mae edunuti poss’azor y = y(x), eusnavenud
1 HENEPEPEHO JUPEPEHUTTOBHUT Y JEAKOMY OKOAL MOUKU T = I(,
axull 3adosoavrac novamkosy ymosy y(xg) = yo, & marud, wo
Y (z0) = 1.
oeedenns. Yvosu, Haknazgeni na dyuxuio F(z,y,y'), rapan-
TYIOTh iICHYBaHHsI HesIBHOI (DyHKIIT JABOX 3MiHHUX. TOoMY pIBHSIHHS
(6.1) y nesikomy zamkneHoMy okosi D Touku (o, Yo, Yj) BUSHAYAE
y' 9K ofHO3HAUHY (DYHKIIIIO

y = f(z,y), (6.4)

nupudomy byskiist f(x,y) — HenepepBHa pa30M i3 CBOIMHU YaCTHH-
HUMH [TOXITHUMU [EPIIOroO MOPSIKY 1

f (20, 90) = yp-

Orxe, f(x,y) — nemepepsua dyukiig B D i B miii 3aMKHeHii
obJtacTi Mae 0OMekeHy TOXiaHy 3a 3MiHHOO Y. Tomi mpaBa dacTuna
piBusianst (6.4) 3a10BosIbHsIE yMOBHI Teopemu Kot 1po icHyBaHHs
Ta €IMHICTH PO3B’s3Ky. ToMy Ha JiesikoMy iHTepBaJi icHye eauHunit
po3p’sizok y = y(z) piBusunsa (6.4), a orxke, i piBusuHs (6.1),
TaKWUi, 1110

y(zo) = yo.

ITokazkemo rerep, mo y'(xg) = y(. fAxmo B pisuocri (6.4) mo-

KJIACTH T = Z(, TO OJIEPKUMO

y'(z0) = f(xo,y(x0)) = f(w0,90) = yo- »

[Ipumycrumo, 1mo piBastaas (6.1) B okoul Touku (T, Yo) MOXKe
OyTu po3B’A3aHe BiTHOCHO IOXiJIHOI, TOOTO PO3NaJIA€ThCA Ha CYKy-
nuicTs piBusHb (6.2). Hexail KoxkHe 3 1ux piBHSAHD Ma€ 3arajbHuil

PO3B’ 130K
y=or(z,C), k=1,2,..., (6.5)
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abo 3araJabHNN IHTErpaJ
Op(z,y)=C, k=1,2,..., (6.6)

e C' — goBltbHa craja. Toml CyKyIHICTH 3arajibHUX PO3B’I3KiB
(6.5) (abo cykymHicTh 3arajabHuX iHTerpasis (6.6)) Ha3UBAIOTH 3a-
2aAbHUM tHMezpanom pisasHus (6.1).

Yacmunrum po3e’sskom pisusians (6.1) nasuBarorsb byH-
KIIif0, yTBOPEHY 3 SIKOI'OCh 3araJibHOro po3B’si3ky (6.5) 1pu neBHO-
My 3HadenHi craiol C.

Ocobausum po36’°a3KOM HA3UBAIOTH PO3B’SI30K, Yy KOXKHIM
TOYIl SKOI'O MOPYIIYEThCsi yMoBa iforo emuuocti. OcobmBuit
PO3B’sI30K HE MOYXKHA OTPUMATH 3 (POPMYJIH 3arajbHOIO PO3B A3KY
(zaranabHOTO iHTErpasa) AudepeHIiaabHOr0 PIBHSHHS [IPH YKOTHO-
My 3HadenHi crajiol C.

3 teopemn 1 BUILIHBAE, IO OCOOIUBI PO3B’SA3KM MOXKYTD 1CHY-
BaTU JIWIIIE y TUX TOYKAX, JI€ MOPYIIYIOTHCS YMOBHU IIIET TEOPEMHU.
To6ro sikmo F(z,y,y’) HenepepBHa i Ma€ HenepepBHi YaCTHHHI T10-
XiJIHI TIepIIoro MmopsiJiky, To 0COOUBI PO3B’sI3KM MOTPIOHO ITyKaTH
cepel THX TOUOK, KOOPJIUHATH SKUX 38 0BOJILHAIOTH CUCTEMY

F($7y7p) :07 _ /
Fi(z,y,p)=0, P=Y

fxmo ng cucreMa CyMicHa, TO, BHKJ/IIOUAIOUU IIapaMerp D,
OTPUMAEMO JIesiKy MHOXKHHY TOYOK ¢(x,y) = 0, sika Moxke Oy-
TH 0cobsBUM pO3B’si3koM piBHsHHA (6.1). OxHak morpibHO e
[epeBipuTH, 9i reoMeTpuyHe Mictie TOY0K ¢(x,y) = 0 € po3s’si3-
KOM 3aJIaHOTO PIBHSIHHS, 1 UM y KOXKHIN HOTO TOHI HOPYIIyETHCS
BJIACTUBICTH €JIMHOCTI PO3B’si3Ky (TOOTO UM 3HAlijeHuit PO3B’sI30K
crpaBii € 0CcOOJIUBUM).

Kpim HaBeaeHoro cocoby 3HaXOIKEHHsT 0COOJIMBOTO PO3B’I3KY
nudepentianbroro pisasnus (6.1) icaye inmmii croci6, mo rpyaTy-
€ThbCsl Ha ToHATTI 06BinHOI. Haragaemo, mo 066101010 Ha3UBAIOTH
iHTerpajibHy KPUBY, dKa y KOXKHIN TOYI Ma€ CIHUIbHY JOTHYIHY 3
OJIHI€IO 3 IHTErpaJbHUX KPUBHUX, aJie Ha »KOMHIN JiIsHIl He 36ira-
€ThCsT 3 YKOJIHOIO 3 IHTerpaJbHUX KPUBUX.
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Busesemo neobxijni ymosu icnyBanns oosinnol. Hexaii
®(x,y,C) =0 (6.7)

€ 3araJbHUM IHTerpaaom JudepeHiagabHoro pisasuus (6.1) i cim’s
kpusux (6.7) Mae 00Bi/HY, DIBHSIHHS SIKOT 3aIIUIIEMO Y TIapaMeTPH-
it popmi

T = l’(t), Yy = y(t)v (68)

ne x(t), y(t) — nudepenniiiopni byHKIIT HA JIEIKOMY HPOMIKKY
(cr, 8). Ockinbku 06BiHA JJIst PI3HUX t JIOTUKAETHCS 0 DPI3HUX
KpuBuX i3 ciM1 (6.7), To Besmumny C' MOXKHA PO3IVISIATH SIK (DYH-
Kiifo 3minuoi ¢, Tobro C' = C(t). punycrumo, mo C'(t) # 0,
t € (o, ), ockinbku iHakIIe oOBiHA y KOXKHIf CBOTH TouIl Gy-
Jie JTOTHKATHCs JI0 OJHIeT it Tiel caMol iHTerpaJbHol KpUBOI 3 ciM’T
(6.7), a ToMy 36iraTUMETHCST 3 TIEI0 KPUBOIO.

[Tigcrasumo (6.8) y (6.7) ta 3qudepeHiirneMo OTpuMaHy TOTO-
xuicrs @ (z(t),y(t),C(t)) = 0 3a sminHOO ¢:

' (t) + Py (t) + P C'(t) = 0. (6.9)

Kyrosuii koedinient k goruanoi 1o kpusol i3 cim’i (6.7) Bu-
3HAYAETHCA (POPMYJIOIO

F=—gt (®#0)

Ockinbku k = k1, TO
' (t) + Py (t) = 0.
Toxi 3 (6.9) maemo

(I)/C (x(t)v y(t)7 C(t)) = 0:
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6o C'(t) # 0. Orxe, skmo cim’st Kpuux (6.7) Mae 0OBiHY 1 B KO-
xHidt Touni Kpusux 3 niel cin'i @7 (z,y, C) # 0 abo ) (z,y,C) # 0,

TO YMOBH
®(x(t) t))
6.10
{0 = o1
€ HeOOXI1THUMHU JIJIST TOTO, mo6 KpHUBa (6 8) Gysra 06BigHOO ISt CiM'T
kpusux (6.7).

[Tokaxkemo, mo ymosu (6.10) y BunajKy, KoJu y KOXKHIi TodIi
kpusoi (6.8) @/, i @; OJHOYACHO HE JIOPIBHIOIOTH HYJIIO, € TaKOXK
JOCTATHIMU JJIsT TOTO, 100 Iisi KpuBa Oysia 0OBigHOIO i ciM’T
kpusux (6.7). Hexait, nanpuxiay, @;(x(t),y(t),C(t)) # 0. Toxi,
judepeniioan nepiry ToToxkHicTh cucremu (6.10) 3a 3MiHHOO
t, marumenmo (6.9). 3Bigcu, 3rijHO 3 APYrUM PIBHSIHHSIM CHCTEME
(6.10),

L2 (t) + Py (t) = 0.

Orxe,

3BIJIKM I BUILJTUBAE MOTPIOHE TBEP/KEHHsI. TAKMM YHHOM, OJIeprKa-
JII Take NPasuso 810wWYKaHHA 00610HOT:
1) ckiacTu cucreMy piBHSIHb

®(x,y,C) =0,
6.11
{‘I”c(fb,y,C) =0, (6.11)

ne ®(x,y,C) = 0 — 3arajbHuii inTerpas audepenIiajabHOro piBHsi-
uust (6.1);

2) i3 cucremu (6.11) 3a gonomororo Buk/oueHus napamerpa C
sHaiitu KpuBy ¢(z,y) = 0;

3) 3 kpuBoi p(z,y) = 0 ButyunTH Touku, jge &) i &) omHoua-
CHO JI0piBHIOIOTH Hyu10. Perrra kpusol ¢(z,y) = 01 6yue 06BigHOIO
3a/1aHOl ciM’T iHTerpaJIbHUX KPUBHUX.
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3. PiBusiHHA cTeneHs n. PosrisgHeMo IesKi THIN HESIBHUX
nudepeHIiajibHuX piBHsAHb BUNIsiAy (6.1), 1yist IKUX iCHYIOTH 3a-
rajibHi MeToau po3B’si3anug. udepenriaabue piBHAHHS BUIJIAILY

W) +ar(z, ) @) + ..+ a1z, )y + an(z,y) =0 (6.12)

Ha3UBAIOTh PIBHAHHAM NEPULO20 TNOPAOKY cmenerns n. 7k
BijioMo 3 anrebpu, piBHsiHHs (6.12) Bu3HAUae N 3HAYEHb s
y'. SIKImo He BpaxoByBaTH KOMILIEKCHI KODEHI, TO MaTHMeMO M
(m < n) audepennianbHUX PIBHSIHB IIEPIIONO MOPSJIKY, PO3B’si3a-
HHUX BIJIHOCHO IIOX1JTHOI:

y/ = fl(xvy)v y/ = fQ(xvy)v 900 y/ = fm(l',y) (613)

CyxkymnHicrb 3arajbHuX pos3B’sizkiB y = @i (z,C) abo 3arajb-
uux inrerpanis ®(z,y,C) =0, k =1,2,...,m, pisasup (6.13) €
3araibHEM inTerpasiom pisusHHs (6.12). Moro moxkma samucarn
TaKOXK y BUTJISIII

(y - (Pl(x70)) ’ (y_ 902(1'70)) Teeet (y _(Pm<$7c)) =0

abo
q)l(xayac) : qDQ(:I:?y?C) ®o000° q)m(J:?y?C) =0.

Axmo xoua 6 oxHe 3 piBHsHb (6.13) Mae ocobuBi po3s’si3KH,
TO BOHM Gy/lyTh TaKOK OCOOJMBUME PO3B’si3kaMu piBHsiHHs (6.12).

Ilpukiazng 2. 3inmezpysamu pieHAHHA
x2y’2 + 2zyy’ +y* — 4z = 0.

Poszs’azanms. Maemo kpajparse piBHanus Bimmocuo y'. Moro
muckpuminant D/4 = z%y? — 2%(y? — 4z) = 423, Posp’szyioun
KBaJ[paTHe PIBHSHHS, OJIEPZKYEMO JIBa JIiHINHI JTudepeHIiaibHi piB-
HsaHHs (J1eKIgis 4):

BinTerpyemMo Iepire 3 HEX MeTodoM Jlarpamzka. 3arajbHUM
PO3B’SI3KOM  Bi/IIOBIHOTO ofHOpigHOrO piBHsmHs 3 + £ =0 €
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Yy = % Orxke, pO3B’sI30K JIHIHHOTO HEOIHOPIITHOTO DIBHSIHHS IITy-
. Cr) 1 . .

Kaemo y Buriigi y = ——. [ligcrasusmm o GyHKIio y piBHsiHHS,

OJIEPIKYEMO:

Cl(x) _ C(l‘) _ _C(f) + i = C/(x) S 2\/5 =

Nz
4 4
C(x):§$ﬂ+0 = y:§\/5+§.

x 2 T

AHaJIoriYHO MOXKHA TTOKA3aTH, M0 3arajJbHIM PO3B’sI3KOM PiB-

msnns Y = — 2 — % ey=—3/T+ %, ne C' — JoBlIbHA cTadja.

Bionoseidv: y = +3/x + 7.
JIerko iHTerpyeThcs pi8HAHHSA, AKE MICMUMD MIALKY NO-
T10HY, TOOTO PIBHSHHS BUIJISIILY

F(y') =0. (6.14)

lle piBHsiHHST MOXKe, 30KpeMa, OyTH OKPEMUM BUIAJIKOM DIBHSHHS
(6.12). Hexait piBusians (6.14) mae nesiky (ckinuenHy abo HecKiH-
YeHHY ) KITbKICTH JIifiCHUX PO3B’sI3KiB y = kij,7=1,2,..., ne k;j -
crami. ami, ocKiabKu

/ y— C

y:k:j = y:k:jx+C = k‘j: o

TO OJIEPYKYEMO 3arajbHUN 1HTErpaJj IbOro PIBHAHHS

F(y_0> = 0. (6.15)

X

Ipuknan 3. 3inmeepysamu piensamnsa > — 5y'> + 7 = 0.
Poseg’sazarrs. 3arajibHUl IHTErpaj 3HAXOAUMO 3a (OPMYJION

(6.15):
(y;c>3—5<y;0>2+7:0 —

(y—C)P —bz(y—C)2+72°=0. m

Pexomendosana aimepamypa: |1, c. 71 — 78], [3, c¢. 59 — 67],
[6, c. 125 — 126, 131 — 150, 7, c. 58 — 86], [16, c. 42 — 49].
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Ilutanusa go gekiii 6

1. dxwuit 3araapHUil BUTTIAN Ma€ HesBHE TudepeHIialbHe PiBHAHH
TepIIoro MOpsaaky ! AKy YyHKIN0 HA3UBAIOTH PO3B’I3KOM TAKOTO PIiBHSI-
HHs1?

2. 4k mobymyBaTn moJie HAIPSMIB, 3a/aHe HeSIBHUM JIMMEPEHITiab-
HUM PIBHSHHSM IIE€PIIOTO MOPSIKY 7

3. dx dbopmymoerses 3amada Ko qyis mHessBHOTO MudpepeHItiaabHO-
ro piBHAHHSA meprnoro nopsaky! Kosm po3s’sa30k i€l 3agadi equuanii?

4. dx dopmymoeThbes TeopeMa MPO iCHYBaHHS €IMHOTO PO3B’SI3KY
zagaqi Komri g #essBHoro amdepeHItiaabHOr0 PiBHIHHS TIEPITOro Io-
psiaKy?

5. fxe mesBHe mudepenmiajgbHe PIBHIHHS HA3WBAIOTD PIBHAHHAM
TIEPINOro MOPSIAKY cTemems n? ZIK BOHO iHTerpyeThes?

6. Skuit BursIsi Mae 3aranbHuil iHTerpas pisusuas F(y') = 07

Bnopasu go jsekiiii 6

1. BimTerpyiiTe piBHSAHHS Ta BAIIITH IHTErpaIbHi KPUBI, AKi IPOXO-
JATh Yepe3 3aJaHy TOUKY:

a) y? =4y, M(1,0); 6)yy” — (zy+ 1)y’ +2=0, M(1,1).

2. 3HaiigiTh 3a BUIVIAAOM DIBHAHb KpPHUBI, Mmimo3piai Ha 0cobJmBi
PpO3B’sI3KH, 1 epeBipTe, Iu Oy/IyTh BOHU OCOOJIUBUMU PO3B’I3KAMMU:

a)y? =y% 6)y? —2yy +2%=0.
3. BinTerpyiiTe piBHsIHHSI, PO3B’sI3aBIIN TX CIOYATKY BiJIHOCHO ITOXi-
ITHOT:
a) Y% — 2z +y)y' + 20y =0; 6) y* —y'e* =0.

4. 3inTerpyiite piBHSIHHS:

a)eV +2y =1; 6)y*+22—y +3=0.
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Jlekuia 7. HeaBHi qudepennianbHi piBHAHHSA
[EePIIOro MOpsiAKY (MPOJOBXKEHHS )

Il1an

1. MeTon BBesmeHHST TapamMeTpa.
2. PiBugnnga Jlarpamxa Tta piBagaus Kiepo.
3. 3ajiava 1Mpo 130roHaAJIbHI TPAEKTOPII.

1. Meton BBeneHHsi mapamMerpa. Hexait HestBHe andepen-
niaJibHEe PIBHAHHSA

F(z,y,y) =0 (7.1)
MOYKHA, PO3B’A3aTH BiJHOCHO 1/, TOOTO
y = f(z,y). (7.2)

Tomi MoxkHa BUKOpHCTATH Memod 68edenHs nNapamempa.
Axmo nosuauntn y' = p(z), 10 3 (7.2) MaEMO CuiBBIHOIIEHHS

y = f(z,p), (7.3)
MudEPEHIHIoIYN sIKe, OIEePKYEMO:

8fd —i——fdp = ydz=

ox op
of 8f
D —dr + — 8p

6—fclac + 8—fclp =

dy = 9z Bp

pdx = (7.4)

[TpunycruMo, MO BAAJOCH 3HAWTH 3arajbHAN  PO3B’SI30K
z = ¢(p,C) piBusuns (7.4). Toxi, mixcrasistoun iioro y (7.3),
OJIEPXKYEMO 3araJibHUil pO3B’si30K piBHsiHHS (7.2) y napameTpudHiii
dopwmi

= ¢ 0), y=f(pp,C)p).

Ao BracTbcsd 3HAWTH 3arajibHUil pO3B’s130K piBHsiHHA (7.4)
y Burisiai p = h(z,C), To, nizcraBusmu ioro y (7.3), orpu-
MaEeMO 3arajibHuii po3B’si30K piBHsiHHsI (7.2) y SIBHOMY BHIVIsII

Yy = f(l', h(a;, C))
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Axmio piBusnus (7.4) mae ocobiuBuii pos3s’s3o0k p = ¥ (z), TO
dbyukuist y = f (x,1(x)) moxke 6yTu 0cOGIMBUM DO3B’SI3KOM PiB-
usiaHst (7.2).

Ilpukian 1. 3inmezpysamu pienanmns y = y’2 — 3y’ + 322
Poss’asannsa. Hexait vy = p. Toni

y = p? — 3xp + 32°. (7.5)
Baudepennioemo (7.5), Bpaxosywoun, mo dy = y'dr = pdu:

dy = 2pdp — 3xdp — 3pdx + 6xdx =
pdx = (2p — 3z)dp — (3p — 6z)dx =
(2p —3z)dp —2(2p — 3z)dr =0 =
(2p —3x)(dp —2dz) =0 = dp=2dx abo 2p — 3z = 0.

OTixe, omepzKayn JBa PIBHAHHS. 3 TEPIIOro 3 HUX 3HAXOINMO
p = 2x + C. Ilincrasistoun 3Haiinene 3nadenns p y (7.5), onep-
JKYEMO 3arajbHuil PO3B’SI30K

y=02z+C)2 322z +C)+322 = y=2°+Cz+C2%

3 piBusinas 2p — 3x = 0 3Haxompumo p = 3x/2, a ToMy y = 3z2/4.
[eit po3B’si30K 0COOJIIMBHIA.
Bionoeidv: y = 2> + Cx + C?, y = 33:2/4.

Hexaii piBusinnst (7.1) MoxKHa PO3B’si3aTh BIIHOCHO X, TOOTO
BOHO MAa€ BUIJIS]L

= f(y,9). (7.6)

Ile piBHSIHHSI TaKO)K MOXKHa PO3B’SI3yBATH MEMOIOM 88€0€H-

s napamempa. osznaaumo y' = p(y). Toxi, Bpaxosyioun, 1o
dy

dr = 3 » MAeMOo

0 0
= fly,p) = d$=a—fdy+—fdp =

dp
B0, O,
p

5,1+ 5, (7.7)
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[Tpumycrumo, 1o 3HaieHo 3araibHuii po3s’szok y = ¢(p, C)
piBusianst (7.7). Iligcrasisitoun iforo y = f(y, p), olepKyemMo 3a-
raJbHU po3B’s130K piBHAHHA (7.6) y mapamerpudniii dpopmi

z= f(e,C)p), y=¢®C).

Axmo BracTbes 3HANTH 3aranbHUil po3s’s3ok pisaanns (7.7) y
suriisizi p = h(y, C'), To MaTMEMO 3araJbHUil PO3B’sI30K PIBHSAHHSI
(7.6) y sBaomy Burinsagi x = f(y, h(y,C)).

fAxmo piBasnus (7.7) mae ocobimBuit po3s’s30k p = ¥(y), TO
dbyukuis x = f (y,¢(y)) moxke 6yru 0cOOIMBUM PO3B’SI3KOM PiB-
usirHst (7.6).

Ipuknan 2. 3inmezpysamu piensuns © = y'* + 2y’
Posze’azanns. Hexait iy = p. Toni = p* + 2p. dani maewmo:

d
de = 4p3dp + 2dp = v _ 4p3dp +2dp =
p
5

4
dy = (4p* + 2p)dp = y=%+p2+0.

Bionosidv: x = p* +2p, y = 4]95/5 +p?*+C.

2. PiBuauusa Jlarpan»ka ta piBHsuus Kiepo. Oxpemum
BUIIQJIKOM DiBHsiHHS (7.2) € DIBHSIHHSI BUIJISILY

y=zo(y) + (). (7.8)

dxmo bynkisa ¢(y') Toroxuo He 36iraeThes 3 ¥, To (7.8) HazMBa-
0Tb pteHarHam Jlazparnotca. Ak H6adumo, piBasinus Jlarpanxka
JIiHIiTHEe BiTHOCHO T 1 ¥.

Hexait 3/ = p. Toni

y = zp(p) + ¥(p). (7.9)
Baudeperntioemo (7.9), 6epyuu g0 ysaru, mo dy = pdx:

dy = ¢(p)dz + x¢'(p)dp + ¢’ (p)dp =
(p— o(p))dz = (x¢'(p) +¢'(p))dp (p# ¢(p)) =
dr  z¢'(p) _ Y'(p)

dp p—olp) p—el)
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Ocranne piBHsHHS € JiHifiHUM BigHOCHO byHKIil 2(p). IHTerpyio-
qu jioro 3a dopmysown (4.6) 3 sexuil 4, oxepxkumo x = w(p, C),
1o pasoM 3 (7.9) BusHaUaTHME 3araJbHUil pO3B’sI30K piBHsHH: Jla-
rpamka y mapaMerpudHii ¢popmi.

dAxmio piBasiHHS p = (p) Mae aificHi KopeHi p = p;, TO, mij-
craBiisitoun 1x y piBusiHHs (7.8), omepxyemo y = zp(p;) + ¥ (p;).
L1i poss’si3ku piBHsiHHs JlarpaHzka (3 reoMeTpUvHOT TOYKHU 30pY —
IpsiMi) MOXKYTb OyTH OCODJIUBUMU.

Ipuxkaan 3. 3inmezpysamu pichanns y = 2xy’ — Iny/.
Poss’asannsa. Hexait vy = p. Toni

1
y=2zxp—Inp = dy=2xdp+2pdx——-dp =
p

1 1
pdx = (2x — E)dp +2pdx = pdx+ 2z — E)dp =0 =

de 2 1
—+-z=— (p#0).

Posp’sizyroun ozepzkane JiiniiiHe piBHsHHs (JIeKIlis 4), 3HAXOIMMO,
mo = = (p + C)/p?. Hincrasnsroun meit BUpa3  y PiBHICTL Yy =
= 2zp — In p, snaxogumo y = 2(p + C)/p — Inp. Orxke, 3arajbHuIM
pO3B’sI3KOM y mapameTpudHiit dhopwmi €

p+C 2(p+C)
95 = p2 5 y:T—lnp.

Axmo p = 0, To, migcrassoan oro y y = 2xp — In p, mepexo-
HYEMOCh, 110 It (DYHKIIisi He € po3B’si3koM, 60 In 0 He icHye.
Bionosiov: x = (p+ C)/p?, y = 2xp — Inp.

Posristnemo oxpemwmii Bumamoxk piBHsiHHSI Jlarpamika, KoJm
p()=y"
y =y +¥(y). (7.10)
Piusnng (7.10) nasusators pienantam Kaepo. Inrerpyroun iio-
o 3a Ti€I0 caMOIO CXeMolo, 110 i piBHaAHHA Jlarpanrka, MaeMo:

y=p = y=ap+ip) =
pdx = zdp + pdz + ¢'(p)dp =
dp-(z+¢'(p))=0 = dp=0 abo x+1'(p)=0.
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3 nepiroro piBHsiHHS 3HaxoauMo p = C' i, mijcTaBisitoan y pop-
Myity y = zp + ¥ (p), oepKyeMo 3arajbHUN PO3B’sI30K DIBHSIHHS
Kaepo:

y=zC +¢(C). (7.11)

Jlerko 6avuTH, 110 3 TEOMETPUIHOI TOUKN 30Dy 3arajbHUi PO3-
B’s130K piBHsiHHA KJ1epo € ojHonapaMeTpudHo0 CiM’ €10 IPIMUX, a
JyIst oro ozeprkanust nmoTpibuo y piBusuai (7.10) 3amiHuTH MOXI-
nny 3 na cramy C.

3 piersnEs  + ¢ (p) = 0 3naxogumo x = —i/(p). Ilixcras-
Jsiioun 1eii Bupas y dopmyiny y = zp + 1(p), oIepKyemMo, 1o
y =1 (p)p + ¥ (p). Takum aunom, MaeMo po3B’ 30K

xr = —1//(10)7
{y — /(p) D+ (D). (7.12)

Posp’st30k (7.12) 3a3BUuail € 0cOOIMBUM 1y ILOMY BUIAJKY 3 [€O-
MeTPUYHOI TOUKH 30py MaeMo obBinay cim’i (7.11). Cupasni, Biz-
NIyKYIOUd KPUBY, T103piiay Ha 00BiaHy cim’T (7.11), 3a npasusom,
BKA3aHNM HAIIPHUKIHIN /IPYTOTO IMyHKTY JIEKIHI 6, MaeMoO cucTeMy

{y = zC +¢(C),
0=x+¢'(C),

JpyTe PIBHAHHS SIKOI OJIep2KaHe 3 MePIIoro AudepeHIioBAHHAM 34
napamerpom C'. 3BiJcH JIEIrKO 3HAXOIUMO

{l‘ = —1//(0)7
y=—¢(C)C+y(0),

TOOTO cucTeMy, sika Biipi3HsieTbest Bif (7.12) TLIbKY TO3HAYEHHSIM
napameTpa.
Ipuknan 4. 3inmezpysamu piensammns y = xy — y'.
Poss’asannsa. Hexait vy = p. Toui
y=ap—p° = dy=axdp+pdec—3p*dp =
(x—3p)dp=0 = dp=0 abo x— 3p*=0.
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3 piBugnag dp = 0 smaxomumo, 1o p = C. Iligcrasisioun
p=C y piBnicTb y = 2p — P>, OEPIKYEMO 3arajbHIH PO3B A30K
3ajanoro pisusanng y = Cx — O3,

dkmo z = 3p?, To y = 3p> — p> = 2p3. Takum uuHOM, OCO-
6IMBHM PO3B’SIBKOM € T = 3p2, y = 2p>. Bukiounsmm 3Biacu
napaMeTp p, OJeP:KyEMO OCOOJIUBHUI PO3B’'A30K y sIBHOMY BUIJISIII

Yy ==E24/ % abo B HesBHill bopmi 27y? = 4a3.

Bionosidv: y = Cx — C3, 27y? = 4a3.

3. Bazmaua nmpo i3oroHaJibHi TpaekTOpii. fK Ie oguH Ipu-
KJIJT OJTHOTO 3 OararbOX I'eOMETPUYHUX 3aCTOCYBaHb JIU(EpEHITi-
aJbHUX PIBHIHB MEPIIOTO MOPSJIKY PO3IVITHEMO 33849y PO 130T0-

HaJIbHI TpPaEeKTOPII.
Axmo kpusa L1 neperunae yci kpusi L 3aganol cim'T i oana-

KOBUM KYTOM (¥, TO 11 HA3MBAIOTh 13020HAABHO0 MPAEKIMOPILEIO

1iel ciM"l'l)(pI/Ic. 7.1). dkmo, 30xpema, o = F, TO i30roHaILHY Tpa-

€KTOPII0 HABUBAIOTH OPIMO20HAADHONO.

Y

Puc. 7.1

3HajijgemMo ciM’10 130roHaJIbBHUX TPAEKTOPIH 3a/1aH01 OJHOIIapa-
METPUYHOI CiM’T KpUBUX

O(x,y,C) =0, (7.13)

1)KyTOM MiK JIBOMa KPHUBUMH y TOYI IX IIepETHHY HA3UBAIOTh KYT MixK
JIOTUYIHUMU JI0 HUX Y I TOYII.
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je C' — napamerp. st 1iporo crodarky ckiageMo Audepenijaabae
piBusiHHEs ciM'T (7.13) (1. 3 nekuil 1), Bukiounsiy napamerp C' i3

{(I)(xhy?C) =0,

cucreMu

6¢(x7y70) 8q>(x7y7c) !/ __
ox + oy Y= 0.

Y pesyabrari omepxkumo gudepeHiiagbie piBHsiHHs cim’T (7.13)

BUTJISILY

F(z,y,y") =0. (7.14)

Temep BuzHAIMMO CIIIBBIIHOIIIEHHS MiXK KyTOBUMHI KoeiIieH-
TaM¥ JOTHYHUX J10 KpuBol cim'T (7.14) i 110 i30roHaibHOT TpaeKTOpii
B Touni ix neperuny. Hexait M (z1,y1) — J0BlIbHA TOYKA i30rOHAb-
HOT TPAEKTOPIL, (¢ 1 (o] — KyTH, SIKi YTBOPIOIOTH 3 Biccio Ox JOTHIH]
J1o gesikol kpusol cim’i (7.14) B mouni M i 10 i30roHasbHOI Tpae-
KTODIi B Iiii camiii Touni Bigmosinuo (puc. 7.1). Toxi

r1=pta
LIPUYOMY
! dry’ dz’
[Ipumycrunmo crnovaTky, mo « # 5, i mosHadmmo tg o gepes k.
Maemo ¢ = @1 — @, a ToMy
tgp1 —tg o
t =}t —o) =
gy =tglpr —a) =1 Iy T———
abo J
dy _ ay —*

= = (7.15)
dv 14 kg4
PiBuicts (7.15) BCTaHOBIIIOE IIyKaHUiT 3B’S30K MIZK HAIPSIMOM
notudHol B Oymab-skiit Touri M TpaekTopii L i HAIIpsIMOM J10TH-
4qHOT 710 KpuBoi L ciM’T (7.14), 1110 mpoxXoauTh depes3 I TOYKY.
Toni nudepentiianbie piBHSAHHS CiM'T i30MOHAJBHUX TPAEKTO-

dn
F $17y17M7 =
( 1+ kg

piif Ma€ BUTJISAT,
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abo, Mmeperno3HavInBINg T 1 Y1 BiAIMOBIIHO Yepe3 x i v,

y —k
F —— | =0. 1
(2 ) =0 (7.10)

Sinrerpysasimu piBuanug (7.16), 3mailieMo mykany ciM’io i30ro-
)

HaJIbHUX TPAEKTOPIil.
s

Axmo a = 5, 10

tso=tg (01— 5) = -t (5 -1) = - :
= _ = — —_ = — C = —

gy =1g |1 5 g B) $1 g¥1 2o’

a orzke, 3amictb (7.15) MaeMo criBBigHONIIEHHS

dy 1
==
dx %

Baminmsmu B (7.14) 3 Ha —ﬁ,

dxq
HSIHHSI CiM'T OPTOTOHAJIBHUX TPAEKTOPIii

1
F(a:'l?yl: _m) =0
dxri

abo, Mmepeno3HadnBIIg 1 1 Y1 9epe3 T 1y,

oTpuMmyeMo fudepeniiaabHe piB-

1
F(x,y, ——/> = 0. (7.17)
Y

Binrerpysasiiu piBasiuHst (7.17), 3HaiiieMo 1ykany ciM’to opToro-
HAJIBHUX TPAEKTOPIil.

Ilpukiang 5. Ckaacmu dugeperyianvre PISHAHHA 13020HAND-
nux mpaekmopiti cim’i xin 2 4+ % = C, wo nepemunaroms ix nio
Kymom o = 7.
Poze’sazanns. Criagemo audepeHIiajbHe PIBHSIHHsS 3aJ1aHO0T
cim'i kit Hosnaummo @(xz,y,C) = 22 4+ y* — C, Toxi @, + )y =
= 2z + 2yy'. Bukmouatoun mapamerp C' 3 cucremu

1:2 _|_y2 — C,
2z + 2yy’ =0,
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oziepKyeMo Judepeniiaibie pipaaang © + yy’ = 0.
3 dopmysu (7.16) Bumumsae, 1mo myKaHuM audepeHIiajabHIM
PIBHSIHHSIM 130rOHAJIBHUX TPAEKTOPIi €

y -1

Ty 0 T ortwitw oy=0 =

r+y

r—y+(z+y)y' =0 M

Ilpukman 6. Ckaacmu dugeperuianvre pi8HAHHA OPMO20-
HAAHUT MPAEKmopit cim’i kin x> + y2 =C.
Poss’asannsa. Judepennianbue pisuauns r + yy' = 0 3azanol
ciM’T KT OyJ10 oJleprKaHe y TOIEPEIHBOMY HPHUKIal. 3 (GOpMyIH
(7.17) BummBag, MO MIyKaHUM JdepeHIiaJIbHIM DIBHSIHHSIIM Op-
TOTOHAJIBHUX TPAEKTOPIit €

1
x—i—y(—?):() = wy=y ®

Pexomerndosara aimepamypa: |2, c. 73 — 81, 106 — 112], [4,
c. 125 — 147], [5, c. 112 — 131], [7, c. 66 — 76, 86 — 89), [16, c. 42 —
49].

Iluranuga go gekirii 7

1. ¢xa 3amina BHUKOPUCTOBYETLCS I IHTEIDYBaHHS PIBHIHHS
y = f(x,y")? Yu MoxKe 1 piBHSIHHS MATH 0COOJMBI PO3B’sI3KN?

2. ¢lka 3amiHa BUKOPHUCTOBYETHCS /[IJIsT IHTETPDYBAHHS PIiBHAHHS
z=f(y,y)?

3. dxwuit Burssan mae piBasaas Jlarpamxka? fdky 3aminy BukopucTo-
BYIOTH JIJIsI IHTErPYBAHHS 1TbOTO PiBHAHH:A! SIKi KpUBI MOXKYTH 6yTH flor0
0CODJTMBUMU PO3B’I3KAMIE !

4. dxwit Burssin Mae piBastaas Kitepo? Sk 3HaliTh 3arajbHUii i oco-
OIMBUIT PO3B’A3KU IIHOTO DIBHSIHHSA !

5. Ilo Take i3oroHajbHA TPAEKTOPIs 3a/aHOl ciM’T KPUBUX HA ILIO-
munui? Ak mobymysartu mudepeniiagbae PIBHAHHS CiM'T 130rOHATBHUX
TpaeKkToOpiii?

6. I[Tlo Taxe opTOroHAJIHLHA TPAEKTOPIs 38aHOI CiM'T KPUBUX Ha, TLIO-
muni? Ak mobymyBatu mudepeHIiiagabHe pIBHAHHS CiM'T OPTOTOHAJIBHIX
TpPaEKTOPiit?
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Bnopasu go sekiiii 7
1. Binrerpyiite piBHAHHS:
a)y=(y —1e’; 6)a(y*—1)=2y"

2. Cepej HaBeJleHUX PIBHsIHb BijililyKaiiTe piBHsiHHs JlarpaH:ka Ta
3iHTerpyiitTe ftoro:

12,

a)y' =2xy — 3y 6)y=2xy -3y B)y=2ay —3y>

3. Cepe,1 HaBeleHUX PiBHsIHD BijmnyKaiiTe piBasiHHs Kiiepo Ta 3iHTe-
rpyiite ioro:

a)y =2xy+3y? 6)y=ay +3xy? B y—xy —/1-y?2=0.

4. 3HalimiTeh i30roHAJBHI TpacKTOPil cim’T pamux y = C'z, sKki mepe-
TUHAIOTH T mpsiMi i KyTom 60°.
5. S3Hali1iTh OPTOroHa bHI TpaekTOpil ciM’T npsimux y = Cx.

Jlekiis 8. OcHOBHI BJIaCTUBOCTI PO3B’SA3KiB
audepeHIliaJIbHUX PiBHAHDb IIEPIIOTO MOPSAIKY

Il1an

1. IIpwHIUI CTUCKAIOYNX BiT0OPaKeHbD.

2. Teopema icHyBaHHSI Ta €IMHOCTI po3B’si3Ky 3aadi Korri.
3. Ilpomosxkennst po3s 3Ky 3agatdi Korri.

4. KopekTHicTh 3aja4i Korri.

1. Ilpunmnun cruckaroumx BimobparkeHb. MempuuHum
npocmopom HazusaroTh MHOXKUHY W = {z} ejemenTiB & J10BLIb-
HOI IPUPOIH, SIKIIO JJIs OyJb-KOI mapu ejemeHTis r,y € W 3a
[IEBHUM 1IPABUJIOM BBEJIEHO MempPuKy (810cmans), To6TO IuCIIo-
By dyHKIIi0 p(x,y), sika 3aJ10BOJIbHSIE TaKi BJACTHBOCTI (aKciomn):

1) p(z,y) = 0, upuuomy p(x,y) = 0 Toxui i TILKKM TOAI, KOJIH
x=y;

2) p(z,y) = p(y, z);

3) p(z,y) < p(x,2) + p(z,y) (ans Gynp-axnx z,y,z € W).
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EnemenTtr MeTpuUYIHOTO MPOCTOPY HA3HMBATUMEMO TAKOXK MO-
YKAMU ITHOTO ITPOCTOPY.

Hageznemo jiBa Bak/IMBI IPUKJIAIN METPUIHAX ITPOCTOPIB.

1.  Cykymnicrs  [iiiCHUX  n-BUMIDHUX  BEKTOpIB & =
= (x1,x9,...,Tpn) 3 METPUKOIO

€ METPUIHIM IPOCTOPOM. MOro Ha3MBAIOTH N-BUMIPHUM €6KAG-
dosum npocmopom i nosnagaorb R,

2. CykyuHicTb aificHUX HellepepBHUX Ha BiAPi3Ky [a,b] dys-
Kiiiit y(t) 3 METPUKOIO

p(z(t),y(t)) = max |z(t) —y(t)]
tela,b]

TaKoXK € MeTpudaHuM rpocropom. Lleit npocrip nosnasators Cla, b].

Jlist 060X TIPOCTOPIB BIACTUBOCTI 3 O3HAYEHHSI METPUKH JIETKO
IIePEBIPSTOTHCS.

[TocaimoBHicTs 1, T3, X3, . .. €JIEMEHTIB METPUIHOTO IIPOCTOPY
W nazuBaiorh GYyHIAMEHMAADHONO, STKIIO nh_)rr;o p(xp, Tnyp) =0

JJIS JOBIJIBHOIO IILJIOTO P.

Merpuunuii poctip W Ha3MBaIOTL NOBHUM, SIKIIO Y HHOMY
Oyb-siKa (pyHIaMeHTaIbHA, TOCTIOBHICTD X1, T9, X3, ... 30irae-
TBCS JI0 JIESIKOTO €JIEMEHTa I[bOT0 2K IpocTopy. BaxkimBumu mnpu-
KJIaJIAMU [TOBHUX 1IpocTopiB € npocropu R™ (n > 1) 1 Cla, b].

Hexait y noBnomy merpuunomy upocropi W 3ananuii onepa-
mop (Binobpazkenusi, pyHKIlis) A, sIKUii KO2KHOMY €JIEMEHTY IIPO-
cropy W cTaBuTb y BiAIIOBIIHICTH €/IEMEHT I[LOTO K IIPOCTOPY:

y=Ax, z,yeW.

Toni kaxkyTh, 1m0 omeparop A Bimobparkae mpoctip W'y cebe.
Oneparop A Ha3UBAIOTH CMUCKAIOYUM, STKIIO ICHYE TaKe Ji-
cimo o, 0 < a < 1, o i OyaIb-sIKuX ejieMenTiB x,y € W

p(Az, Ay) < ap(z,y). (8.1)
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Ywucsio o ipu 1bOMY HA3UBAIOTh KOEPIUIEHTTOM CTNUCHEHHS.

Enement ¢ € W HasuBaioTb HEPYTomMor0 1mMouKo0 olepa-
topa A, axmo Ay = . [Hakmme KaxKy<In, HEPYXOMi TOUKH — I1€
pPO3B’sI3KM piBHsIHHSA AT = T.

Bingunauunmo, mo 6araro nuTaHb, OB’ sI3aHUX 3 ICHYBAHHIM Ta
€IMHICTIO PO3B’sI3KIB PIBHAHDb PI3HUX THUIIB, MOYKHA 3BECTU JIO IIH-
TaHHSI PO ICHYBaHHSI HEPYXOMOI TOUKH JIEesTKOIO BijgoOparkeHHst A
METPUIHOIO TpocTopy y cebe. OHi€0 3 HANBaXKIUBIIIUX yMOB
iCHYBaHHS HEPYXOMOI TOYKH € NPUHUUN CMUCKAOYUT 610-
obpastcens, uepiie chopmynpoBanuii C. Banmaxom. et npun-
Ul € TEOPETHYHOI OCHOBOIO MEMOodY MNOCALd08HUL HAOAU-
otcends (memody imepayiti), sikuii MUPOKO BUKOPUCTOBYETHCS
JIst HADJIMZKEHOTO PO3B’sA3yBaHHs Ju(pepeHIaJlbHIX, THTErPa/Ib-
HUX Ta aJreOpuIHuX PiBHSIHb.

Teopema 1 (MPUHIUN CTUCKAIOYNX BiJOOParkeHb). K0
cmuckarovutl onepamop A e6idobpasicac noswull mempunruil npo-
cmip Wy cebe, mo icHye e0una HEPYTOMA MOYKA @ Ub020 ONEPQ-
mopa. It moorena snatmu sa popmy.no1o

= lim z, (x,=Ax,—1, n=1,2,...),
n—oo
npuromy easemenm o y npocmopi W moosrcna subpamu 0o6iabHo.

Jlosedernsn. Bizbmemo joBuibHEIT eemenT xg € W i mobymyemo
IIOCJII JOBHICTH €JIEMEHTIB

g, X1 = Al’o, xro = Al’l = A(Al'o) = A2$0, ey (8 2)
Ty = Ax,y_1 = A"z, '

[Tokaxkemo, 110 15 MOCiIOBHICTD (byHIamenTaabaa. s 16010,
BUKOpHCTOBYtOun (8.1), OIIHUMO crIOYATKY BiJCTaHi MizK CyciHiMu
eseMenTamu mpocropy W:

p(xg,21) = p(Axy, Azo) < ap(z1, o),
p(a3, 2) = p(Aza, Az1) < ap(w2, 21) < op(z1,20),
L (8.3)
p(xn+17 xn) = P(AfUm Amnfl) <
< ap(ep, Tp-1) < ... < a"p(r1, ),
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Buxopucrosytoun oriaku (8.3), a Takok p — 1 pasiB BIaCTHBICTH
3 3 O3HAYCHHA METPUKH, OIEPIKYEMO

P(Tn; Trgp) <
< p($n7xn+1) + p(xn-&-l?xn-&-?) +.o+ p(mn-i-p—l:@"n—i-p) <
< (" + ot 4 a”+p_1) p(x1,0) =
a — ™t o'

- <

p(:l:la xO)

JJIsl JOCTaTHBO Besumkoro n. OTxke,

a’l’b

1—

P(Tny Tnip) < aP(l‘th)- (8.4)
Ockinbkn 0 < v < 1, To 3 (8.4) BuUILIMBAE, MO Jyisi JOCUTH Be-
JUKAX N BEIHYHHA P(Tp,Tnip) € K 3aBLOJAHO MAJIOI, TOOTO
p(Zp, Tnip) < €, a OTKe, T1, T2, T3, ... — PyHIAMEHTAIbHA II0-
cainopricTs. Ockinbkn W — mOBHMIT TIPOCTIP, TO TSI TOC/IIOBHICTD

Ma€ I'PAHUIIIO, sIKYy MMO3HAYUMO (¢ = lim x,.
n—o0

I3 cuisBigHoOIIEHD

p(Ap, @) < p(Ap,zn) + p(@n, p) = p(Ap, Azn_1) + p(Tn, @) <
< ap(p, Tn-1) + p(an, ) > 0

sunBae, mo p(Ap, ) = 0, a orke, Ap = ¢, T06TO ¥ € HEpyXo-
MOIO TOYKOIO BitobparkeHHsT A.

JLst noBejieHHsI €MMHOCTI HEPYXOMOI TOYKHU IPHUILYCTUMO, IO
icHye 1m1e ogHa HepyxoMa TOUKa 1) Bimobpaxkenuss A, Tobro Ay = 1.
Tomi

p(e,¥) = p(Ap, AY) < ap(p,¥) =
plo,h)(1—a) <0 = p(p,9) =0.
3 pisHocti p(p, 1) = 0, BpaxoByroun mepliy BIaCTUBICTb METPH-

KU, OJEPKYEMO, IO P = ¢, TOOTO @ — €IMHA HEPYXOMa TOUKA
Bimobpaxkenuss A. »

Enemenrtu xg, x1, 2, ... y (8.2) Ha3uBaoTh NOCAI008HUMU
HABAUNHCEHHAMU HEPYXOMOI TOUKH .



94 Poznin 1. JVUOEPEHIIAJIBHI PIBHAHHS ITEPITIOIO ITOPAIKY

Harosomyemo, mo Bubip movarkoBoro Hab/mxkeHHs xg € W e
JOBLILHIM 1 BIIUBAE JIAIIIE Ha, IIBUAKICTEL 3013KHOCTI OC/II0BHOCTI
1, T2, T3, ... JIO CBOEl TPAHUII Q.

2. Teopema icHyBaHHS Ta €IMHOCTI PO3B’SI3KY 3aaadi
Kormi. BukopucroByioun mpuHIAIT CTUCKAIOTHX BiT0OPaXKeHb, 10-
BeJIEMO TeopeMy PO ICHYBAaHHS Ta €IUHICTH PO3B’sI3Ky 3aadi Ko-
11l s audepPeHIliaIbHOrO PIBHIHHS IEPIIOro MOPSIKY, PO3B s3a-
HOT'O BIJTHOCHO HOXi,Z[HOIl)Z

Teopema 2 (Komii). Hexat dynruyia f(x,y) eusnavena y
NPAMOKYMHUKY

D={(z,y): mo—a<z<a0+a, yo—b<y<yo+b},

de a,b > 0, i 3a00604bvHAE Y HOOMY MAKE YMOGU:

1) f(z,y) nenepepena, a omorce, G obmesrcena (|f(x,y)| < M);
2) wacmunna noxiona % icHye ma 0bmedrcena (‘g—y‘ < L)
Todi sadaua Kowsi (8.5), (8.6) mae edunuti poss’asok y = y(x) npu-

natimmi ma 6idpisky G = {x:xog—h < x < x9+ h}, (96

h < m b 1
min | a, —, — |.
ML
Hosederns. Ilokaxemo crouarky, mo 3agada Komi (8.5), (8.6)
PIBHOCWJIbHA, IHTErPaJIbHOMY piBHHHHIOZ)

z) = g0 + / £t () d. (87)

1) Il Teopema Ge3 moBeeHHS HaBeIeHA Y 1. 2 JIEKITl 2.
2)IHTerpaﬂbHe piBHSIHHA — IIe PDiBHAHHS, B AKOMY HeBioMa (QyHKIIS 3HA-
XOJUTHCS 11/ 3HAKOM 1HTerpaJia.
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Cupasai, sikino HenepepsHa GyHKIis y(z) € pO3B’si3KOM iHTe-
rpajibHOro piBHsinHst (8.7), To, mudepenmniomoun (8.7), omepxKye-
mo, mo y = f(z,y(x)) i, oueBnano, y(xg) = yo. Takum unnOM,
dbyuxis y(z) € po3s’sskom 3agaqdi Komi (8.5), (8.6).

Hapnaku, Hexait y(z) — poss’si3ok 3agaui (8.5), (8.6), Tob6To
v (z) = f(x,y(z)) i y(xg) = yo. Toxi inTerpyroun 1o TOTOKHICTH
Yy MexKax B X JI0 &, OIePKYEMO

T

/y’<t>dt= /f(t,ym)dt = (o) -0 = /f(t,ym)dt,

o o

10610 y() € po3B’sI3KOM iHTErpasbHOrO piBHAHHS (8.7).

Hagmasmi nocnimkysarumenmo piBusinas (8.7).

[Tosmaunmo depe3 W MHOXKHHY HenepepBHUX — (DYHKIL
y = y(x), axi 3agani Ha BiApisky G 1 3aJ0BOJILHSIOTH HA HBOMY
HepiBHicTb |y(x) — yo| < b. Ha Mmuoxkuni W BBesieMo MeTpuky

ply,2) = max|y(z) — 2(z)l, y,z €W

Taxum wmnom, W — merpuannit mpoctip. et mpoctip € nmoBamm.
Cupasjii, $KIIO TOCHIOBHICTE DYHKIIH Yy = yn(T), yn € W, €
dyH1aMeHTaIBHOIO, TO BOHA, $K BIJOMO 3 MaTeMaTHYHOI'O aHa-
JIi3y, pIBHOMIpHO 36iraeThcsi Ha BiAPI3Ky G 10 JiesiKOl HerepepBHOT
Ha 1OMY Biapisky dyskuii y = y(x). dua byukuiit y, € W su-
KOHYIOTHCSI HEPIBHOCTI

lyn(z) —9o| <b, z€G, n=1,2,...,

mic/ist Iepexojy JO TPaHMIl UpU N — 00 Y SKHUX OTPUMYEMO
ly(x) —yo| < b. Aute Toui y € W, 3Biuku Bummsae, mo W — nosHuit
IIPOCTIP.

[IpaBy wactuny inrerpajbHOro piBHsHHS (8.7) IPUPOTHO PO3-
DJISJIATH SIK JIesiKe iHTerpajibHe IepeTBOPeHHsl HellepepBHOl (PyH-
kil y(z). PiBricts

z(z) = yo +/f(t,y(t))dt (8.8)
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CTABUTH y BiamoBimuicTh KoxKHiN dyukiil y € W nesaky dyHKILIO
z € W. Cupasni, sikimo y € W, 1o y(z) HenepepsHa dbyHKIIis1, rpa-
diK dKOI HAJIEXKUTH IPIMOKYTHUKY

Dy ={(z,y): mo—h<az<zo+h, yo—b<y<yo+b},

ToMy Ha mizicraBi memepepsHocti dyukiii f(x,y) B D npasa ua-
cruHa piBHsiHHS (8.8) € HenepepBHOIO (DYHKILEIO Bi ©, T06TO 2 (1) —
HenepepBHa (DYHKINS Ha Bijpisky G. ati, BUKOPUCTOBYOUIHN BiI0-
MY 3 MaTE€MaTU4YHOI'0 aHaJII3y HEPIBHICTH

[ o] <| [l

< : (8.9)

0JIEP2KY€EMO, 110

) -l < [ f<t,y<t>>dt\< / rf<t,y<t>>|dt\<
o o
b
<Mz —zo| < Mh< M-~ =0,
|z — x| h i b

3BiJIKU BUILIUBAE, M0 z € W.

Omrxke, KOxKHIN HenepepsHiii dyukiil y(x) dopmyna (8.8) cra-
BUTb y BIIOBiHICTH HenepepsHy dyHKI0 2(x). Pesysbrar Buko-
HAHHsI [IOTO MTEPETBOPEHHS MO3HAYNMO depe3 Ay:

T

Ay =+ [ £ty

zo

Takum 9UHOM, MOYKEMO BBarKaTH, 110 PiBHICTH (8.8) BusHava€e ore-

parop
z=Ay (y,ze W),

SIKUI TIepeBouTh moBHUIA ipoctip Wy cebe (Takuii oneparop Ha-
3UBAIOTH tHMEZPAAbHUM onepamopom Ppedzosvma). loka-
JKeMO, 1o Tieit oneparop € cruckaounm. Crupasi, sKino z; = Ay,
z9 = Ay (y1,y2 € W), 10, BuKopucrosytoun (8.8), (8.9), ymoBy Te-
opeMu Mpo 0OMEXKEeHICTb YACTUHHOI ITOX1THOT 5y & TAKOXK Teopemy
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Jlarpamzka 1mpo CKiHIeHHI MPUPOCTH, OIEPIKYEMO

|21 — 22| =

wt [ )i - [ xf(tyz(t))dt‘ <

<

[0 =m0 | <

< p(y1,y2)L |z — 0| < Lhp(y1,y2) = ap(y1,y2), (8.10)

/ p(y1,y2) L dt’ <

0

Jie w € [y1,y2], a aucio a = Lh 3an0B0s1bHs1€ HepiBHicTh 0 < o < 1
(3a ymoBoio h < 1/L).
3 (8.10) BumuiuBae, 1110

ple1, z2) = max|z1(z) — 22(2)] < @p(y1, y2),
x

a oTzKe, 3iJIHO 3 HPUHIMIIOM CTHUCKAIUUX BijobparkeHb (Teope-

ma 1) y mpocropi W ichye emmna dyHKIis (HepyxoMma TOYKA)

y € W, nst sikol y = Ay, iHaKIme KayKydu, (DyHKILsI, STKa € PO3B’si3-

KOM piBHsHHs (8.7), a orke, i posp’s3koMm 3ajadi Kommi (8.5),

(8.6). »

3ayBakeHnHsi 1. 3acTOCOBYIOUM MeTOJ ITOCJIIOBHUX HAOJIU-
JKeHb, MOYXKHa OTpHMAaTH HabJIMXKeHnii pos3p’si30Kk 3agaqi Kol

(8.5), (8.6):

yn(l') = Ayn_l(l') = %o +/f(t7yn—1(t))dt7 n = 1727 R
zo
ae yo € W.

3ayBakeHHsI 2. YMOBY TeopeMu 2 PO OOMEXKEHICTh JaCTHH-

HOI TOX1IHOT % MOXKHa 3aMiHUTH Yymoeo0to Jlinwiua:

|f(z,91) = f(@,y2)| < Llyr — 92l

ne (z,y1), (x,y2) € D, L — crana Jlimmina. [Tokaxkemo, 1o 3 o6me-
of

2KEHOCT] YaCTUHHOI OX1IHOI oy B obsaacti D BUILIMBAE BUKOHAHHSI
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ymoBu Jlinmina. Cripasi, Hexait ’g—i’ < L. Toxi, BUKOpUCTOBYIOUM

dopmyny Jlarpanzka mpo CKiHYEHHI TPUPOCTHU, OIEPIKYEMO
|f(z,y1) — fz,92)] = ‘f;(f&w( ))‘ ly1 —y2| < L{y1 — y2l,

Ie w € [y1, ya).

SIKINO BUKOHYIOTHCSI YMOBH T€OPEMH 2 1 B JIESIKOMY OKOJII TOUKH
(x0,y0) dyukuis f(x,y) mae HenepepsHi noxiaHi 10 k-ro HOpsiIKY
BKJIIOYHO, TO po3B’si30K y(x) 3amaqai Komi (8.5), (8.6) memepeps-
Ho sudepeniiiiopuuit (k + 1) pasie. Cupasui, ockinbku dyHKILis
f(z,y(x)) nenepepsuo ,Z[H(bepeHHiﬁOBHa 10 3 (8.5) BUILIUBaAE, 1110
y' = g—i + g—ifilg = 8£ + ayf fl(a: y). 3a yMOBOIO % i a—f Hele-
pepsHo judepentiiiosni, Tomy y” = %f ! 6f L f fa(x,y) Takox
HerepepBHO udepeniiioBua (yHKIL. HOBTOpIOIO‘{I/I aHaJIorivHi
MipkyBanus k pasis, omepzxumo, mo y*+t1) = £ (z, 1) — menepeps-
Ha (QYHKITis.

3. IIpomoBxkenHst po3B’sa3ky 3amaui Kormi. Hexait (Q — ne-
gka obmacts y R? i dynxmis f(z,y) nenepepsna y miit obiacti.
Hunst nosinbHOT ToukM (T, Yyo) UpsiMOKyTHUKa D Teopema ITeano
(/ekmist 2) BCTAHOBIIIOE icHyBaHHsI po3B’s3Ky 3asadi Komd (8.5),
(8.6) HA JEIKOMY, MOXKJIMBO JIOCUTH MaJIOMY, BLIPI3KY 3 IEHTPOM
y Toutl xg. [Hakie kaxKy4u, Teopema Ileano — e jiokabHa Teope-
Ma icHyBaHHsI po3B’s13Ky audepeHiiaabHoro pisasiaus (8.5). s it
3aCTOCYBaHHSI IapaMeTpH a i b npsiMoKyTHHKa D (BOHU MOXKYTh 3a-
JIEZKATHU BiJl KOODJMHAT IIEHTPa X(, Yo) HOTPIOHO BUOpATH TaKUMU,
mo6 D C Q. Iicag nporo moxkHa BusHauutu uucyao h = h(zg, yo)
i BimoBiHuil Bipizok G, Ha siKOMy icHye pO3B’s130K 3aja4i (8.5),
(8.6).

Kinnesi rouku rpadika poss’siaky 3azgaqi (8.5), (8.6), icuysa-
HHsI IKOTO rapanTye TeopeMma lleano, Hasiexkarh obsacti (). Pos-
IVISJIal049M 1X $K HOBI II0YAaTKOBI JJaHi, MOKHA 3HOBY 3aCTOCYBaTH
Teopemy Ileano it posmupuTn 06/1aCTh iCHYBaHHS IILOI'O PO3B’A3KY.
[le BurmBae 3 HACTYITHOT'O TBEPJIZKEHHSI.

Teopema 3. Hexati gyrxuyia f(x,y) nenepepsna 6 obaacmi Q,
a Pynryii y1 () i yo(z) — nenepepeni pose’asku pienanns (8.5) Ha
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sidpiskax [xg, 1] @ [x1, 2] 6idnosidno, npuvomy yi(x1) = yo(x1).
Todi pymruyin

_ Jyi(x), akmo z € [xg,x1],
y(z) =
ya(x), sxmo x € (x1,x9]

€ pose’aszxkom pienanns (8.5) na 6idpisky [xo, x2).

Losedenns. OueBniHO, 10 Tak Bu3HadeHa dyHKIis y(x) 3a0-
BOJIbHsAE PiBHsAHHS (8.5) $IK Ha MPOMIKKY [Zg, 1), Tak i Ha (21, T2).
JliBocToponnst i npaBocTopoHHsi ToXijHl DyHKIIT y(x) v Touni x;
icHytoTb i HabyBatoTh 3Havenb f(z1,y1(x1)) i f(21,y2(21)) Biamo-
BijiHO. AJle 3 yMOBHU TEOpeMH BUILIMBAE, IO Il 3HAYEHHs 30iraro-
teest 3 f(x1,y(z1)), a Tomy y(x) — po3s’si30ok piBHsHHS (8.5) Ha
BCBOMY BIJIDI3KY [Z0, T2]. »

Mozke TpaluTuCh, 110 IHTErpaabHy KPUBY HE MOXKHA Oy/Ie 1Ipo-
JIOBXKUTH 1Yepe3 HAOJIMKEHHs JI0 TOUKHU, Y sKiil MOPYIIeHI YMOBH
reopemu Ko (icHyBaHHsI Ta €JMHOCT] pO3B’sA3KY ), ab0 IHTErpasb-
Ha KpUBa HADJIM3UTHCS JIO aCUMIITOTH, sIKa mapaJiejibia 110 oci Oy.
Ii Bumagkm mpoiTIocTPyEMO TPUKJIIAIAMU:

1) xdx + ydy = 0, y(0) = 3. Inrerpyroun piBHsIHHS 1 BUKOPU-
CTOBYIOYHN IIOYATKOBY YMOBY, OJI€PXKYEMO:
22 g2

5 +t5 =0, y0)=3 = y=VC-2* =3 =

y=v9—z2

Po3B’s130k HE MOXKHA TTPOIOBKUTH 328 MeXKi inTepBaay —3 < x < 3
(puc. 8.1). ¥V mexosux toukax (—3,0) i (3,0) npaBa qacTuHa piB-

HanHa y = —% pospuBHa. YMmoBu Teopemu Ileano (icHyBaHHsI
PO3B’sI3KY) TOPYIIEHi.
Y Y
3
0,51
9
-3 @) 3 a3 O 1 3 x

Puc. 8.1 Puc. 8.2
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2) v = 4%, y(1) = 1/2. Inrerpyioun piBHAHHS Ta BUKOPHCTO-
BYIOUU IOYATKOBY yMOBY, OJIEPXKYEMO:

dy 1 1
— =dx, H==- = = — .
y? z, y(1) 2 J r—3

IHTeraﬂbHy KpuBY MO2KHa HPO/JIOBXKHUTHU JIUIIE JO0 aACUMIITOTU
z =3 (—oo <z < 3) (puc. 8.2).

4. KopekTHicTs 3amaui Koriri. Y npukiagnnx 3a1adax, 1m0
MOJIETIOIOTHCS T PO3B’A3YIOTHCA 38, JOIOMOIOI0 TU(EePEHIATHHIX
piBHsiHb BuULJIsiy (8.5), MOYATKOBI yMOBH, a TAKOXK IIPaBa YacCTH-
Ha — QYHKINA f, 9K TpaBUio, BIIOMI 3 JeSKUM HaOJIUYKEHHSIM.
Oxkpim Toro, yHKIsS f MOXKe 3ajiesKaT Bif OJJHOrO abo KiJIbKOX
napamerpis (Macu, TeMIeparypu, 3apsLy TOIIO), SIKi XapaKTepu3y-
FOTh PUPOJLY 3aJ1ati i 3aB2K 11 BUMIPIOIOTHCS 3 JEAKOI0 TOXUOKOTO,
TOOTO HabJ/IMKeHO. ToOMYy BasK/IMBUMU € MIATAHHS ITPO ICHYBAHHS Ta
€IMHICTD PO3B’a3Ky 3aja4di Ko, a TakoxK 1mMpo Te, IK 3MIHIOETHCs
el PO3B’S30K Ha CKIHYEHHOMY HPOMIXKKY 3a MaJux 3MiH (306y-
PeHb) OYATKOBHUX 3HAUeHb, HapaMerpis i camol dyHkii f. Bumo-
I'U iCHYBaHHS Ta €IUHOCTI PO3B’S3KYy, HOr0 HEIEPEPBHOI 3aJIe2KHO-
CTi BiJ MOYATKOBUX yMOB, mapaMmerpiB i ¢yHKII f Ha CKIHUEHHO-
My IIPOMIXKKY CTAHOBJISTH 3MICT MOHATTS KOPEKMHOCML 3a0a 4l
Kows.

BukopucroByioun TeopemMy 2 TpO iCHyBaHH: Ta €IUHICTD
po3B’a3ky 3ajadi Ko, posrisineMo Teopemu, IO OIMUCYIOTH sKi-
CHY IIOBEIHKY PO3B’sI3KiB.

Teopema 4 (mpo HemepepBHY 3aJIEXKHICTh PO3B’sI3KiB
BiZy mapamerpy). Sxwo npasa wacmuna JuPeperyianvrozo pie-
HANHA

Y = fz,y, ) (8.11)

HENEPEPEHa 34 3MINHON (L, b € [fi1, 2], © daa Kooicnozo dikcosa-
HO20 (L 340080ABHAE YMOBY, MEOPEMU 2 3 MUMU CAMUMU CTNANUMY,
a, b, L, M, mo poss’asox y = y(x,p) pienanna (8.11), axud 3a-
dosoavHse nowamkosy ymosy y(xo) = Yo, HENEPEPEHO 3AAEHCUMD
610 L.
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Josederns. OCKiIbKY 4IeHU TI0CJHJ0BHOCTI

T

yn@au)=zm+i/ f&yn—a(t,p)dt, n=1,2,...,

o

€ HerepepBHUME (DYHKINAMU 3MIHHUX T 1 1, a ctajga o = Lh < 1
He 3aJIeXKUTh BiJl [, TO MOCJIIOBHICTD Y1 (T, 1), y2(x, i), ... 30ira-
erbest 110 y(x, 1) piBHOMIpHO 1O p. fIK BIIOMO 3 MaTeMaTuIHOIO
aHaJIi3y, PIBHOMIpHO 30i2KHa MOCJIII0BHICTh HEIEPEPBHUX (DYHKITIi
36iraeThcst j10 HerlepepBHOI dyHKIIT, T06T0 ¥ = y(z, ) — DyHKI,
HellepepBHA 3a apryMEHTOM [i. B

Teopema 5 (IIpo HemepepBHY 3aJIEXKHICTH BiJ II0YATKO-

BuUX yMoB). Hexal sukonani ymosu meopemu 2. Todi pose’sasox
3adavwi Kowi (8.5), (8.6) y = y(z,x0,y0) nenepepsno 3asesrcumo
610 NOYAMKOBUT YMOS.
Losedenns. dxmo 3poburu saminu z = y(x,zo,y0) —yo 1 t =
=z — xg, To BigHOCHO byHKIHII z(t) ofep:kuMo udepeHiiaibHe
piBusinus 2’ = f(t + g, 2 + Yo) 3 HYJILOBUMU TOYATKOBUMHU yMOBa-
M. 3riJIHO 3 TEOPEMOIO 4 MaEMO HellepEePBHY 3aJIeXKHICTh PO3B’si3-
KiB BiJT xg, Yo SIK BiJ] mapaMeTpiB. »

Pexomendosana atmepamypa: |1, c. 27 — 45], [3, ¢. 36 — 57],
[6, c. 63 — 78], [10, c. 15 — 18, 29 — 36], [16, c. 71 — 90).

Iluranusa go gekiii 8

1. Ilo mazmBarTh MeTpUIHUM TpocTopoM? ZKi BaacTmBOCTI 3a/10-
BOJIbHSIE MeTpHKa Takoro mpocropy?! HapemiTh npukjiaim MeTpUIHUX
IIPOCTOPIB.

2. fdky mocaimOBHICTD €IeMEHTIB METPUIHOTO TPOCTOPY HA3UBAIOTH
dbyumamenTaATBHOIO! KM METPUIHMIT TPOCTIP HA3UBAIOTH TOBHUM !

3. Ilo Take omeparop, 3aJaHuil y IIOBHOMY METPUIHOMY ITPOCTOPi?
Ko oneparop Bijtobpazkae merpudnuii npoctip y cebe? dxuit oneparop
Has3uBatOTh cruckaounM? [11o Ha3UBaIOTH HEPYXOMOK TOYKOIO OIepaTo-
pa?

4. ddx bopMyITIOETHCA IPUHIIATI CTUCKAIOYNX BioOpakeHnb? fke itoro
MPaKTUIHE 3HATCHHA !

5. fdx dopmymoeThest Teopema Kot mpo icHyBaHHS Ta €IMHICTD
po3B’sa3Ky 3azadi Korrri st ndepeniiaabHOTO PiBHSIHHS TIEPITOTO 0~
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PsLIKY, PO3B’si3aHOTO BiIHOCHO 10XiHO1? HaBe iTh OCHOBHI i€l j1oBejie-
HHS TTi€] T€OpeMH.

6. 4K, BUKOPUCTOBYIOUN METOJI IMOCJIIOBHUX HAOJIUKEHb, MOYKHA,
3HalfiTn HaOJMKeHmit po3B’sa30K 3amadi Komr yia mudepeHtiaabHOro
PIBHSAHHS TIEPIIOTO MOPSAIKY, PO3B’SI3aHOTO BiIHOCHO TOXiIHOI?

7. Hu MOKHA TPOMIOBXKUATH PO3B’ 130K 3a1a4i Ko 3a Mexi BiapisKy,
BU3Ha4YeHOro TeopeMoro Komi? HapeaiTs npukJiam.

8. IIlo cTraHOBUTHL 3MiCT MOHATTS KopeKTHOCTI 3amadi Komi? Hase-
IiTh TEOPEMU PO HEIEPEPBHY 3aJI€KHICTh PO3B’s3KiB BiJl mapaMeTpy Ta
PO HEIMEPEPBHY 3aJIeXKHICTD Bi/l IOYATKOBUX YMOB. ¥ YOMY HPAKTUIHA
BaXKJIMBICTD IIUX Teopem’

Bopasu go jekiii 8

1. ITobymyiiTe 1moctiTOBHI HAOINKEHHS Yo, Y1, Y2 /IO PO3B’A3KY 3a/a-
gi Komri ¢/ = 23 — 2y3, y(0) = 0.

2. BrazxiTh axuit-ueOyab BiIpi3oK, Ha IKOMY iCHy€e pO3B’SI30K 3a1adi
Komi ¢/ = 3z +y*, y(0) = 0.

3. Kopucryodnch sskoto-HeOy/Ib JOCTATHBOIO YMOBOIO €TMHOCTI, BHU/Ti-
JIiTh Ha mwiomuHi Oxy Ti TOYKH, Yepes sKi MPOXOUTh €IUHUN PO3B’sI30K
piBustHES 3 = 5 + 2y + .

4. Yu MoKyTb rpadikn IBOX po3B’g3KiB piBHAHHA y = 2 + y° 1epe-
TUHATHUCH (JIOTUKATHUCS) B JIedKiil Toqri?

5. CKiJIbKY TOXITHUX MalOTh PO3B’sI3KU PIBHSIHB:

a)y =a®+¢%% 6)y = 2ala| -y
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Jlekmnia 9. /Iludepennianbui Momeri
ILnan

1. ITobymoBa mudepeHIiabHIX MOJEIel TPUPOJIHUYINX HAYK.

2. Po3p’si3yBanis reoMeTpUYHEX 33729 32 JOIIOMOTOI0 Jde-
PEeHIiaJIbHUX PIBHSAHD.

3. Posp’sa3yBamms 3a1a4 3a J0MOMOIOI0 iHTErpabHUX PIBHSIHbD.

1. ITo6ynoBa audepeHIiaIbHIX MOJIEJIEN IPUPOIHAINX
Hayk. Ha jeximil 1 3asnadasoch, 1mo jpudepeHiiaabti piBHIHHS
€ OHNM 3 HaibiabIn edeKTUBHUX 3acO0iB MATEMATUTHOTO MOJIE-
JIIOBaHHsI OaraTbox MpUKJIAIHUX 3ajad. Oco0JMBO MIMPOKO BOHU
BUKOPUCTOBYIOTBCSI Y TEOPETUUHI MexaHir, (isu, iHIMX mpu-
POIHIYNX HAyKaX.

Posp’sa3ytoun npukJia i 3a1atdi 3a 101moMoroio gudepeniiaib-
HUX PIBHSHB, BUJIIAIOTH TaKl TPU eTallu:

a) no0yoBa udepeHIiajibHOr0 PIBHSIHHSI,

6) iHTerpyBaHHsI PIBHSIHHSI;

B) JIOCJIJIZKEHHSI OTPUMAHOIO PO3B’SI3KY.

[Ipu 1mboMy PEKOMEHIYEMO JIOTPUMYBATHUCH TAKOl MTOCTiTOBHO-
cTi Jiifi:

1) BCTAHOBUTH BEJIMYMHHU, $IKi 3MIHIOIOTHCS Y 3aJ[@HOMY SIBUII
qu 1iporieci, 1 BusiBuTH 3akoHu (hopmysin) BiIIOBIIHOT HAYKY, SKi
Il BEJIMIUHU OB’ A3yI0Th;

2) BubOpaTu He3aseKHy 3MiHHY 1 (DYHKIIO 1€l 3MIHHOI, SKY
oTpiOHO 3HAlTH;

3) BUXOJSIYM 3 YMOB 3aJiadi, BUBHAYUTHU [OYATKOBI abo iHI
YMOBH, Ki HAKJIQJAI0THCS Ha MIYKAHY (DyHKIIIO;

4) BUpa3uTU yci BeJIMYMHU 3 YMOBHU 3aJadi yepe3 He3aJIexKHY
3MiHHY, NIyKany QyHKIHO Ta i1 1oXijiHi;

5) BUXOJSIYM 3 yMOBH 3aJadl Ta 3aKOHY, SIKUil OIUCY€E 3ajaHe
SIBUIIE, CKJIACTU JU(EPEHIiaIbHEe PIBHIHHS,;

6) sinTerpyBaTu onepxkane judepeHifiaibHe PIBHAHHS;

7) SIKIIO 3aJaHi TOYATKOBI YM 1HIII yMOBH, 3HANTH YaCTHUHHUI
PO3B’SI30K;

8) mpoBeCTH JIOCJIZKEHHST OJIEPIKAHOIO PO3B’S3KY.
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Y bGaraTbox BHUIIaIKaX MO0Y/I0Ba JAUMEPEHITAILHOIO PiBHIHHS
[IEPIIIOrO IOPSJIKY I'PYHTYETBHCS Ha TaK 3BaHiil «JIHIMHOCTI 1IpO-
1ecy y MaJioMy», TOOTO Ha maudepeHtiiiopaocTi GpyHKIi, dKki Bu-
parkaloTh 3aJIe’KHICTh BeJUYMH. f1K MpaBUIIO, MOYKHA PaxyBaTH,
IO BCl BeJIMYMHMU, siKi OepyTh y4acTb y HEBHOMY IPOIECi IPOTH-
rOM MaJIOI'O0 IIPOMIXKKY dYacy, 3MIHIOIOTbC 31 CTaJIOIO MIBUJIKICTIO.
Ile mosBoJIsie 3acTOCyBATH BiOMI 3aKOHU, sIKi OIMUCYIOTH SIBUIIA,
10 TPOTIKAIOTh PIBHOMIPHO, /I YTBOPEHHS CIIBBITHOIIIEHHS MizK
guadennamu t, t + At, T06T0 BenmmunHAMHU, FKi 6€PYTH yIACTH ¥
MpOIleCi, Ta IX MpupocTamMu. Y Pe3yJIbTaTi O/Iep:KUMO PiBHICTD, SKa
Ma€ Jinie HabJIMKeHUl xapakTep, 60 HaBITh 38 KOPOTKUU MTPOMi-
JKOK 1acy BeJUYUHU 3MIHIOIOTHCS IepeBaykHO HeiHiitHo. OmgHak
SKIO IIOALIMTU OOMABI YaCTHHM OJepyKaHol piHocTi Ha At 1 mepe-
iiru 0 rpanumi npu At — 0, To oTpuMaeMo TOUHY piBHICTB. Llst
PIBHICTH MicTUTHMe Hac ¢, 3aJIe2KHI BiJl 4acy BeJIMUYMHU Ta IX M1OXi-
JHi, TOOTO OyIe audepeHItiajIbHIM PIBHAHHAM, sIK€ OIUCYE 3a/IaHe
sipuinie. Te came piBHsIHHS y jiudepentiaabHiil hopMi MOXKHA OTpU-
MaTH, SIKIo 3aMianTu npupict At Ha gudepentia dt, a IpUpPOCTH
byHKIIT — BiATOBIAHIMEI TudepeHIiaTaMM.

Takum auHOM, CKIIAI09N TUudepeHIiajibHe PIBHAHHSI, MU PO-
OuMO HIOM «MUTTEBUI Kajp» HPOIECY Y 3aJaHUl MOMEHT dYacy,
a MOTiM, PO3B’gA3yI0UM PIBHAHHS, BIITHOBJIIOEMO IIE€pedIr mporecy.
Orke, y mporeci po3B’si3yBaHHsS NPUKJIAIHUX 3a/a9 HABEIEHUM
METOJIOM JIE2KUTh 3arajibHa ijiesd AtHeapu3ayii — 3aMinn GyHKIi
Ha MaJjuX MPOMiKKaX 3MIiHU apryMeHnTa JiHiftHuMNI QyHKIigMu. |
X04a, 3yCTPIYaIoThCs MPOIIECH, JIJTsl AKUX JIHeapu3allisd HeMOXKJIINBA
(HanpukIa 1, GpPOYHIBCHKUI PyX, KOJIM HE MOXKHA BU3HATUTH IIIBU/I-
KOCTI 3MIHU MEBHUX BEJIMYKMH Y 3aJaHUIl MOMEHT 4acy), y IepeBa-
JKHIl OibimocTi BUMAIKIB MOOYIyBaTH IudepeHIiaabay MOIe/ b
SIBUINA YU [POIECY Y TAKUl CIOCIO BIAETHCS.

Bamada 1. V dui sepmukasvroi yusindpuHoi nocyoury eu-
comu H i padiyca ochosu R, 3anosnenoi 60doro, ymeopuscs Hese-
aukul omseip naowt S (puc. 9.1). Uepes axuil wac uepes omsip
gumene yca 600a, AKULO MPEMuHa 600U 8UMIKGE uepes t1 C.
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Poses’sazarns. Axmo 6 BUTIKAHHS
BOJI BiZI0yBajOoCh PIBHOMIDHO, TO
BCsd BOJ@ BUTEKJIA O 3 MOCYIUHU 34
3t1 c. OaHaK I0CiIM TOKA3YIOTh, 1110
31 3MEHIIEHHAM PIBHS BOJHA Y IO-
CYJIMHI TIBUJIKICTH BUTIKAHHS BOIU
3MeHIyeTbed. Tomy morpibno Bpa-

XyBaTU 3aJIEKHICTH MI2K TTBUJIKICTIO fr “ﬁ—‘T‘Tﬁ g H

SRR SRR )

BUTIKAHHS ¥ 1 BUCOTOIO h CTOBIIA BO-
M HaJl OTBOPOM. 3TiIHO i3 3aKOHOM
Toppiuesti

v = k+/2gh,

Jle g — INPHUCKOPEHHsI BIJIBHOIO IIa-
JiaHg, k — KoedilieHT, sSKuil 3aJie-
JKUTDH Bijl B'si3KOCTi pigmau Tta dop-
ME OTBOPY (U1t BOJM y BUNAJIKY Kpyrsioro orsopy k = 0,6).

Posrsinemo jocitizkyBanuii nmporec Ha Biapisky [¢; ¢+ At]. He-
Xail y MOMEHT Jacy t BICOTa BOAM Ha OTBOPOM CKJaJjaja h, a yepes
At ¢ Boma 3MenmmiIach i crana h + Ah, ne Ah — npupict BucOTH
(oueBnnno, Ah < 0). Toxi 0o6’em Bojm, siKuil BUTIK 3 IOCY/IUHH,
JOpIBHIOE 00’€MY BIJIIOBIAHOTO IMUJIHIPA, TOOTO

AV = —7R?Ah.

[TpummycTumo, mo Boja 3 MOCYINHNA BUJIUBAETHCH Y BUTISII U~
JHHAPUYIHOIO CTPYyMEHs, ILJIOIIa OCHOBH SIKOIO S, a BHCOTa, JIOPiB-
HIOE IIUISAXY, sIKUii TIpoiiiia Bojga 3a NPOMiKOK 4acy [t;t + At].
Ha mowarky i HAmpukidii IIbOTO BiIpI3KY MIBUJIKICTD BUTIKAH-
HdA BOIMM 3rijHo i3 3akonoM Toppivemn popisHioBana kv/2gh i
kv/2g(h + Ah) Biznosiguo. fxmo At mocurs mase, To Ah(t) Ta-
KOK MaJie 1 OTpUMaHl BUpa3’ Jijisl MIBUJKOCTI MailyKe OJIHAKOBI.
Tomy 1muIsiX, IPOiieHuii BOIOO 3a MPOMIXKOK 4acy [t;t + At], Bu-
PaskaeThCs (POPMYJIOIO (k:\/Qg—h+ a(At))At, Jie Al%IBOa(At) = 0.

Omxke, 06’eM pinuHHU, siKa BUIJIETHCS 3a IPOMIXKOK vacy [t;t + At],
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MOXKHA 3HaiiTH 3a HopMyI0I0
AV = (k 2gh + a(At)) SALt.

[TpupiBatoloun gBa Bupasu st 00'€My PiAUHU, KA BUJIAIACD
3 HOCY/IMHU 38 IPOMIXKOK vacy [t;t + At], onepxKyeMo piBHsIHHS

— TR2Ah = (k: 2gh + a(At)) SALt. (9.1)

[Mominumo obuzpi gactunu (9.1) Ha At 1 nepeiiiemo 10 rpaHuIi
npu At — 0. Ockimpku lim a(At) = 0, a lim AZ—(:) = h/(t), o
At—0 At—0

ojiepkyemMo udepeniiaibHe PIBHIHHS EPIIOro MOPSIKY

— TR2K (t) = k\/2gh S. (9.2)

.

Orpumarn pisasinas (9.2) moxkHa i iHaxme. [ocsipkyoan
MIPOIIEC TPOTITOM HECKIHYEHHO MaJIOrO IIPOMIXKKY 1acy dt, Ipury-
CTUMO, IO 3a Teil MPOMIXKOK MIBUJIKICTH BUTIKAHHS BOJU € HE3MIH-
Hoto. Tomy 3amicTs HabsmzKeHOTO piBHsAHHs (9.1) Binpasy onepixky-
€MO PIBHSIHHS

— mR%dh = k+/2gh Sdt, (9.3)

sIKe, OUEBU/IHO, € IIPOCTO 1HIIO0 (hopMOro 3anucy piBHsiHHS (9.2).
Pipusnus (9.3) — piBHSHHS 3 BIJOKPEMJIIOBAHUME 3MIHHUMIU.
3inTerpyemo itoro:

—7R? dh —V21R?
dt=———"—F = t=—""+h+C =
V29k5 V/h VGRS
t=C— AVh, (9.4)
Je crana A = ‘/\/igfkf 3ajIeKUTh Bisl po3mipiB i dopmu orBODY,

B’SI3KOCTI PiAMHN Ta JesTKuX IHIMNX (QI3SUTHIX TapaMeTpiB, a craja
C' € noBinbHOW0 (1€ cTasa iHTerpyBaHHsi). SHARIEMO I1i CTaJI.

Ba ymosoro 3a1a4i h(0) = H (Ha noyaTky BiJyliKy BUCOTa CTOB-
na Boau gopisaioBasta H). Ilincrasiasmoun y (9.4) t =01 h = H,
smaxomumo crany C = AvVH.
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Cramny A snaiizemo 3 ymosu 3aia4i h(ty) = %H . 3Bijgcu
2H 131

t1=AVH - Ay/— = A=(3 6)—.

L= AV =AY B+vO TR

[Migcrapisiroun 3Haiigeni snavendst cramux A i C'y dopmyity
(9.4), onepzKy€eMO 3aKOH 3MIHU Yacy BUTIKAHHS BiJl BUCOTH CTOBIIA

BOJIU: VI VR
VH

3 (9.5) sierko 3HaxoxumMo vac T’ HOBHOIO BUTIKAHHS PIMHU 3

t=(3+6) t1. (9.5)

IIOCy/INHNI:

MT)=0 = T=3+V6)t.

SayBaxkuMmo, 110 3Haiijene 3Haderss 1 npubsmsno y 1,82 pazu
Oinbite 3nadents 3ty, ke OfepXKaju y HUPUIYIIEHH], 0 piauHa 3
Mocy/InHu BUTiKae piHOMipHO. H

3Bu4aiino, 1m0 po3B’gA30K 3a4a4i 1, He € TOYHUM, aJ?Ke MU 3He-
XTyBaJId, HAIPUKJIAJ, SIBUIIEM KAIJISPHOCTI (a BOHO € CyTTEBHM,
SIKIIO JIIaMeTpP OTBOPY MaJinii), 3aBUXPEHHSIMU PIJINHU Ta, JIEeSTKUMU
inmumu paxkTOpaMu.

Y baratbox 3ajlavax CKJAJIaHHS JdEepeHIiaJbHuX Mojesieit
MOJIETTIIYETHCA TUM, 10 BiAIOBIIHUI 3aKOH HAYKHU IOB’s3y€ MiK
006010 3HAYEHHSI JAESIKOl BEJWMYMHH 1 MBUAKOCTI 1T 3Mminu abo 1mo-
B'sI3y€ 3HAYUEHHSI BeJIMYINHU, MIBUIKOCTI 11 3MIiHU UM MPUCKOPEHHS.
Haenemo mekinbKa TaKnX 3aKOHIB:

— npyruii 3akon Hptorona (F' = ma, ne m — maca Tina, a —
IPUCKOPeHHsT pyXy, F' — cyma cui, mo ioorh Ha Ti10) 1 noximHi
BiJl HBOIO 3aKOHU 30€pekKeHHsI eHepril, KiJIbKOCTI PyXy, iMITy/IbCy
TOTIIO;

— 3aKOH BCECBITHBOTO TsixKiHHst (F = km;Q”Z, Je mi, mg — Macu
JIBOX TLJI, 7 — BijicTanb MK HuMH, k — KoedilieHT nponopuiiiHocti);

— 3aKOH PO3YMHEHHs PeYOBUHM (IIBUJKICTH PO3YMHEHHS [1PO-
MopIiifiHa HagBHIN KIJTHKOCTI HEPO3YMHEHOI PEYOBUHU Ta PI3HUIL
KOHIIEHTPAIIl HACHYEHOr0 PO3YUHY 1 PO3UUHY y MEBHUU MOMEHT
aacy);
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— 3akon Kipxroda (amrebpudna cyma cuia cTpyMiB, siKi IIpoTi-
KAIOTh y MEBHIN TOUIll €JIEKTPUIHOTO KOJIA, JIOPIBHIOE HYJIIO);

— 3akoH Pyp’e (¢ = —)\(T)d—g, Jie ¢ — IUTOMMUIT MMOTIK TeIIOTH,
AMT) — xoedinienT TemIONPOBIHOCTI cepeoBUIIA, % — IIBUJI-
Kictb 3Mmiau temueparypu 1') 1 anasoriunuii 3akon HepHcra mpo
mudy3ito pedoBUHH;

— 3ak0H HbIoTOHA 1IPO OXOJIOZKEHHsT Tiia (IIBUIKICTH OXOJIO-
JIPKEHH¢ TijIa IPAMO IIPOIIOPIIiiiHA PI3HUIN TeMIIepaTyp Tijia Ta OTO-
YYIOUOrO CEePEeJIOBUINA);

— 3akoH ['yka (cujia mpyzKHOCTI IPYKUHY [IPOTOPIiiiHa i1 Bu-
JIOBZKEHHIO) TOLIIO.

[Turanas mpo BiamoBiaHicTh AudepeHIiaJlbHol Moges i peaib-
HOT'O SIBUITIA BUBYAETHCA HA OCHOBI aHAII3Y PE3yIbTaTIB JOCTITY Ta
IX MOPIBHAHHSI 3 MOBEIIHKOIO PO3B’SI3KY OHEPrXKAHOIO JIudepeHIili-
aJbHOTO PIBHSAHHS.

Bana4ga 2. Tiao, Axe 6 NOYAMKOSUT MOMEHM HACY MAE TEM-
nepamypy 1oy, nomicmuau 6 cepedosuuie, 6 AKOMY NLIMPUMYEMBCA
memnepamypa T . Busnavumu 3aKoH 3MIHU MEMNEPAMYPU MIAG.
Poss’azanns. Hexait T(t) — Temneparypa Tijia B MOMEHT 4acy
t. 3a 3akonoM Hbrorona npo oxosopkensst rina dyskiis T'(t) 1o-
BUHHA, 338/[0BOJIbHATH DIBHSIHHS

ar

— = —k(T(t) - Th), (9.6)

ne k > 0 — koedinienT nponopuiiiHocTi (3HAK «MiHYC» y IpaBiii
gactuHi piBHsiHHs (9.6) BiIUIOBiZAa€ eKCIIEPUMEHTAJLHUM JIAHUM:
skio 1'(t) > Ty, To TemueparTypa Tijia 3MEHIIYEThCs 1 IBHUIKICTD
i1 3MiHM Bij'eMHA, 1 HABIIAKN).
Ockinbku (9.6) — piBusgnus surusny y' = f(ax + by + ¢), ske
BHBYAJIOCH Ha JIEKIHT 3, To Bukonaemo 3aminy u(t) = k(11 —T'(t)):
/
u du
T'=k(I1 -T) = L Eu = — =—kdt =
U
Inju|=—kt+C = u=Ce*

T(t) =T, — Ce™*, (9.7)
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ne C — noBliabHA cTaJa.

Bpaxysasmiu nouarkoBy ymoBy 1'(0) = Ty, 3 (9.7) 3Haxomaumo
C =Ty —1Tp, a oTKe, OCTATOTHO BUBOAMMO 3aKOH 3MIiHHU TeMIlepa-
TypHU TljIa 3aJI€2KHO BiJ| 4acy:

TW) =T+ (Top —T1)e ™. =

2. Po3B’ss3yBaHHs reoMeTpUYHUX 33a7a4 324 JIOINOMOTOI0
andepeHIiaIbHUX PiBHAHL. Y 0ararbox 3a/a49ax eOMEeTPU-
9HOT OnTHKM, Kaprorpadil Ta IHIIKUX 00JACTell HAYKU BUHUKAE
HeOOXiMHICTh y 3HAXOKEHHI KPUBHUX 3a MEBHUME BJIACTUBOCTSI-
MU IPOBEJIEHUX J10 HUX JOTUIHUX. OCKUIBKU KyTOBHIT KOEMIIIEHT
gotudHol 10 rpadika GyHKINT [TOPIBHIOE 3HAYEHHIO TOXiTHOI ITiel
GYHKINT y TOYIl JOTUKY, TO TaKi 3a/adi 3pydHO PO3B’si3yBaTH 3a
IOTIOMOTO0 AudepeHIiaTbHIX PIBHSIHD.

Posp’sa3ytoun reomerpudHi 3ajadi 3a JIOIOMOTOI0 JTU(EPEHTIT-
aJbHUX PIBHAHB, PEKOMEH/IYEMO JIOTPUMYBATUCH TAKOT'O AJTrOPH-
T™Y:

1) 3pobuTn pUCYHOK 1 BBECTU MO3HAYECHHSI;

2) BIIOKPEMUTH YMOBH, sIKi CHPABIRKYIOTHCsI B JIOBLIbHIN TOYII
MIYKaHOl JIiHiI, Bl yMOB, fKi CIPaB/ZKYIOTbCs JIAIIE Yy OKPEMUX
TOYKaX, TOOTO BiJ MOYATKOBUX YMOB;

3) BUpA3UTH BCl BEJIMUMHU 33J1a9i Yepe3 KOOPAMHATH JIOBLILHOT
TOYKHN 1 3HAYEHHS TOXIHOI y Il TOYIl, BPaXOBYIOUHM T'€OMETPH-
YIHII 3MICT IIOXiTHOT;

4) 3a ymMOBOIO 33/1a4l ckyacTu rudepeHifiaibHe PIBHIHHS, KO-
MY 3aJI0BOJILHSE ITYKaHA KPUBA;

5) 3HANTH 3arajbHUil PO3B’S30K IbOI0O PIBHSIHHS 1 OTPUMATH 3
HBOT'O TIEBHUII YACTUHHUN PO3B 30K, SIKUil 33, 0BOJIbHSIE TTOYATKOBI
YMOBH.

Bamada 3. 3natimu kpusy, y axoi eidcmarns 610 do6iavHOL do-
muurol do novwamxy xKoopduram dopieHI0e abCuuct MoKy JomuKy.
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y
y= f(x)
M(z,y)
@
Yy
e} i
A 0] r B T
Puc. 9.2

Poss’azanns. Hexait M (x,y) — nosinbaa Touka kpusoi y = f(x).
[Iposenemo y miit Touni goruany M A, y' = tga (reomerpuannii
amict noxignoi) (puc. 9.2). Tpukyrauku OCM i1 OBM pishi (3a
ymosoto OC = OB, a rinorenysa OM cuinbra), a tomy ZMOB =
= /MOC. Ockinvku ZAOC =% —a, To ZMOB =% (3 +a) =
= 7 + 5. Tenep 3 Tpuxyrauxa O BM maemo

Y (7r a>_1+tg% N a y-—=z

==tg(-+5) =75 tg o = :
x AV 1-tgg L) y+x

tg g . .
—F >3 a 1 CIIIBBLJITHO-
1-tg2§ a
nreHHs tg a = 3/, omep:kyeMo audepeHiiaabHe PiBHIHHS

Hapermrri, BukopucroBytotun popmyny tga =

y/ _ y2 — z?
2zy
OckiibKY 1ie PIBHSIHHS OJHODIiIHE (JIEKIlist 3), TO BUKOHAEMO 3aMi-
HY Y = Ux:
d 2ud
o0 o e+ +1)=W2C] =
T us+1

?4+y?=4Cz = (x+C)2+42=C2%

OrKe, HABEIEHOI B YMOBI 3a/1a1i BJIACTUBICTIO BOJIOJIE KOXKHE
koJ10 pajiyca C 3 nearpom y touni (+C;0). B
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3. Po3B’si3yBaHHA 3a/1a4 3a AOIIOMOrOI0 iHTErpaJibHUX
PiBHsIHB. Y JIeKUX BHUIIAJIKAX PO3B’si3yBaHHS 3aJia9 [IPUBOIUTH
0 PIBHSHD, 9Ki MICTATH IMIyKany (OYHKIHIO ITiJ 3HAKOM iHTerpa-
Jia, TOOTO THMEe2PANbHUTL PI8HAMG. [HTerpasbHi pPiBHSAHHS BU-
HUKAIOTh, 30KPEMa, KOJIM BUKOPUCTOBYETHCSA T€OMETPUYHUN 3MiCT
BU3HAUYEHOI'O IHTerpaJia gK ILIOINIl KPUBOJIHIAHOI Tpalenil Ta 1HII1
inrerpasbui bopMysn (JIOBXKUHM JyT'd, ILIONL [OBEPXHi, 00’eMy
Tija ToIme). Y MpoCTiMX BUNAKAX Mic/st AudepeHIiioBanHs 1H-
TerpaJjbHi PIBHSHHSI BIAETHCS 3BECTHU 0 AUQEPeHIiaIbHAX.

Bamada 4. 3natimu kpusy, s kootchoi mouky M axoi ab-
CUUCA YEHMPa 6a2U KPUBOAIHITHOT mpaneyii, obmedcenoi ocamuU
Koopduram, dyz010 yiei kKpueoi i 6idpidkom, uo 3’ednye mouxy M
3 i1 npoexuyicio Ha 6icy abcyuc, JopieHIOE MPemuHi abCUUCY Uiel
MOYKU.

Pozs’sazanns. Binomo, mo abciuca 1eH-
Tpa Baru yTBOPEHOI KPUBOJIIHIIHOI Tpalre-

il (puc. 9.3) BupaxKaeThcst GOPMYJIO0 Y
x
Jty(t)dt
0
To= B
ooy v =ula)
0
L B M(z,y)
Jie t — 3miHHaA iHTerpyBaHHd, a y = y(t) —
PIBHSHHS TTYKAHOI KPUBOI. {
3a ymoBolo 3ajia4i Tg = 3, TOOTO O] %o *
Puc. 9.3
x x
57
/ty(t)dt = g/y(t)dt.
0 0

SaudepeHIiioeMo 001ABI YaCTUHH OJEPyKAHOIO 1HTErPaIbLHOIO
PIBHSHHS 33 3MIHHOIO X:
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Judepenrioodn 1e oauH pa3, OIep:KYyeEMO IudepeHIiaibae
piBHSHHS
2zy +y=0.

Ile piBHAHHSA 3 BIJIOKPEMJIIOBAaHUMH 3MIHHUMH, HOro 3arajbHAM
’ - C
POSB #A3KOM € § = 7. |

Pexomendosana aimepamypa: |5, c. 37 — 56], |8, c. 9 — 26],
[14, c. 8 — 44], [15, c. 71 — 88|, [17, c. 5 — 226].

ITuranuga mo Jjgekirii 9

1. dxumu € ocHOBHI eTanu po3B’d3yBaHHS 3312 IPUPOIHITINX HAYK
3a JIOTIOMOTOI0 MuDePEHIATbHIX PIBHAHD !

2. Hasenites npukiiagm 3akoHiB (Di3uKM, siki BUKOPUCTOBYIOTHCS IIPH
o6y IOB1 TudepeHITiaIbHIX MOJIEIeH.

3. fx 3a gomomMoroo gudepeHItiaIbHIX PIBHAHD PO3B’sI3yBATH T'€O-
MeTPUYHI 3a/1a9i7?

Bnopasu go jsekiiii 9

1. KinpkicTs cBiT/a, M0 TOTJIMHAE AP BOJIU MAJIOl TOBIIUHU, IIPO-
mopItiiina 70 KiJIbKOCTi CBiTJIa, 1110 T8 1a€ Ha HbOTO, 1 ToBmMHI mapy. [Tlap
BOJIM TOBIIMHOIO 35 CM IIOTJIMHAE TTOJIOBUHY CBiT/Ia, 1O Ta/Ia€ Ha HBOTO.
fKy yacTuHy CBiTJIa TOTJIMHAE AP TOBIUHU 2 M7

2. Kyns, pyxaouncs 31 mBuakicrio vg = 350 M/c, npobusae crimy
roBumuo h = 0,25 M i Busitae 3 mel 31 mBuikicTio v;7 = 90 Mm/c.
BBazkatoun, mo cua omopy CTiHE MPOIOPIHHA KBaJIPaTy IIBUIKOCTI
KyJIi, 3HAATU TPUBAJIICTD PyXy KyJ y CTiHI.

3. Buznaure kpuBy, BCi JOTUHI /10 KOI ITPOXOJIATH Uepe3 MOIaTOK
KOOD/TMHAT.

4. Busnaure KpuBy, KO2KHA JTOTUYIHA 10 AKOI YTBOPIOE 3 OCSIMHU KO-
OPJMHAT TPUKYTHHK ILIOIY 2a2.

5. Busnaure Kpusy, sika poxoauthb depe3 Touku (0;0) 1 (1;1) i obme-
JKy€ KpHUBOJIHIHY Tpanerito 3 ocHopowo [0; x| i muromero, sika mpormop-
miitaa yt.
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Homaroxk 1.

3acTocyBaHHA MaTeMaTH4YHOro nmakera Maple
JJI iIHTerpyBaHHA 3BUYAHUX JudepeHTiaTIbHUX
PiBHSIHb IIEPHIOT0 HOPIAIKY

CroroJiai MaeMo 4UMaJIO CHEIAJbHIX MATEeMATUIHUX TAKETIB
KOMIT FOTEPHIUX IIPOrpaM, sKi J03BOJISIOTh PO3B’si3yBATH Pi3HOMA-
HITHI MaremaTnuHi 3amadi. Maremarnanuii naker MathCad opi-
€HTOBAHWII, eI 3a BCe, Ha 3IIICHEHHS YHCJIOBUX PO3PaAXyHKIB.
ITakern MATLAB, Scilab, Octave i FreeMat crsopeni nepejgoscim
JIst pOOOTH 3 YUCJIOBUMH MATPHIAME 1 BEKTOPAMHU 1 MaOTh OyTH
3PYUHUMU I 1HKEHEePHO-TeXHIIHUX MpaliBHuKiB. Maremarutmi
nakeru Maple, Mathematica, Maxima i MuPAD pospaxosani ma
3/ifiCHeHHST CUMBOJIbHUX (TOOTO aHAIITUYIHUX) OOUUCIIEHD.

[IpakTuuno BCi i HMAKeTU JIO3BOJISIIOTH PO3B’sizyBaTH ude-
peHIliasbHi piBHSHHS YuCIOBUME (HAOIMKeHUMM) MeTogamMu. Ajre
OCTaHHs TPyla MATEMATUYHUX IAKETIB JO3BOJISE€ TAKOXK 3HAUTHU
TouHMH (AHAJITUYIHUI) PO3B’SI30K y TUX BHUIIAJKAX, KOJM DIBHSH-
Hsl IHTErpyIOThCs y CKIHIEHHOMY BUTJISI.

OsHUM 3 HaAWOIJIBIN TOMYJIAPHUX 1 MOTYXKHUX € [AaKeT aHaJi-
TUIHAX OOYMC/IeHb 1 Ync/ioBuX po3paxyHkiB Maple. Posrisnemo
3aCTOCYBaHHsS caMe MOro Jio po3B’s3yBaHHs 3ajiad Teopil jude-
PEHIAJIBHUX PIBHSHB. 3 OCHOBaAMHU POOOTH 3 IMM MAKETOM MOXKHA
o3HAHOMUTHCH Yy nofaTKy 6 (crop. 333).

Jlist po3B’sizyBanHs 3BUYAlHUX MUQEPEHIaIbHIX PIBHIHDL Y
nakeri Maple BUKOpUCTOBYIOTH KOMAH Ty

dsolve(piBHsIHHSI, HEBIIOMA, OIIIiT)

[Tapamerp «HeBiOMa» BU3HAYa€ HeBiOMY GbYHKIIIO (pO3B’si-
30K) AudepeHIiaabHoro PIiBHSHHS, a HEeOOOB'SI3KOBHII IapaMerp
«omIii» — popMy HOJAHHSI PO3B’SI3KY 1 METOJ HOIro BiIIIyKaHHSI.
st 3amanns oximHOl y audepeHIiajbHOMY DIBHIHHI MOXKHA,
BUKOpUCTOBYBaTn KoMaHay diff abo omeparop D, mpudoMy camy
dyuKIio Tpeba 3alMCyBaTH 3 sIBHUM BKA3YBAHHIM HE3AJIEZKHOI
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3MIHHOI, HAITPUKJIA/T, y(a:) Omeparop D Mae HACTYITHUIT CUHTAKCHUC:
(DeOn) (dbyuxis) (3minaa)

Y npomy 3amnmci n — MOpsIoK noxigHol. dAxio n = 1, To 3aMicTh
[EPIOTO BUPA3y y JyKKax MoxkHa mmcaru mnpocto D. Komana
dsolve, SIK TpaBWIO, 3HAXOANTDH JIUIIE 3araJbHUI PO3B’SI30K 1 He
3aB2KJIM HABOJUTL ocoOsmBi. 3reneposani Bejmunnun _ C1,  C21i
T. JI. TIO3HAYAIOTh JIOBLJILHI CTaJI.

Skimo nmorpibHo po3s’sizaTu 3aaa4y Ko, To mepimmM mapame-
TpoM KOMaH 1 dsolve moBuHHA OyTH MHOXKUHA, STKa CKJIAIAETHCS
3 PIBHSIHHS 1 IOYATKOBUX yMOB (depe3 KoMy y (DirypHUX JIy?KKax).

[IponemoncTpyemo Buxopuctanus Maple s po3s’s3yBanHs
NPUKJIAIIB 3 IHONO po3iiay. ¥ Jeskux Bumajkax Maple mgae
POBB’sI3KM, SIKi 3BOAATHCS 10 OTPUMAHWUX BUIME BiIOBimeil Iis-
XOM TI€PETBOPEHb.

Ilpuksax 1. SnHaiitu 3arajbHUl PO3B’SI30K pIBHSHHS 3
Bimokpemmopamnmu sminnmvu (y — 22y)dy = (¢ — xy?)dr (upn-
ka1 jekuii 3, crop. 38):
> dsolve ((y(x)-x"2xy(x))*D(y) (x)=x-x*xy(x)~2,y(x));

y(x)=+\/1— C1+ Ciz2 y(x)=—-/1—_ Cl+ C1az2

Ipukmaax 2. inrerpysaru pisuanns y' = (4 +y+5)% (npu-
ka2 jekiii 3, crop. 39):
> dsolve(D(y) (x)=(4*x+y(x)+5)~2,y(x));

y(z) = -5—4x —2tan(—2z+2_C1).

Ilpukiazn 3. 3HaliTi 3arajbHUN PO3B’SI30K OMHOPIIHOTO PiB-
usinbst ydz + 2,/rydy = xdy (upukiazs 3 aekuil 3, crop. 40):
> dsolve (y(x)+2*sqrt (x*y (x))*D(y) (x)=x*D(y) (x),y(x));

In(y(z)) + —— — _C1 =0,

zy(z)
Ilpuksam 4. Po3s’ss3aru ogHopigHe piBHAHHSI

/ Yy

2 +y2+z
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3 Jieknii 3 (crop. 41), ne piBHsAHHS 0yJI0 OTpUMaHe IIPU PO3B’sI3y-
BaHHI 337124l 1ipo opmy 3epKasa (3agada 3 Jjekil 1, crop. 18):
> dsolve(D(y) (x)=y(x)/(sqrt(x~2+(y(x))~2)+x),y(x));

2 2
U0 NP S
(y(z)) (y(z))
Posp’sizkemo ocTanHe piBHsIHHSI BITHOCHO ¥():
> isolate(%,y(x));

JIT Clz

y(@)=—2—7¢

IIpuknap 5. Sinrerpysaru pisusians (r—2y+3)y’ = 1—y—2x
(upukiag 4 seknii 3, crop. 43):
> dsolve((x-2%y(x)+3)*D(y) (x)=1-y(x)-2%x,y(x));

(5x+1) C1 5(52+1)2 C1%2+4
z — 2 + 2
)

a 5 ClI ‘ (1)

[lepekonaemocn, 10 oTpuMana (MYHKIIS 38/I0BOJILHSIE 3arabHuil
inTerpas nporo piBuanug y? — 22 — xy + x — 3y = C, 3naiigenmnii
ua crop. 44. Jlnsa mporo mizcraBuMo 11y HOro JiBy YacTUHY, CKO-
pHUCTaBIINCL KOMaH 1010 simplify:

> y:=7/5-1/5%(-1/2x (5xx+1)*_C1+1/2% (5% (5*x+1) ~2*%_C1~2+

4)~(1/2))/_Cl: simplify(y~2-x"2-x*y+x-3%*y);

55 _C1%2-1
25 C12

Orpumanuii Bupas crpas/i € crajo. OCKiIbKY 3arajbHUl iHTe-
rpajl € MHOI'OYJIEHOM JIPYI'Or'O CTEIEeHs BiJHOCHO Y, TO HOBUHEH
OyTu 1e oJMH PO3B’sI30K, siKuiil BijpisHsaTuMeThes Bij (1) 3HAKOM
nepesl KBaapaTHuM Kopenem. [leit p03B "30K, HAK i Ba OCO6JH/IBI/IX
PO3B’si3KM piBHsIHHS (Y = H'\/_:1: —|— + \1/0_, = \/_x +3 > \1/05),
Maple BijnykaTn He 3Mir.

Ipukian 6. 3uaiiTn 3arajbHuil po3B’sI30K piBHAHHA Y =

_ x—2y+3 = =Y.
= oo iy T (mpuksiaz 5 siexnii 3, crop. 45):



116 Poszin 1. JUO®EPEHIIIAJIBHI PIBHAHHS ITEPIIIOTO ITOPSIKY

> dsolve(D(y) (x)=(x-2%y (x)+3)/ (2*x-4*y(x)-1) ,y(x));

1 =z T-28z+28 CI
y@)=—3+5 - 1 ;
1 z I=28z+F28_0C1
y(:z:)——1+§ 1 .

3po3ymiso, mo orpuMani MYHKIHT — PO3B’SI3KH BiJIHOCHO 3MIHHOT Y
KBaJIpATHOTO piBHsAHHA 12 — 42y + 4y? 4 62 + 2y = C, ke € 3Ha-
fieHuM Ha crop. 45 3arajbHUM IHTErpajioM 3aJaHOTO JTudepeH-
iaJbHOrO PiBHSIHHSA. Y IIHOMY JIETKO IIE€PEKOHATUCH, PO3B’SI3aBIIN
3arajJbHUil iHTerpaj BIJIHOCHO 3MIHHOI ¥ 3a JOTIOMOIOI0 KOMAaH TN
solve:

> solve (x"2-4*xx*xy+4*xy~2+6*x+2xy=C,y) ;

1 = V1-28z+4C 1 x+\/1—28x+4C
4 2 4 4 2 4 '

IIpukJiazn 7. 3inrerpysaru Jiniiine piBHsaHnsA y'+21y = 2we=
(upukiiag 1 sieknii 4, crop. 50):
> dsolve(D(y) (x)+2xx*y (x)=2*x*exp(-x~2) ,y(x));

2

y(z) = (2> + _C1)e ™.

IlpukJiaz 8. SHaiiT 3arajbHUN PO3B’sI30K piBHSIHHS BepHyi-
moy + 2xy = 2xex2y2 (mpukstas 2 Jjiekiii 4, crop. 53):
> dsolve(D(y) (x)+2xx*y (x)=2*xx*xexp(x~2) *y (x) ~2,y(x));

)
e:r

y(z) = —z24+ _C1°

Ilpukiazm 9. 3uaiiTu piBHSIHHSA KPUBHUX 3 3ajadi 1 Jjiexril 4.
Ha crop. 55 6ys10 orpumano mudepeniiiaabie piBHIHHS ITyKa-
Hol cim’i kpusux 4y’ — y/x = —q? /x. 3inrerpyemo iioro:
> dsolve(D(y) (x)-y(x)/x=-y(x)~2/x,y(x));

y(z) =

z
r+ _C1°
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IlpukJiaz 10. 3HaliTi 3araJbHUil PO3B’s130K piBHAHHSA PiKKaT
y=y>— < ;—2 (mpukstas 3 ekl 4, crop. 57):

> dsolve(D(y) (x)=y(x)~2-y(x)/x-4/x"2,y(x));

(z) = 2¢*+2 (1
A z(_C1 —z%)

Ilpuksazm 11. 3iarerpyBaru PiBHSIHHS y OBHUX Jin(DEePEHTIIi-
anax (x +y% +sinz) dr + (2xy + cosy) dy = 0 (npuxmaz 1 mexil
5, crop. 61):
> dsolve (x+y(x) ~2+sin(x)+(2*x*y(x)+cos(y(x)))*D(y) (x)=

0,y(x));

1‘2

5 + y(z)%x — cos(z) + sin(y(z)) + _C1 =0.
Ilpuksan 12. 3uailTu 3arajbHUl  PO3B'S30K DPIBHSIHHS
(2zy% —y) dx+ (y® + 2 +vy) dy = 0 (mpukaay 2 mekwii 5, cTop. 64):
> dsolve (2*xxy (x) ~2-y (x)+(y(x) ~2+x+y (x) ) *D(y) (x) ,y(x),
implicit);

22— —— +In(y(x)) + y(z) + _C1 =0.
y(x)
Honarkosa oriiisg implicit 103BOJIsI€ 3HAXOIUTU PO3B’SI30K y He-
gapHiit dopwmi. BimcyrHicTs MOmy/Ist B aprymenTy Jjorapudma He €
IIOMUIJIKOIO, 00 BCi obumcaeHdst y Maple 3a 3aMOBYyBaHHAM 31iii-
CHIOIOTBCS Y TIOJII KOMILIEKCHUX YHCEsI, 3HANACHUN PO3B 30K TexK
MO2Ke Oy Ty KoMILIeKCHO3HAaIHIM. [1iniOpasiiu Bi OB THUM TUHOM
JOBIIbHY CTaJly, dKa MOXKe OyTH KOMILIEKCHOIO, JIETKO BHIIJINTH
JHCHO3HATHI PO3B’sI30K. 3HAIIEMO TaKOXK IHTErpyBaIbHUN MHO-
JKHUK IIBOI'O PiBHSHHS, CKOPUCTABIINCH KOMaH0i0 intfactor 3
naxkera DEtools:
> DEtools[intfactor] (2*x*y(x) ~2-y(x)+(y(x) ~2+x+y(x))*
D(y) (x));
1
y(z)?

Ipukmax 13. Binrerpysaru pisusmna (223y% — y)dz +

+ (22%y® — 2) dy = 0 (mpuxnan 3 mexmii 5, cTop. 64):
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> dsolve (2xx~3*y(x) ~2-y(x)+(2*xx~2*y (x) ~3-x)*D(y) (x)=0,
y(x),implicit);

1
_Cl+2?+——+yx)? =0
y(x)z
3HaiiIeMo TAKOXK IHTerpyBaJIbHUN MHOXKHUK I[HOIO DIBHSIHHS:
> DEtools[intfactor] (2*x~3*y(x) ~2-y(x)+(2*x~2*y(x) ~3-
x)*D(y) (x)=0) ;
1 1
y(@)?z?"  z(1+2y(@)® + 2%y(2)) y(z)
[Iporpama smaiiniia aBa iHTErpyBATLHUX MHOKHUKI.

Ilpukiana 14. 3uaiitu iHTErpyBaJbHUI MHOXKHUK DiBHSIHHS
(y/z + 32%)dz + (1 + 23 /y)dy = 0 (mpuknaz 4 mexmii 5, crop. 69):
> DEtools[intfactor] (y(x)/x+3*x~2+(1+x~3/y(x))*D(y) (x)=

0);

1
2y(z) + 323

YV npoMy BHIAJIKY [porpaMa HaBeJa IHTerpyBaJIbHUII MHOXKHUK,
AKUI BLIPI3HAETHCA Bl IHTErPYBaJIbHOIO MHOXKHUKA, 3HAl/IEHOIO
y npukjiam 4 jekmnil 5. Ajie e it He auBHO, 60 iHTErpyBaJBLHUI
MHOXKHHK He € €MHIM (Teopema 2 JieKIii 5).

IIpukman 15. 3inTerpysaru nesBHe piBHsIHHS Y2 — 9 W =0
(mpukitaz 1 srekmnii 6, crop. 71):
> dsolve(D(y) (x)"2-9*y(x)~(4/3)=0,y(x));

y(:z:)(ﬁ) —x— C1=0, y(m)(%) +x— C1=0.

BHaiimoBIm 3 ocTaHHIX piBHOCTEH Y(Z), OTPUMAEMO 3arajbHUii
PO3B’s130K mpuKiaay 1 Jrekiil 6. OcobmuBuit po3s’sizok y = 0 mpo-
rpama He 3Hailiia.
Ipuknazn 16. 3inrerpysaTu HesiBue piBHsHHS 227 2 +2zyy’ +
+y? — 4x = 0 (mpuknax 2 jexmuii 6, crop. 78):
> dsolve(x~2xD(y) (x) ~2+2*xxy (x) *D (y) (x) +y (x) ~2-4%*x=0,
y(x));

4 C1 4 C1
—$+_ y($)=$+— .

y(l‘) = z T
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[Iporronyemo wmradaM CcaMmoOCTiifHO 3iHTErpyBaTu PiBHIHHS
y'3 — 5y’ + 7 = 0 3 npukiany 3 jexuii 6 (cTop. 79) 3a I0MOMOroI0
nakera Maple i mepecBiTIuTHCE, 10 IpPOrpaMa MIyKae PO3B I30K Y
SBHOMY BUIJIsl/Il HABITH 11D BUKOPHUCTaHHI omiil implicit.
Ipuknang 17. 3inrerpysaru pisugnng y = y'2 — 3zy’ + 322
(mpukitaz 1 siekmii 7, crop. 82):
> dsolve(y(x)=D(y) (x)~2-3*x*D(y) (x)+3*x"~2,y(x));

() 32 () _C1%z?+ Cl(z_C1+2)zx+2
) = —— xTr) =
Y 1Y 2_C12 ’
_C1%x%+ Cl(z_C1—2)x+2
y(z) = 5 ;
2 C1
2 (-z-2_Cl)zx 9
2 (~z+2_C1
y(ﬂf):%—< s 2—C >x+_012.

Ha neprmii morysia TyT € 1'sTh Pi3HUX PO3B A3KiB, aJie HACIIPaBIi
BCi, KpiM IIE€PIIIOro, PO3B’SI3KN MIJISIXOM HECKJIAIHUX IIePeTBOPEHD i
IIepero3HavueHHsT CTAJINX MOYKHA 3BECTU OJUH JIO OJIHOIO. ¥ IBOMY
JIETKO IIEPEKOHATHUCH 3& JOIOMOIOI0 KoMaHau simplify:

> simplify ({%});

{y(x) = z? —z Cl1+ _012, y(r) = —,

_C1%z?2 —z C1+1

y(z) = N , y(:z:)::c2+x_01 + _C1?,
(z) = _C1%2%2 4z C1 —1—1}
v = _C1? '

Ipuknanx 18. 3iarerpysaru pisnsuus x = 34 + 2y (npu-
KJ1aJ1 2 Jekiii 7, crop. 83).
Ckopucraemocst onrisimu implicit i parametric:
> dsolve(x=D(y) (x) ~4+2*D(y) (x) ,y(x) ,implicit,
parametric);

o T)= _T*42 T, y(_ T)= T+ T?+ (1.

(SRl
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Besmunna T nosnaudae napamerp (po3B’si30K 3HaiijleHO y napa-
MerpuuHiii dopmi).
Ilpuksana 19. 3Haiitu 3arajgbHUil po3B’si30K piBHsIHHS Jla-
rpamka y = 2xy’ — Iny' (npukiaz 3 sekuii 7, crop. 84).
Ckopucraemocst omiero implicit:
> dsolve(y(x)=2xx*D(y) (x)-1n(D(y) (x)),y(x),implicit);
x(_T) = LTEC]’ y(_T) = Q—T_‘_iT—CZ _

In(_T).

Ipuknaz 20. 3inrerpysaru pisuanus Kiepo y = zy’ — y?
(mpukitag 4 sieknii 7, crop. 85):
> dsolve (y(x)=x*D(y) (x)-(D(y) (x))~3,y(x));
2

2 G G
y(x) = —5\/53:%, y(x) = 5\/5335, ylz) =z _C1 — _C13.

Ilpukman 21. Posp’s3aru 3ajady mpo 3pOCTaHHS KiJIbBKOCTI
HayKoBuX Iybuikariii (3amada 1 jekmii 1).
B . .
Ha crop. 15 orpuman nudepeniiaabie PIBHIHHS, SKE OIMUCYE
3pOCTaHHS KUIBKOCTI HAYKOBUX IIyOJIiKAIliii:

y'(t) = ky(t).
3inTerpyeMo 1 pIBHAHHS, BPAXOBYIOUHM ITOYATKOBY YMOBY
y(0) = yo:
> dsolve ({D(y) (t)=kx*y(t),y(0)=y0},y(t));

y(t) = y0 et

3HaiijgeMo Tenep 3a J0IOMOIOI0 KOMaH U solve Hesigomuil yac T’
3 nonarkoBol ymosu y(1') = 2yg, skio koedimient k = 0,07:
> solve(yO*exp(0.07*T)=2%y0,T);

9.902102579.

IMpuknan 22. Biurerpysaru pisusinnsg y' = ky(M — y) (upu-
KJiaJ1 micotst 3aza4di 1 jekuii 1, crop. 15):
> dsolve(D(y) (t)=k*y(t)*(M-y(t)),y(t));
B M
Cl4e Mt C1 M

y(t)
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Ipuknang 23. Poss’asaru 3aja4dy 1po pyx 4YoBHa (3aja4a 2
Jekii 1).

Ha crop. 17 6ymo orpumano gudepeniiaibie PiBHSIHHS, sKe
OIIMCYE PyX UOBHA: p

g 2
ma = kv”.

Binrerpyemo ioro, Bpaxysasiiu nodarkoBy ymoBy v(0) = 3:
> dsolve ({m*D(v) (t)=k*v(t)~2,v(0)=3},v(t));

3m

0= C3kt—m

3HajijeMo Terep HeBiJoMe CIIBBIIHOIIEHHS MiXK m 1 k 3 jo1a-
TKOBOI ymoBH v(4) = 1:
> solve(-3*m/(3*k*4-m)=1,m) ;

—6k.

Toxi mesimomuit wac 1" 3 ymosu v(1") = 0,01 BusHAUUTH JIETKO:
> m:=-6*k:solve(-3*m/(3*xk*T-m)=0.01,T) ;

598.

IIpukmaam 24. Habauxeno mobyryBaTu iHTerpaibHi KPUBI PiB-
usuns y' = x(y — 1) (upuxiaz 1 3 geknit 2, crop. 31).
[Tobyayemo mosie HampsMmiB, BU3HAYEHE IUM PIBHIHHIM, Ta
CiM iHTerpaJbHUX KPUBUX, SKI 33J/I0BOJBHAIOTH MOYATKOBI yMOBHU
y(O) = -1, y(O) =0, y(O) = 0,9, y<0) =1, y(O) = 1,5, y(O) = 2,
y(0) = 3. st mporo morpibHO cKoprcTaTHCh KOMaH0i0 DEplot 3
nakera DEtools (koMaHza onucana y jogarky 6 za crop. 338):
> DEtools[DEplot] (D(y) (x)=x*(y(x)-1),y(x),x=-3..3,
[[y(0)=-1]1, [y(0)=0], [y(0)=0.5], [y(0)=1], [y(0)=1.5],
[y(0)=2], [y(0)=3]],y=-2.5..3.5,scaling=constrained,
stepsize=0.1,linecolor=black);
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Iumni npukamam 3acTocyBaHHs MareMaTHIHOro makera Maple
JIIst IHTerpyBaHHs 3BUYAHUX jn(DePEHIiajbHUX PIBHAHB HEPIIO-

IO IMOPAJIKY MO2KHa 3HaliTH B

[9, 12, 18]. IIpononyemo unTadam

camocTiiino 3a jgomomororo mnaxkera Maple sinrerpysaru inmn jim-
depeHIianibHi piBHSAHHS 3 PO3/ijy 1, siki He BBIHILIK JI0 I[HOTO

JOJATKY.
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Pozain 2.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHSA BUIIINX ITIOPAJIKIB

Jleknia 10. IndepeniianbHi piBHIHHS
BUIIAX MOPAIKiB

Il1an

1. OcuosHi nousiTTs i o3navenus. 3agada Kori.

2. Kiacudikariist po3B’si3KiB.

3. PiBHanHS, fiKe MICTUTD TIJIbKHM HE3aJIEXKHY 3MIHHY 1 OXiJHY
HOPSJIKY N.

1. OcHoBHI noHsATTY ¥ o3HavyeHHs. 3amadya Komri. Pos-
[VITHEMO 3BUdaiiHe qudepentiajibie PIBHIHHS N-T'0 TOPSIKY

F(m,y,y’,...,y(")) =0. (10.1)

Axmo piasiaust (10.1) MoxkHA PO3B’3aTH BIIHOCHO CTAPIIOL
[IOX1/THOI, TO HOro 3alluCyBaTUMEMO Yy BUIJIs/I

y(") = f(ac, v,y .. ,y(”fl)) (10.2)

Qyukiio y = y(r), sika BU3HaYeHA 1 HEllEPEePBHO JUbepeHIli-
fioBHa n pasiB Ha iHTepBasi (a,b), HA3UBAIOTL PO36’A3KOM DiB-
usiaHs (10.2) Ha 1BOMY iHTepBaJi, sIKIIO BOHA JyIst BCX = € (a,b)
MIEPETBOPIOE TIe PIBHAHHSA Y TOTOXKHICTD.

Hns piBusauas (10.2) 3adawa Kowsi dopmysoeTshest Tak:
cepeji, yeixX po3B’sA3KIB OO PIBHSIHHSI 3HAWTH TaKUil PO3B’SI30K

= y(z), AKuil 3a/10BOJIbHSIE YMOBU

_ —1|
y(x0) = o, ¥'(@0) =y -or ¥ V(zo)=us Y, (103)
Ie o, Yo, yf), aoog y(()nfl) — 3aJIaHl Yucia, gKi Ha3UBAIOTh TLOWa-

mxosumu daHumu po3de’szky y = y(r). Hucio xy HA3MBAIOTH
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MIOYATKOBUM 3HAYEHHSM He3aJIe’KHOI 3MIHHOI ¥, CYKYIHICTb UN-
n—1 .

CeIL Z0, Y05 Ybs - - - » y(() )~ nouwamxosumu danumu pienanns

(10.2), a ymosu (10.3) — nowamxosumu ymosamu.

30Kkpema, Jjist PIBHSIHHSI APYTOTO MOPSJIKY

y' = fz,y,9) (10.4)

saziada Kol nossirae y 3HaxXoizKeHHI po3B’sizKy y = y(x), gKuit
3a/I0BOJIbHSIE TIOYATKOBI YMOBH

y(xo) = yo, ¥ (z0) = yp- (10.5)

3 reomerpuunol Touku 30py 3agada Komi (10.4), (10.5) mo-
JIATae y 3HAXO/PKEHHI Takol IHTerpasjibHOI KPUBOI, sIKa ITPOXOJIUTH
4yepe3 TOUKy (g, o) 1 Ma€ y Iiif ToUIl 33JaHIi HAIIPSIM JOTHIHOT
Y0, T00TO tg vy = Y.

3ayBaykuMo, M0 €IMHICTh PO3B’si3Ky 3a/1a4i Kot jijist piBHsIH-
Hs1 n-ro nopsiaky (10.2) He o3Havae, 10 Yepe3 TOUKY (Xo,Yo) 1PO-
XOJUTh TLIBKK OJIHA iHTErpaJibHa KpUBa, SK e OYJIO JiJisi PiBHSIH-
Hsl TIEPIIOrO HOPSIIKY, PO3B’sI3aHOTO BIITHOCHO MOXIAHOT (JIeKIlist 2).
Hanpukian, egunicts po3s’ssky 3agadi Komi (10.4), (10.5) o3na-
Jae, 110 Yepe3 KOKHY TOUKY (2o, Yo) IPOXOIUTD €IMHA IHTErPATbHA
kpuBa piBasHHs (10.4), morudna J10 AKOI y Il TOUI YTBOPIOE 3
JofaTHUM HanpsiMoM oci O KyT oy, AJIst SIKOTo tg g = Y. Bozmo-
Jac, KpiM Ii€l iHTerpaabHoi KpUBOI depe3 TouKy (zg,yo) MOKYTh
[POXOJUTHU It iHII iHTerpaJsbHl KpuBl, aje 3 IHIIUM HaxXUJIOM JI0-
TUYHOI Y Tl TOYIII.

Hpukaan 1. 3natimu poszs’asox sadawi Kows vy’ +y = 0,
y(0) =1, ¥'(0) =0.
Pose’sazanns. Moxna 1oBecTH, 10 BCl PO3B’SI3KU PIBHAHHS Mi-
cTaThCA B (bopmyii

y=Crcosx + Cosinz,

ne Cy i Cy — poBinbHi crami. 3sigcu y' = —Cy sina + Co cos z. Bu-
epemo C1 1 Cg, 11006 380BOJILHUTH TOYATKOBI yMOBH. OYeBHIHO,
mo C; = 1, Co = 0. OTke, MIYKAHUM PO3B’SI3KOM € Yy = COSI.
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Leit poss’sizok exuunii. Opuax 4vepes touxy (0,1), okpiMm Kpupol
Y = COS &, IPOXOIUTH OE3/1Y IHINX IHTerPAJbHUX KPUBUX, AKI MO-
»KHa ommcaTu (opmyson y = cosx + Cysinx, ne Co — 10BiIbHA
cTaJjia, BIAMIHHA B HYJId, aje YKOoJAHa 3 JIOTUIHUX J0 HUX Y TOYII
(0,1) ne 36iraeTbest 3 JOTUIHOIO /10 KPUBOL Y = oS & y 11iif Touri. M

Posrisinemo nmranHs mpo MeXaHidHEe TPAKTyBaHHs IudepeH-
[IAJIBHOTO PIBHSIHHSI JIPDYTOTO MOPsJIKY, HOr0 pO3B’si3KiB Ta 3aj1adi
Komri. Hexait marepiajibHa TOYKA MaCH M PYXA€TbCs MO IPSAMI,
sKy npuiiMmemo 3a Bice Ox, i jieto cuin F' (t,x, ‘fl—f), 3aJ1e2KHOL
B/ yacy t, IOJIOKEeHHS X 1 MIBUJIKOCTI Cgll—"f y MOMEHT Jacy t. 3rijHo
3 apyrum 3akonom Hpiorona

2
e ZT:QU — IPUCKOPEHHS TOYKHU B MOMEHT dacy t, abo

d’x dx
QY P 10.6
ne f=F/m.
Koxknomy poss’sisky @ = x(t) pisusiaus (10.6) Bignosigae mes-
HUil 3AKOH PYTY, TOMY UacTO PO3B’A30K & = x(t) HA3HBAIOTDL

pYyxom, sikuii BusHauenuii pipusinasm (10.6). 3ajaua inrerpysan-
us piBasinnst (10.6) mosisirae y 3HAXOJZKEHHI BCIX PYXiB, BU3HAUe-
HUX [IUM PIBHAHHSM, Ta Y BUBYEHHI 1X BJIACTHUBOCTEN.

3 mexaniunol Touku 30py 3azada Ko mist piBasinas (10.6)
HOJISITAE Yy 3HAXOJZKEHHI Takoro pyxy = = x(t), sKuii 3a/10BOJIbHSIE
IIOYaTKOBl YMOBHI

z(ty) = 2o, ' (tg) = fc6,

TOOTO B MOYATKOBHII MOMEHT 1acy t = tg TOUKa NOBUHHA 3aiiMaTh
3ajlaHe TIOJIOXKEHHS (g 1 MaTh 3aJaHy IIBUIKICTD a:6.

JocraTHs ymoBa icHyBaHHs PO3B’si3Ky 3aja4i Kot jyist nude-
PEHITIaTBHOTO PIBHAHHS MEPIIOrO MOPSIKY MOMUPIOETHCI 1 HA BU-
[aJI0K PIBHSIHHSI N-TO TOPSIIKY: 0Af icHysanna (Henepeperozo pa-
30M 3 NOTIOHUMYU D0 NOPAJKY N 6KANYHO) D036 A3Ky 3adaui Kowi
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(10.2), (10.3) documob npunycmumu, w06 npasa wacmuHna PisHAHH.
(10.2) 6yaa nenepepenoro 6 okoai nowamrosux danur (Mmeopema
ITeano).

Biamnosias Ha mMTaHHA OPO ICHYBaHHS €IMHOTO PO3B’S3KY 3a-
madi Komi (10.2), (10.3) mae raka teopema [7, c. 93 — 99].

Teopema (Komi). Hxwo ¢ynruyin f(mvyvy/w”’y(n—l)) 3

. . —il
pisnanna (10.2) y deaxomy oxoai mouru (ZL‘(), Y0, Yos -+ » y(()n ))
HENEPEPBHG 30 GCIMG GP2YMENMAMU T MAE OOMENHCENT YACTNUNHI

noTioni 3a aminmumu Yy, y', ..., y(”*l), mo 1cHye edunutl po3s’s-

3ok 3adawi Kowi (10.2), (10.3), axud euswauenutl i nenepeperul
pasom 3 noxrioHuMu 00 NOPAOKY N BKANUHO HA JeAKOMY 6I0PI3KY
|z — xo| < h.

2. Knacudikariiss po3B’si3KiB. 3a2a4bHUM PO38’°A3KOM
piBasiaHs (10.2) HA3UBaOTH CiM'10 PO3B’A3KIB 1HOIO DIBHSHHSI, 3a-
JIEXKHY BIJT 1 JOBLIBHUX CTAJIUX:

y=¢(z,C1,Coa...,Cp).

3 reomerpuyHOl TOYKHM 30py Ha ILIOmuUHI (Z,y) MaeMo cim'io
iHTerpaJiIbHUX KPUBHX, 3ajiekHy Bij n napamerpis C1,Co, ..., Cp,
NPUIOMY PIBHSHHS 1€l ciM’T pO3B’si3aHe BiTHOCHO Y.

Barasbuuii po3B’si3ok  piBHsHHs (10.2) y HesIBHOMY BHIJIsI-
i @(z,y,Cq,...,C,) = 0 HA3MBAIOTL 3A42AALHUM THIMEZPAAOM
IIHOTO PIBHSAHHS.

Y Jeskux BUIAJKax, iHTerpyroun piBHsHHs (10.1), mykaoorsb
ciM’10 iHTerpaJIbHIX KPUBHUX, siKa 3aJI€2KUTh BiJl 1 JOBIJIBHUX CTa-
sux C1, Co, ..., Cp, y HIapaMEeTPUIHOMY BUTJISII

{$ = @(pa 017027 v 7Cn)7
Yy = 1/)(]9,01,02,. .. ,Cn)

Taxky ciM’'to iIHTErpaJbHUX KPUBUX HA3UBAIOTH 3G2AAbHUM PO3-
8’A3KOM Y NAPAMEMPUYHIT HOPMI.

[ToHsITTSI YaCTUHHUX Ta OCOOIUBHUX PO3B SI3KIB J1jIsI AudepeHITi-
aJIbHUX PIBHSIHb BUIIUX IMOPSIKIB BBOJSATHCA aHAJJIOTTIHO, SIK 1 JIJIST
PIBHSIHHS [IEPIITOTO TOPSJIKY.
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Posp’s30k y = y(x) piBusuns (10.2) HA3HBAIOTE YACTMUHHUM,
SKIIO y KOXKHIi H0ro TodIl 36epira€ThCsl €INHICTD PO3B A3KY 3a/1a-
ui Ko, To6T0 uepe3 KoxkHY TOUKY (2o, y(Zo)) IHTErpajgbHOl KpH-
Boi y = y(x) He mpoxoauTh iHMUI po3B’si30K y = yi(x), Akuii 6u
3a/I0BOJIBHSIB IIOYATKOBI YMOBH

yi(@o) = y(@0), (o) = ¢/(@0), .-, 4" (w0) = ¥V (x0).

Koxkunit po3s’si30K, sKmit MOYKHA OfepKaTh 3 (GOPMYJIN 3arajibHO-
IO PO3B 3Ky /I MIEBHUX JOMYCTUMHUX UUCIOBUX 3HAYEHB CTAJIUX
Cq,Cs,...,C,, 6y1e, O4eBUITHO, YaCTUHHIIM.

Po3p’s130K, y KOXKHIII TOYIN $KOrO IOPYIIYETHCI €IUHICTD
po3B’si3Ky 3aza4di Ko, nHasuBaiorh ocobausum. Taknii po3s’s-
30K He MOYKHA ojepKaTu 3 (GOpMyJId 3arajbHOrO PO3B SA3KY I
xonaux 3Hadenb craaux Cp,Co, ..., C,,.

BayBakuMo, o JudepeHIiajlbHe PIBHIHHSI 1-T0 TOPSIIKY MO-
Ke MarTh CiM’I0 0COOJIMBUX PO3B’SI3KiB, 3ajIe2KHY BiJI JOBLIBHUX
cTaJinx, KiIbKICTh sikux moxke Oytu n — 1. IlpoimocTpyemo 1ie Ha
IPUKJTA]II.

Ipuknan 2. 3inmezpysamu pienanms y" = 2/y’.
Pose’azanns. 3pobuno 3aminy y' = z, ne z = z(x) — HOBa TIIy-
KaHa pyHKIsg. Tomi

dz
5= dr (z#0) =

Z=2/z = /2\/_
Vz=z4+C = z=@+C)? = ¢ =@=+0C)L

IaTerpyroun, 3HAXOAUMO 3aTaJIbHAN PO3B’T30K
I 3
y= g(z‘+C’1) + Co.
OcobmBomy poss’sizky z = 0 piBusnus 2’ = 24/2z Bianosigae

cim’st y = C 0coBJIMBUX PO3B’SI3KIB 38[aHOTO PIBHSIHHSI.

Bidnoside: y = (z + C1)3/3+ Cy, y = C.
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3. PiBHaAHHS, IKe MiCTUTBH TiJIbKU He3aJIeXKHY 3MiHHY i
NOXiTHY TIOPSAKY 1. Y BOMY IIYHKTI JIEKII, & TAKOXK HA HACTY-
ITHI# JeK1il BUBYATUMEMO JIesiKi KJIaCH 3BUYIAHNX audepeHItiaib-
HUX DIBHSIHb N-TO TOPSJIKY, 3arajJbHUil PO3B’si30K (3araiabHuil iH-
TerpaJl) SIKMX MOYKHA 3HAHTHU 3a JIOIOMOrOI0 KBaJIPaTyp. 3Be/IeHHSI
JI0 KBaJ[PaTyp BUKOHYEThCsI ab0 3a JOMOMOIO0 CIIEIIaJIbHUX TPHU-
itoMiB, abO IJISIXOM IOMEPETHBOTO 3HUYKEHHS MOPSIIKY PIBHSHHS
(SIKIIO OTpUMaHe TpPU bOMY DIBHSIHHSI IHTEIDYETbCS Y KBaJpaTy-
pax).

Posrnsimemo criovaTky piBHsSIHHS, STK€ MICTUTD TLIBKU He3aJje-
JKHY 3MIHHY 1 HOXiJTHY HOPSiJIKY 7, TOOTO PIBHSHHS BUIJISIILY

F(z,y(")) —0. (10.7)

Posrisinemo j1Ba MOXK/ITUBI BUIIAIKH.

Bunagok 1. Pisnanna (10.7) wmoorcha pose’sasamu 6idnocHo
y™ . Toni

y™ = f(z). (10.8)

Honst piBasians (10.8) 3 menepepsroo dyHKIieo f(x) 3aBxKau MO-
JKHA 3HANTH 3arajJibHUN PO3B’SI30K y KBaJApaTypax, IOCJIiJI0BHO
3MEHIIYIOYHN TOPSIOK piBHsAHHA Ha ofuHuIo. Cupasmii, iHTErpy-
09N OOMIBI TACTUHU IHOTO PIBHSHHSI, MAEMO

y(n) = /f(a:)da:+ Ch.

AHaJIorigHO 0IEpPIKYEMO

y(=2) ://f(z:)dz:dz—i—clx—i—Cg,

(n=3) _ ///f da:da:da:—i—gm + Cox + C3,
Cl n—1
y—// /f )dxdx...dz (n—l)x +

n pBSIB

C
+ FQQ)‘J,’TLiQ 4 ... + Cnfl.fl/‘ + Cn, (109)
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e Cy,Cy,...,Cp — nosinbHi crami. @opmysa (10.9) Busnauae 3a-
rajbHuit po3B’s30K piBHsHHS (10.8).

Ipuknanx 3. 3inmeepysamu pienanmna y" = sin® x.

Pose’szanns. [lpaBa yacTuHa piBHSIHHsSI HEIEPEPBHA JJIsI BCIX
snadenb r. JBivi mocsizoBHo inTerpyodun oouaBi YacTUHU PiBHSI-
HHSI, OJIEP>KYEMO

1 — cos2x r sin2z

" c 2

= de = | ————der = = — +C
Y /sm T dx / > & 5 1 1

2 4 4 8

IaTerpytotun e oquH pas, 3HAXOAUMO 3arajbHUI PO3B’I30K:

r  sin2x x2  cos2r
y’:/<—— +C’1>d1::—+—+011‘+c2~

B a3 i sin 2x
Y=12 " 16

+ 011‘2 + Cyx + Cf,

ne Cq, Co, C5 — noBinbhi crami, Cp := C1/2.

3 .

T sin 2x

Bio 10b: y = — +
10n0810bu: Y 12 16

Iarerpytoun nociigosuo pisasiHs (10.8), MOXKHA 3aMiCTh He-

+ C12% + Coz + C5.

BU3HAUYEHUX IHTErpaJliB BUKOPUCTOBYBATH BU3HA4YEH] IHTerpasn 3i
3MIHHOIO BEPXHBOIO MEXKeI0, 0epydn B sIKOCTI HUKHBOI MEXKi J10-
BLJIbHE YHCJIO Tg 3 IHTEPBaJIy HEIEPEPBHOCTI IIPABOI YACTUHHU I[HOT'O
piBusinnst. Toxi 3aranbauii poss’si30k pisasiaast (10.8) 3anumersest

Y BUIVISL/IL
y://.../f(z:)dmdq:...dx—i—
0

ToTo T
——

n paziB

Cy
(n—2)!

C
+ 2L gl 2" 24 4+ Cpqz + Oy,
(n—1)!
ne C1,Co,...,C, — noBiibHi craji. [lepmmit goganok y miit dpop-

My MictuTh n KBajgparyp (iHTerpasis), aje IX MOXKHA 3aMiHUTH
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OJIHIEI0 KBAJPaTyporo 3rijHo 3 dopmyaoto Kowsi ([4, c. 164 —
165])

// /f )dz dz . /f )" Ldt.

xoxo o

n paslB

Tomy saranbuuii po3s’st30k piBusinns (10.8) Moxkemo 3amucarTi y

BUTJISII1
=T /f )" LAt + Cra™ .+ Cp1x + C,
(10.10)
e C1,Cy,...,C, — noBlibHI (1I€pero3nadeni) cradi.
Mpuxaan 4. 3uatimu pose’asox pienanna y" = e, axud

300060ALHAE HYABOGT NOUAMKOGT YMOBU.

Pozs’sazannsa. [lpaBa yacTuHa pIiBHSIHHS HEIEPEPBHA IS BCiX
x € R. Bukopucrosytoun dopmyiy (10.10), y sikiit 6epemo xg = 0,
3HAXOJUMO 3arajibHUIl PO3B’SI30K 3aJ1aHOTO PIBHSTHHS:

1
Y= —/6t2(l‘—t)th—FCll‘Q—}—CQl‘—FCg,

ne Cq, Cy, C3 — poBlIbHI crai.
3 roro, mo y(0) = y'(0) = y"(0) = 0, 3naxouumo crani Cy =
= (9 = (3 = 0, a TOMy TIIyKaHIM PO3B’SI3KOM €

xT

1
y = §/et2(:c—t)2dt. m

0

Bunanok 2. Pisnanns (10.7) ne mootcha pose’ssamu wepes
enemernmaphi Gynryii sionocro y™ abo eupasz dan y™ e nadmo
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ckaadrum. Taki pIBHSHHS MOYXKHA PO3B’SI3yBATH MemModoM G8e-
denna napamempa. Ilpunycrumo, mo y nboMy BUIIAAKY iCHYIOThH
Taki OYHKIHT

z=o(), y™ =y, (10.11)

e ¢ — nesikuit napamerp, mo F(o(t),(t)) = 0.
Bupasumo y yepes napamerp t. Ockinbku

dy™ V) = yMdz = §(t) () dt,

TO

(n—1) /1/, t)dt + C1 = 1(t, C1).
Jaui, BpaxoByIo4n, M0
dy(n72) = y(nil) @hp = 1/}1 (ta Cl)@/(t) dt’

3HAXO/IMMO

(n= 2)_/1/J1tC1 t)dt + Ca = 12(t, C1, C).
MipKkyroun aHaJorivHo, BPEIITi-PEIT 3MOXKEMO 3HANTH

Yy = 1/}n(t,01702, 000 ,Cn)

Orke, 3arajabHUM PO3B 93KOM y IapaMeTpudHiil hopMi piBHS-
uus (10.7) €

=), y=vn(t,C1,C...,Cp).

Biyzaaunmo, 1mo ocobsnso jerko 3uaiiru GyHkuil ¢(t) 1 ¥(t) 3
(10.11) y Tomy Bunajxy, ko piBasiaast (10.7) MoxkHa po3B’sizaTu
BiTHOCHO HE3aJIEZKHOI 3MIHHOI, TOOTO AKIIO

z = p(y™).

V mpomy Bumaaxy 3amicrs y(™) MoXKHa B3STH OBLIBHY HeepEePBHY
dyuxio ¥(t) i roxi z = p(Y(t)). Bokpema, skmo P (t) = ¢, To
= opt), y™ =t.
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Ipukaan 5. 3inmezpysamu pisnanmns v+/1 + y"2 =y’ .
Poss’azannsa. loknanemo y” = tgt. Toni

tgt _ sint|cost|
~/1+tg2t_ cost
NPUIOMY 3HAK ILIIOC 6epeMo Tomdi, Koy cost > (0, a 3HaK MiHyc —

Ko cost < 0.
Bupasumo y uepes napamerp t. Hexait cost > 0. Toxui

T = = +£sint,

/ —_—

dy =y"dxr =tgtd(sint) =sintdt = 3y = —cost+ Cy;
dy =y dx = (—cost + Cy)costdt =

y= —/cosztdt—i-Cl/costdt =

t sin2t

V=377

+ Cl sint + 02.

Orxe, skimo cost > 0, TO 3araabHUM PO3B’si3KOM (y Hapame-
TpuuHiii Gpopmi) 3aJ1aHOr0 PIBHSIHHS €
t sin2t

T =sint, y=-3 7

+ Cysint + Cs.

AHaJIOriYHO MOXKHA MMOKA3ATH, 110 KO cost < 0, To 3arajb-
HUM PO3B’I3KOM €
t sin2t

r = —sint, y=-5- 3

— Cysint + Cy.
Bionosidv: © = sint,y = —L — % + Cysint + Cy, akimo
cost > 0;x = —sint, y = —5— 3= —Cysint+Cq, skmo cost < 0.

Y munamini MaTepiaabHOI TOUKM piBHsHHS Burysiy =/ = f(t),
ne t —aac, x = z(t), 3ycTpiuaeThCsi IPU BUBYEHHI TPSMOJIHITHOTO
PyXy, SIKIIO CUJIa, IO i€ Ha TOUKY, 3aJIEXKUTh TITbKHU BiJT Uacy.

Bazaua 1. 3natmu saxon pyxy x(t) mamepiaavhoi mowku ma-
Cu M, AKG PYTAEMBCA MO NPAMIT N0 JIEN CUNML, WO ZBMIHIEMBCA
3a gopmyaoto F = ke Pt de p > 0, akwo nouamxosi nosostcenms
ma WeudKicmyv pyry JopieHI0I0msd HYA10.
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Poss’azanma. 3rigno 3 apyrum 3akoHoM Hbrorona

k
mx" =ke ™ = gzg'=_"eP,

m

TO6TO Maemo piBHsiHHS Bursay ¢ = f(t). piul nociinosuo in-

TErpyoul, OJIePKY€EMO:

/ L ko pt
r=——e?"+C1 = z=—Fe P +01t+Co
mp mp

Ockinbku 3a ymosoo 3amadi x(0) = 0, v(0) = 2/(0) =0, 1o

C’lzmip,ng—mipz,aTOMy
k k k k

t=—=e P4 —t—— = z(t)=— (e P +pt—1).
mp? + mp . mp? (t) me( +p )

BayBasKuMo, o OcKimbkr lim e P! = 0, To /1 BeMKNX 3Ha-
t——+o0

YeHb t 3HalieHnil pyX HAOJIMKAETHCA JI0 PIBHOMIDHOTO PyXY

k k

k
Bidnosiov: x(t) = — (e P! +pt —1).
10n0610v: x(t) mp? (e +p )
Pexomendosara aimepamypa: |4, c. 148 — 168], |5, c. 136 —
151, [7, c. 91 — 108], [13, c. 65 — 72|, [16, c. 15 — 17, 50 — 53).

ITutannga go gekirii 10

1. dkwuit 3aragpuuit BUNIsI Mae qudepeHIiajabHe PIBHAHHS N-TO M0-
PsLIKY, PO3B’si3aHe BijgHOCHO crapinol moxinuol? [1lo HasuBarTh po3B’si3-
KOM I[bOT'O PIBHSIHHSI Ha JIESIKOMY IHTEpBaJIi?

2. dx dopmymoerses 3amada Ko mis mudepeHiagapbHOro piBHs-
HHSA N-TO TOpSaKy? Zlka gocTaTHsT yMOBa ICHYBAHHSI PO3B’SA3KY TaKOl
samaqai? Hasemits Teopemy Ko mpo icHyBamms Ta €IUHICTH PO3B’ 3Ky
3a1a49i Komii.

3. dxuit reomerpuaHMt i MexaHITHUN 3MicT IudepeHIiaIbHOTrO PiB-
HsIHHSI JIDYTOTO MOPSJIKY, floro po3B’si3KiB Ta BiamosiaHux 3a1a4 Korri?
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4. Mo HA3MBAIOTH 3arajbHAM PO3B’I3KOM (3araJbHUM IHTEIPATIOM)
JuepeHIiaJbHOr0 PIBHAHHS N-I0 MOPsAJIKY’ SKuit po3B’si30K Ha3uBa-
0Th YaCTUHHUM, ocobauBuM? Yu Moxke JudepeHIliajibHe PIBHAHHS 1-TO
MOPSAJIKY MaTu 0e3J1id 0cobJMBUX PO3B A3KIB?

5. SIKkuit BUIVIs Mae 3aragbHAil po3s’s30k pisasaus y(™) = f () 3
HEIIEPEPBHOIO IIPaBoo dacTuHoi0! fKa dhopmysna 103BoJsAE 1€l PO3B -
30K 3aIMCATU Yepe3 OJHY KBaJIpaTypy?’

6. fx MoxKHA 3IHTErpyBaTH PIBHAHHS, sIK€ MICTUTH JIUIIE HE3aJIe-
KHY 3MIHHY Ta N-Ty MOXIIHY TIyKaHol pyHKIII, SKIO pPo3B’d3aTu foro
BIZTHOCHO TTOXiTHOT MITyKAHOT (DYHKITT HEMOXKITHBO?!

Bopasu go jsexkiiii 10
1. BinrerpyiiTe piBHSIHHSI:
" T " 1 v g 2
a)y”’ =2% 6)y" =—; B)y ' =sinz"
T
2. 3HaliIiTh YaCTHHHMN PO3B 30K piBHAHHA Yy = cos x, axwmit 3a710-
BousibHge noyaTkosi ymosu y(0) = —5, ¢’ (0) = 1, y"(0) = 4.

3. 3inTerpyiiTe MeTO/IOM BBEJEHHS [TapaMeTrpa PiBHsIHHSI:

a) eV —y'? =g 6) x =siny” + 2y".
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Jlekuisa 11. /IludepeHniajbHiI piBHAHHS BUIIAX
MOPAJIKiB, IKi JJONYCKAIOTh 3HU>KEHHS MOPSAIKY

Ilan

1. PiBusanns, ske He MicTUTD IIyKaHol (pyHKIIT Ta KiJIbKOX I10-
CJIIIOBHUX ITOXITHHX.

2. PiBugnng, sike He MiCTUTDL He3a/1€KHOI 3MiHHOI.

3. PiBugnns, omgaopigne BigHocHO 1rykanol dyHKINT Ta i1 moxi-
JTHUX.

4. PiBHAHHS 3 TOTHUMY TIOXI1THUMH.

1. PiBusiHHS, sIKe He MICTUTH NIyKaHOI PYHKIIT Ta KiJTb-
KOX TIOCJI/IOBHUX MOXigHux. Po3risinemo audepeHiiaibae pis-
HHHS N-TO HOPSIIKY

F(x’ y(k)’y(kJrl)""’y(n)) = O’ (11'1)

ne 1 < k < n. Beegemo HoBy HeBinomy dyHKI0O 2 = () 32 dop-
MYJIOIO
y*) = 2. (11.2)

3 (11.1), (11.2) BunumBae, mo yHKIlisE 2 € PO3B’SI3KOM PIBHSIHHSI
F(a:zz’ o ,z("_k)> —0. (11.3)

3Buuaiino, He rapaHTOBaHO, 110 piBHsiHHs (11.3) MoxKHA 3iHTErpY-
BaTU y CKIHYEHHOMY BUIVIsiJ, ajie Horo mopsijiok Ha k MeHIuit
Biy nopsiziky piusinast (11.1). Takum 9mMHOM, 32 JIOHOMOIOIO 3a-
minu (11.2) Brastocst 3un3nTH HOPsI0K piBHsiHEs (11.1) Ha k oau-
Hunp. Axmo z = w(x,Cq,Co,...,Cph_k) — 3arajpHuil po3B’s30K
abo ®(z,z,C1,Cy,...,Ch_k) = 0 — 3aranbHuii iHTErpas piBHAHHS
(11.3), To myist 3HAXOKEHHST DYHKIIIT Y 0JIepKy€eMO jiudepeHIiaib-
Hi PIBHAHHS k-TO TMOPSIKY

y(k) =w(z,C,...,Cp k)

abo

@(x,y<k>,cl,cg,...,cn,k) —0,
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siKi BUBuYasmMCch Ha Jiekiii 10 (e okpemi BUIIQIKU PIBHSIHb BULVISIILY
Y™ = f(x) i @(m,y(")) = 0 BiIOBI/IHO).

Ipukaan 1. 3inmezpysamu pienanns vy =" — xy”.
Poss’azamnns. 3pooumo saminy y” = z. Toxi mus 3HAXOIKEHHS
dbyHKIT 2 = z(z) MaeMo piBHSIHHS 3 BIJIOKPEMJIIOBAHUMU 3MiHHH-
MU

7 = 2(1 — x).

BiHTErpyeMo I11e PIBHSIHHS:

d 1-—
@z _ e (z#£0,2#0) = Inlz|l=h|z|-2z+C, =
2 93

z=Chze™® (C'1 = eCl) = o =Cize®.

Onepxanu gudepentianbue pisusgnust suriasny y’ = f(x). sivi
IHTErpyIOUN YaCTUHAME, 3HAXOINMO

y = C1/1:6‘””dz +Cy = —-C4 (J:e_“" + e_””) +Cy =

y= —Cl/ace"’“"dx +Ce*+Coux+C3 =
Yy = Cl(x + 2)67‘% + CQ{L‘ + 03,

dkmo z = 0, To v’ = 0, To610 y = Chz + Cy. Koxna 3 1ux
dbyHKIiil (IpsAMUX) € YACTUHHUM PO3B’SI3KOM 3aJIAHOIO PIBHSIHHSI.
Oyukiiist x = 0 He € PO3B’I3KOM PIiBHAHHS.
Bidnosidv: y = Cy (v + 2)e * + Caox + Cs.

Bamagya 1. Touka macu m pyxraemovcs no npamit nid dicro
CUMU, AKG BMIHIOEMBCA 30, fopmyaoto Fy = Asinwt. Bsastcarovu,
wo onip cepedosuyt NPONOPUITHUT WeUIKoOCmi MoKy, mobmo
Fy, = —kv, susecmu saxon pyxry x(t) mouxu, axwo i nowamko-
61 MOAOIAHCEHHA A WEUIKICTD DOPIEHINML HYAI0.
Poses’sazarns. 3a ymoporo 3aiaui F' = Fy + F5. 3rigHo 3 apyrum
3akoHoM HbroToHA

ma = Asinwt — kv,
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a ocKiibk v = x’, a = 7", To onepKyemo audepeHIiaibHe PiBHsI-
uHst Bursity (11.1):

mz” + kx' = Asinwt.

ITouarkoumu ymosamu € z(0) = 0, 2/(0) = 0 (3a ymosoro
3a/1a41 MMOYATKOBI MOJIOXKEHHS Ta MIBUJKICTH TOYKH JIOPIBHIOIOTH
HYJIIO).

Beogumo noy dynknio ' = u (toni x” = ') i omepxyemo
JIiHifiHe PIBHAHHS MEPIIOTO HOPSIKY

v + —u = —sinwt
m m
3 mouarkoBoio ymoBow u(0) = 0. Po3B’a30K 11p0ro piBHsIHHS MO-
JKHa 3HalTH 3a opmysiow (4.6) 3 sekuii 4. [Tpornoryemo unTadam
CaMOCTIfIHO TIEPEKOHATHCS B TOMY, IO

Cre—nit 4 A™ 2 ¢
u = e m 5 & — SIN Wit — W COS W .
! k2 + w?m?2 \'m

_ _ _A
3 ymoen u(0) = 0 snaxomumo C1 = 4755, a ToMy

Am _ky k .
U=-3——5 5 |lwe ™ — sinwt — w coswt |.
k% + w’m m
Ockinmbku u = ', To dbyukiist x(t) € po3B’sI3KOM PIBHSAHHSI
, Am _k, ko
r=-5—3 5 |we m + —sinwt —wcoswt |,
k% + w*m m

IHTErpyroun sKe, 3HaX0IUMO

mw _ky k :
——e m' — —coswt —sinwt | + Cs.
k mw

Ockinpku z(0) = 0, To
C Am <mw N k ) A

I Cy= 2
k2 +w?2m?2 \ k mw = 27 kw

Takum auHOM,

() =2 Am (e k| K ¢+ sinwt ). W
zt)= —— ——— | —e m'+ — coswt + sinwt |.
ko  k24+w?m?2 \ k mw
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2. PiBusiHHS, sIKe He MiCTUTh He3aJIe2KHO1 3MiHHOI. Po3-
[VISTHEMO DiBHSIHHSI

F(y,y’,y”,...,y(”)) =0. (11.4)

[TokaxkeMo, IO MOPSAIOK ITLOTO PIBHIHHSA MOYKHA 3HU3UTH Ha
onuuuito. st iboro BBesIeMO HOBY (DYHKINIO 2z 38 (DOPMYIIOK0

Yy =%
BBAKAIOUN Y HOBOIO HE3aJIeXKHOIO 3MiHHOIO, T00T0 2z = z(y). Bu-
pazumo noxinui v, y"”, ..., y" uepes dyukuio z ta it noxinmi 3a
3MIHHOIO Y:

p_dy dx dz dy

Z'z,

_dm_%_d_y.dx_
dy" d [(dz d (dz dy
/. M C R A _ Y (e ay _ (o ”
y' == <dy z> i <dy Z>dx (2"z + 2%)z,

y(n) = w(z, 2, ... ,z("fl)).

Orzke, [y1st 3HAaXOIKeHHsT (DYHKIIT 2 ofep2Kau audepenriaib-
He piBHsAHHS (n — 1)-TO HOPSAAKY

F(y,z,z'z,...,w(z,z’,...,z(”_l)» =0. (11.5)

SIKIo BIaCTBCs 3HANTH 3araibHUil po3B’s30K piBHsHHS (11.5):

Z = 90(97017027- .. 7Cn71)7

TO 3arasibHUil iHTerpas pisHsiHHs (11.4) 3MoXKeMo 3HANTH, 3iHTe-
IPYBAaBIIN PIBHSHHS 3 BLIIOKPEMJIIOBAHUMU 3MIHHUMU

y/ = 80(31701702: v 7Cn—1)7

a caMe:

dy
=x+C,.
/90(?%017027' oo 7Cn71)
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SayBaskKnuMo, IO MPUHMAIOIN i 38 He3aJEXKHY 3MIHHY, MOKHA
BrpaTuTH po3B’si3ku piBHsHHs (11.4) Burusiny y = C. Besnocepe-
JIHBOIO I11/ICTaHOBKOIO y piBHsiHHs (11.4) slerko 3’sicyBaru, 4u Mae
BOHO TaKl pO3B’sI3KH.

Ipukmnagn 2. 3inmezpysamu pisnarma yy" = y'? — y'3.
Pose’azarns. OCKiibKU PIBHSHHS SIBHO HE MICTUTB X, TO 3p0o0u-
mo saminy y' = 2(y). Toni vy’ = 2’z i, mixcraBnstoun B piBHAHHS,
MaeMOo:

d d
yz—Z:z2—23 = z<yd—z—z+z2>:0 =
Y

d
z=0 abo y—Z:z—zz.

dy
3 nepmroro pisnsgHHA BuIMBae, mo ¥y = 0, a otxke, y = C, a 3
JIPYTOro:
d d d
yd—zzz—zQ = / : :/_y (Z—zz#oyy#o) =
Yy Yy

z — 22
1

1
/( —i——)dz: dy
1—-2z =z Y

Injz| -lIn|1 -z =hly|+C1 = ﬁzcly =

oGy
1+ Cy’
Ockinbkn z =y, TO
C d C
y__Cw Ay Cy
1+ Cry de 1+ Cry

ﬂdy =Cidz (y#0) =

1
/<§—|—Cl>dy:01x+02 = ln]y|+Cly:Clm+Cg.

dkmo z —22=0, To 2 =0 abo z = 1. Bunanok z = 0 Bxe
poBrIstHyTO, a akimo 2 = 1, o 3y’ =1, y = x + C. Yci ni upsmi €
OCODTMBUME PO3B’SI3KAMU.
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Bionoeidv: n|y| + C1(y—2)=Cy, y=2+C, y=C.

3. PiBusnus, ogHopigHe BiJfHOCHO IrykaHol pyHKIIIT Ta
1T moxiguux. Jludepenrianibiue piBHIHH

F(aj,y,y',...,y(")> =0 (11.6)

Ha3UBaIOTh 00HOPIOHUM BiIIHOCHO IIyKaHol (pyHKIHT Ta 1T moxi-
JIHEX, SIKIIO HOro JiiBa YacTwHAa sl JOBUIBHOTO t # 0 cripaB/Kye
YMOBY

F(J:,ty,ty', ... ,ty(”)) =t". F(J:,y,y', . ,y(")), (11.7)

e aucjao m — suMip omuopiguocti dyukmii F. [lokaxkemo, 1o 3a
JIOITOMOT'OIO ITi/ICTAHOBKH

/
=L = y = e/ 2@z (11.8)
Yy

ne z = z(x) — HoBa HeBizoMa (byHKIIsI, TOPsiIoK piBHstHHs (11.6)
MOXKH& 3HM3UTU Ha opuHuiio. Crupasii, OCKLILKA

Y =yz, Y =yrtyd =y +7),
y" =y (2" +322 +2°), ..., Yy =y 1/1(2’, 2. .. ,z(”71)>,

To, mijcTaBisioun i Bupasu B (11.6), MaeMo criBBiHOIIEHHST
F(!E,y,y%y (2+2),...y- w<z,z',...,z("_1)>> =0,
sike, BpaxoBytoun (11.7), MoxkeMO 3arnmcaT y BUTISAI
Y™ F(ac,l,z,z2 +2,... ,w<z,z’,...,z(”_1)>> =0.

[Micast ckopouennsi Ha Y™ (y # 0) omepxkyemo audepeniiaibue
piBusiaHst (n — 1)-ro mopsiaKy:

F(a;, 1,2,22+72,... ,w<z, 2. .. ,z(”fl)» = 0. (11.9)
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dAxmo z = p(z,Cy,Cy,...,Cp_1) — 3arajbHuil PO3B’SI30K PiBHSI-
uusi (11.9), ro, 6epyun no ysaru (11.8), 3HAXOAUMO 3arajabHUi
PO3B’s130K oztHOpiHOrO piBHsHHSA (11.6):

70 7C 7"'7077.7 d.
y:Cn.€f¢($ 1,C2 1) x)

ne C, Cy, ..., C) — 10BUIBHI cTaJi.

Iurerpytoun piBustans (11.6), Mmu npunyckasnu, mo y # 0. Oyn-
Kitist ¥ = 0 TexK € PO3B’I3KOM I[LOTO PIBHSIHHS, aJjie 11 MOYKHA OTPU-
MaTu 3 dpopMyJsin 3arajibHOro po3s’s3ky mupu Cp = 0.

Ipukmnan 3. 3inmezpysamu pienanma yy" —y'? —30/xy? = 0.
Pozs’sazarns. Jlerko nepekoHaTHC, IO JiBa YaCTUHA, PIBHSIHHS
€ OHOPiHOO (byHKIEH (BUMIDY 2), a TOMY DIBHSIHHSI € OJHODI-
M. Hexait ¢/ = yz. Tomi 3’ = (2' + 22)y i, miacrapasioun y
PIBHSIHHS, OJIEPAKYEMO:

V(2 +28) =222 +30vTy? = 2 =30vz (y#£0) =
y/
y
Inly| =82*Vz+Ciz+Cy = y= 02€8x2\/5+01x_

2 =2z +C; = =20z +C; =

Oyuxiisg y = 0 € YaCTUHHUM PO3B’SI3KOM.
. . 2
Bidnogide: y = Cyed® Vottiz,

4. PiBHAHHA 3 TOYHUMH TToXigHUMU. Tax HABUBAIOTL PiB-
HAHHS BUTJISTY

F(x,y,y’,...,y(")) — (1) (11.10)

JIBa, 4ACTHHA SIKOTI'O € TOYHOIO (IIOBHOIO) MOX1HOO JIeSKOT by HKITT,
TOOTO

F(aj,y,y’, . ,y(”)) = %@(aj,y,y’, . ,y(”_1)> .

[Tpu mpoMy OepKyEMO PiBHSIHHS

@(x,y,y’,...,le)) e (11.11)
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nie C1 — noBlibHa crasna, To6To mopsifok pisasxuas (11.10) Bramocs
SHU3UTH HA OJUHHUIIIO.

Pisricts (11.11) HasuBaOTH NEPUWUM THME2PAAOM DIBHAHHSI
(11.10).

Ilpukiazn 4. 3inmezpysamu pieHAHHA

:Ey” _ y/

/
- = 0.

Pozs’azannsa. JliBy yactuny piBHIHHS MOXKEMO 3aIIUCATH SIK

/
1
Y =0, (11.12)

Cuissignoriennst (11.12) — e piBHsSIHHS 3 BIJOKPEMJIIOBAHIMUI
3MIHHUMU, TOMY

1:2

dy
y2—|—Cl §dac (Cl —201) = /y -l-Cl Z“‘CQ,

[PUIOMY 1HTerpaJs 3ajexkuThb Bij crasol Cq, siKa MoyKe HabyBaTH
3HAYEHHS PI3HUX 3HAKIB.
Axmo Cy = 0, 10 ofep:KyeMO 0COOIUBI PO3B’SI3KH
1 22 4

e = C = e

(C = 402)
Axmo Cy > 0, To

2
arctg —— Y * +Cy =

1
VG TP VG 4
y=4C1tg(C1a2 +Cy)  (C1i= VC1/4, G = C2\/Cr).
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Axmo Cy < 0, T

1 —V/|C 2
0 ’1’—$—+C'2 =

n =
2/|C1| |y + ]|Chl 4

2 ‘LCI _ 240 (01 — /[C1], Ca ::4@).

C " y+Ch

:IE2+02,

Bidnoeidw: y = 4C tg(Cra? + Cs), & 1n ‘ 1=

___4
Y= —zrc-
fAxmo (11.10) He € pIBHAHHSAM 3 TOYHUMH IOXLIHHMH, TO Y
faraTbOX BUIIAJIKAX BIAETHCS 3HAUTHU TaKy (DYHKIIO

= p (w,y,y’, - ,y("’l)),

micjiss MHOYXKEHHsI Ha sKY JiiBa 9YacTUHA IOI'O DIBHSHHSA OylIe
TOYHOIO TOXiMHOI0. DYHKINIO (1 HABUBAIOTL {HIME2PYBAALHUM
MmHocHurom piBasianst (11.10). Torpibro mam’sitaTu, 1o BUKO-
HYIOYM MHOYKEHHSI Ha IHTErPyBaJIbHUN MHOXKHUK, MOXKHA OTPHMAa-
Tu 3aiiBl po3s’sasku (po3B’si3ku piBHsiHHs 1 = (), & TAKOXK BTpa-
TUTHU JesiKi PO3B’I3KM (PO3B’SI3KM, B3/I0BXK SIKUX (DYHKIIS [t TI€pe-
TBOPIOETHCS Y HECKIHUEHHICTD ).

Mu mHe po3riisimaTUMEMO IMUTAHHS IPO 3HAXOKEHHS 1HTErpy-
BAJbHOTO MHOXKHHMKA Y 3arajbHOMY BHUNAJKY (16 HaJ3BHYARHO
CKJIaJIHO), 8 0OMEKMMOCST PO3IVISIOM IIPUKJIAJLY.

Ipuknagn 5. 3inmezpysamu pisuarma yy" —y'? = 1.
Pose’azarns. lnrerpyBajbHUM MHOXKHUKOM I[bOTO DIBHSIHHS €
bynkiis y~2. Cupas/i, HomiIUBIIN 0OH/IBI YACTHHE PIBHSHHS Ha

2 .
y° (y # 0), onepzxyewmo:

"o 12 ! / 1/
WV _Y_o = (y—+—) =0 =
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OrpumMajin pIBHSHHS 3 BiJOKpEeMJIEHUMHU 3MIHHUMU. SIKIIO
C1 # 0, To MaEMO 3araJibHUN PO3B’I30K:

= 0o + —.
Y 2€ + Cy

Axmo C7 = 0, To onepkyeMo ocobsmBi po3e’sisku y = —x + C.
Kpim Toro, ocobsiuBum po3s’sizkom € dyukiis y = 0.
Bidnogidv: y = CreC1* + C%? y=—x+C, y=0.

3a JI0IOMOTOI0 IHTErPYBaJbHOIO MHOYKHUKA JIETKO 31HTErpyBa-
TU PIBHSHHS

y' = f(y), (11.13)

sike € oKkpeMuM BuragkoM (11.4). Cupaszi, SIKIIO HOMHOXKUTH 0OH-
JBl wactuan pisasiaas (11.13) Ha p = 2y, TO

20y =2f(y)y = % (y?) = % (2 / f(y) dy> =
y? = 2/f(y)dy+ Ch.

Omxke, 3aranbuuii po3s’si30k piBasaHg (11.13) MoxKemo 3aru-
caTH y BULJIsI

::b$+02.

dy
/\/ 2f f(y)dy + C1

Pexomendosana aimepamypa: |2, c. 114 — 135], [4, c. 168 —
179], [5, c. 143 — 146, 151 — 161], [7, c. 107 — 113], [17, c. 227 — 287].

ITutauaga go gekirii 11

1. 3a g01moMoror sIkoi 3aMiHM MOXKH& 3HU3UTHU IOPSJIOK Ju(epeH-
I[IaJIbHOTO PIBHAHHS N-T'O TOPSJIKY, IO HE MICTUTH IIYKaHO! (PYHKIII,
1 piBHSIHHS, IO HE MICTUTH MIYKAHOI (DYHKINI Ta ITOC/IOBHUX IEPIIAX
noxigunx? 3anunriTh 3araJbHAN BUTTIST TAKUX PIBHAHD.

2. dxwuit 3aragbHMt BUTTIST Ma€ qudepeHItia bue PiBHIHHS N-TO MO~
PSLIKY, siKe He MICTUTh He3aJIe?KHOT 3MIHHOI? 3a JIOIOMOIO0 SKOT 3aMiHN
MOXKHA 3HU3UTH MOPSIOK [IbOIO PIBHSIHHSI?
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3. {Ky yMOBY Ma€ clipaB/izKyBaTH JIiBa YacTUHA JIU(EPEHIHATHLHOTO
PIBHAHHS F(gc7 Uy, y(")) = 0, mo6 BOHO OYJI0 OJTHOPITHUM BiTHOCHO
mryKasol yHKIHl Ta i1 noxigaux? fKa 3amMiHa BUKOHYETHCS Yy TaKOMY
piBHAHHI?

4. fx MOYKHA 3HU3UTH TOPSIOK DIBHSIHHS F(x7 TR T ,y(”)) =0,
SAKIIO HOTO JIiBa 9acTUHA € TOYHOIO MoXinHO0 jesikol dyukiii? [To nazu-
BaIOTh HepIuM iHTerpasomM? Ky yHKINIO HA3UBAIOTH IHTEIPYBAJIBHUM
MHOKHMKOM TaKOI'0 PiBHsIHHS?

Brpasu go gekirii 11

1. Busnaure Tumn piBHAHDb Ta 3iHTErpyiTe ix:

a) xy"+xy'2+y’ :0; 6) y/+y//2 :xy'; B) 4\/@3// -1

2. 3HaliIiTh PO3B’SI30K PIBHSIHB, SIK1 33/I0BOJIBHAIOTH 3a/aHI II0YATKO-
Bl YMOBH, JIOCJI/IMBITIN TIOTIEPETHHO TUTAHHS IIPO iCHYBAHHS Ta €IMHICTH
MIYKAHOTO PO3B I3KY:

a)y" = (1+y?)*2 y(0)=1, y'(0)=0;
6) 4y’ +y"* = dwy”, y(0) =0, y'(0) = 1.
3. Bigmykaiite piBHsAHHS, OJHODiAHE BiAHOCHO TyKaHO! (YHKIII Ta
11 moxifHuX, Ta 3iHTerpyiTe #oro:
2 2 2
a) a?y® —y"" +yy” =0; 6) zyy” +yy' =2y + v
B) zyy” + zy” — \/yy' = 0.

4. 3HaitiTh inTerpanbHy Kpusy piBnanua yy' +y'? = 1, axa mpoxo-
nuTh gepe3 Touky (0, 1) i goTukaerses y it Touni o npsamol y = 1 — x.
O6rpyHTyiiTe €IMHICTh TAKOI iIHTErPAJILHOI KPUBOI.

5. 3iaTerpyiiTe piBHAHHSA 3 TOTHUME [TOX1THAMUA:

a)yy' +y =1 6)y —wy =y+1
6. Tosexith, mo pieastHEs 3" + p(x)y’ + q(x)y = f(x) Gyzne pis-

HSHHSM 3 TOYHHME HOXiTHUME, TOAl 1 Tiaekn Tomi, komu ¢(x) = p'(z).
Binrerpyiite piusuas y” + cosx -y’ —sinz -y = 0.
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Jlekmia 12. Jliniiiai ogHopiaHi audepeHmiajabHi
PiIBHSIHHSI 7.-TO MOPSJIKY

Ilan

1. OcHoBHi 03HaYeHHS T TTOHSTTS.

2. BiactuBocTi po3B’s3KiB JIHIHOIO OJHOPIIHOTO PiBHSIHHSI.
3. Jliniitno 3asexkui Ta JsiHiiHO He3a/exKHI MDYHKIII.

4. OcHoBHa TeopeMa.

5. ®opmyaa Ocrporpajicbkoro — JIiyBijuis.

[y

1. OcHOBHi O3HaYeHHS © IMOHSATTS. Y Oararbox IpHUKJIa-
AHUX 3a7a49aX PYHKII, 10 BUBYAIOTHCsI, Ta IX IMOXiAHI HAOYBAIOTH
HACTLIBKN MaJiiX 3HAYEHD, IO 1X KBaJpaTaMu, KybaMu i BUIIMUI
cTereHaMu MOXKHa 3HexTyBaTu. lle mo3BoJisie 3aminnTu MOBLIBHI
3aJI€2KHOCT] MizK BEJIMIMHAMU 3aJI€2KHOCTSIMY JiHIHUME (JUB. Ta-
KOXK JiekI1ito 9, 1. 1). 3acTocoBytoun onepariito JiHeapusariii J10 -
depeHIiaIbHIX PIBHAHD, 110 OMUCYIOTH IEBHUI IIPOIEC 91 SIBUIIE,
OJIEPKYIOTH JudepeHItia bl PIBHIHHS, B 9Kl ITyKaHa (MYHKIL Ta
11 MoxijiHi BXO/IATh JIiHiHO. Taki piBHsHHS HAa3UBAIOTH JIHIHHUMU.

Jlinitinum dudeperuianbHum pieHAHHAM T-20 NOPAIKY
Ha3UBAIOTH PIBHSHHS BUIJISILY

y™ 4+ p1(2)y" Y 4 (@)Y + pa(e)y = flz). (12.1)

dxmo f(x) = 0 na inrepsani (a,b), To piBusuus (12.1) nasu-
BalOTh ATHIUHUM 00HOPIOHUM. BOHO Mae BUTIIsT

y(") + pl(x)y("fl) + .o+ pro1(@)y + pu(z)y = 0. (12.2)

Axmo dyukuis f(x) ToroKHO BiaMiHHA BiJ HyJst Ha iHTEpBaJIi

(a,b), To piBusiaHs (12.1) HA3MBAIOTH ATHIUHUM HEOOHOPIOHUM.
PosristreMo nuTaHHS [pPO ICHYBaHHSI DO3B’SI3KY DIBHSIHHSI

(12.1). Posp’si3aBImu #0ro BiJIHOCHO CTApIIOl MOX1HOT, MaEMO:

y™ = f(2) —p1(@)y™ V) — .. = pai(@)y — palz)y.  (12.3)

Ao byskiii p(x), p2(z), ..., po(z) (Koedpiuienmu pisasHHs)
i f(x) HenepeprHi Ha jesikomy iHTepBasi (a,b), TO paBa JacTuHa



Jlekrisa 12. Jliniiai oguopinui nudepenniaabHi PIBHAHHS N-TO HOPSIAKY 147

piBusinas (12.3) € Henepepsro byHkiieo Ha inrepsam (a,b) i
Ma€ HerepepBHi, a oTXke, il obMexkeHi Ha BIAPI3KY [a1,b1] C (a,b)
(=1 (guvm ¢ dynKii
—pn(x), =pn-1(x), ..., —p1(x) Bignosiguo). OrTxe, 3 Teopemu Ko-
i (ekuist 10) BumMBae, mo s Oy (b-sIKUX [I0YATKOBUX yMOB

JaCTUHHI NOXiAHI 3a 3MiHHUMHA Y, ¥, ..., Y

y(z0) = yo, ¥ (x0) =yhy ---» YV (z0) = y(()n_l)7

e xo € (a,b), piBusaus (12.1) mae equuunit poss’szok y = y(z).
Lleit po3B’si3ok n pasis nudepenniiiopuuii Ha inTepsasi (a,b). Oco-
6/BHX po3B’si3KiB piBHsAHHA (12.1) He Mae.

s cKOpodeHHs 3allUCiB 1O3HAYUMO JIBY YaCTUHY DIBHSHHS
(12.1) gepes L[y ]:

Lyl =y™ + p1(@)y™ Y + . 4 ppc1(@)y +pa(z)y.  (12.4)

Taxkum umuom, L{y]| — ne pesynbrar BukoHanus Haj (DyHKILEO ¥
onepariii, Bkazanux y upasiii gacruni dopmymu (12.4), a came:
BHAXOJKEHHSI TTOXIIHUX (DYHKIIT ¥ [0 IOPSIKY 7 BKJIOYHO, MHO-
weuns v, y, y”, ..., y" Ha koedirienTn piBHsAHHS H 1OIABAHHS
orpuManux Jo6yTKiB. CyKyIHICTh IUX onepaliii MO3HAIMMO Yepe3

L:
dar dn1 d
L=— +p1(l‘)m TP oac +Pn—1(l‘)% + pn()

‘/L-’I'L
1 HA3MBATUMEMO AIHIUHUM OUPEPEHUIANLHUM ONEPAMOPOM
n-20 NOPAIKY.

Bingnaunmo ocuoBHi BitacTuBOCTI orepaTopa L.

Baactusictb 1. Cmasuti MHOMCHUK MOIHCHE BUHECTNU 30 3HAK
NHITH020 dudepeniianviozo onepamopa, mobmo

L[Cy]=CL[y].
Baacrusicts 2. Jlinitnutl dudeperuiasvrut onepamop 6id

cymu Gynruit dopieHIoe cymi MHIGHUT JuPepeHUiasvHUT Onepa-
mopie 6id dodarkie, mobmo

Liy1 +y2] = L{y1 ] + Ly ].
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Bukopucrosytoun oneparop L, siniiine HeoqHOPiAHE PiBHAHHS
(12.1) i niniitee ommopigue piBusiHEs (12.2) MoXKHa 3amucyBaTn
Biznosigno sk Ly | = f(x) i L[y] = 0.

OuesnjiHo, KOXKHe JiiHiiiHe ojHOpiAHe piBHsiHHS (12.2) Mae HY-
JIbOBHH PO3B’s130K Yy = (), KWl HA3UBAIOTD MPUBLAADBHUM.

2. BiacTtuBocTi po3B’si3KiB JIiHITHOTO OAHOPIAHOrO PiB-
HaaH4. [lizuime Oyae mokazano, 1Mo 3HAHHI YACTUHHUX PO3B d3-
KiB JIHIHOIO OJIHOPITHOrO PIBHSHHSI CIIPOIILY€E IIPOIEC TO0YI0BU
3araJibHOrO PO3B’S3KY, a 1HOM1 J03BOJISIE€ MOBHICTIO PO3B’S3aTH 3a-
Jady IHTerpyBaHHsI IbOT0 piBHsHHA. [le € MOXK/IMBUM 3aBIsIKH TO-
My, II0 YACTUHHI PO3B’SI3KU JHHIHOIO OJIHOPIMHOIO PIBHSHHS Ma-
I0Tb HU3KY IIKABUX BJIACTHUBOCTEH, sKi COPMYJIIOEMO y BUTJISII
TEOpeM.

Teopema 1. fkwo y1 — wacmurrutl po3e’a30k AIHIIHO020 00HO-
pionozo pienanns (12.2), mo y = Cyy, de C' — dogiavra cmana,
MAKOIAHC € PO AZKOM Ub020 PIBHAHHA.

Losedernsn. Ockinbku L[y; | =0, a < x < b, T0 3rijHO 3 BiIacTH-
Bictio 1 oneparopa L (1.1) L[Cy, | = CL[y1] =0, a orxe, Cy; €
po3B’si3koM piBusiHg (12.2). B

TakuMm 9UHOM, 3HAIOUN OJMH YACTUHHUI PO3B’SI30K PIBHSIHHSI
(12.2), moxkeMo 6e3 KBajipaTyp Ojlep:KaTh Biapa3y ciM’i0 po3B’s3-
KiB IIbOI'O PIBHSIHHSI, 3aJIe2KHY Bij oxHoro napamerpa (crasoi C').

Teopema 2. dxwo y1 i yo — 086 wacmurHi pPo36’A3ku NiHIT-
H020 00HOpPIdHo20 pieHanna (12.2), mo iz cyma y1 + y2 makoorc €
D036 AZKOM UBO20 PLEBHAHHA.

Losedernns. Ockimbku L(y;] = 0, L{yz] = 0, o 3a Bracrusi-
crio 2 oneparopa L maemo: L{y1 +y2] = Lly1 |+ L{y2] =0. »

3 TeopeMm 1, 2 BUILINBAE TaKe TBEPJZKEHHS.

Teopema 3. fxuwo yi, Yo, .., Yp — HYAGCNUHHI PO3E A3KU Al-
Hitino20 00nopidnozo pienanns (12.2), mo

y=Cy1 +Coy2 + ... + Cpyn,

de Cp, Cy, ..., Cp — d06iAbHL cMaAAL, MAKOIC € PO3E AZKOM Ub020
PIBHAHHA.
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Posrisinemo, Hanpukiaj, pisaanns y” +y = 0. Bono, sk j1erko
IIePEKOHATHCh, Ma€ PO3B’A3KH Y = COS T, Y = Sin T, a TOMY 3ri-
JTHO 3 TEOPEMOIO 3 HOro PO3B’SI3KOM € TaKOXK KOXKHA (PYHKILS CiM'T

y = Cicosxz + Cosinz, ne C7, Co — M0BLIBHI cTaI.
[Ipupoano BUHUKAE MUTAHHS: TKUMU ITOBUHHI OyTH 1 IaCTHH-
HUX PO3B’SI3KIB Y1, Y2, ..., Yn PiBHsHHs (12.2), mob Tx JiHiiiHa

koMmbOinarist y = Ci1y; + Coys + ... + Crypn, sika MICTUTH N JOBLIb-
HUX CTajux, OyJia 3arajbHUM PO3B’S3KOM IBOro piBHsHHA! Jljis
BIJIIIOBIJ/II Ha IIe BayKJIMBE NUTAHHS BBEJEMO IOHATTS JIiHIHOI 3a-
sekHOCTI (JHiHIAHOT He3aIesKHOCT1) DYHKITIL.

3. JliniitHo 3aJjiexxHi Ta JIiHiliHO He3asieXKHi (YHKIIII.
Oynxuil y1 = y1(z), Y2 = y2(2), ..., Yo = Yn(z), BusHAYCH] HA
inrepBaii (a,b), HABUBAIOTH ATHITHO HE3ANEHCHUMU HA [[HOMY
IHTEepBaJIi, AKINO CIIBBITHOTIEHHS

a1y1 + aoys + ... + apy, = 0, (12.5)

Jie 1, g, ..., Oy — CTAJIl, BUKOHYEThHCs Jyist BCiX © € (a,b) TiabKu
TOJIi, KOJM BCl o = o = ... = a, = 0. dkmo y criBBijiHOIIEHH]
(12.5) xoua 6 ofHa i3 cTaUX O, (2, ..., (4 BiIAMIHHA BiJ HyJIs,
10 PYHKIIT Y1, Y2, - .., Yp HASUBAIOTH ATHITUHO 3AAEHCHUMU HA
inrepsadi (a,b).

Posrnsimemo npukiaim.

1. Oyaxii y1 =1, yo =2, ..., yp = "~
Ha iHTepBasi (—o00,+00). Cupasai, piBHicT a1 + ez + ... +
+ apxz™ ! = 0, B =Kiit He Bci (vj JIOPIBHIOIOTDH HYJIIO, HE MOXKE BH-
KOHYBATHUCh TOTOXKHO, 00 € aarebpuvnHuM piBHsHHAM (n — 1)-r0
CTelleHs, SIKe He MOXKe MaTu Oijibiie n — 1 pi3HUX KOPEeHiB.

2. OyukIil y; = cosz, Yy = sinx JiHiiiHO He3aJeXKHI HA OYIb-
JKOMY 1HTepBaJii, 060 CIIBBIZHOIIEHHS 1 cosSx + asgsinz = 0, ze
Q1 1 aig OTHOYACHO HE JIOPIBHIOIOTH HYJIIO, HE MOYKE BUKOHYBATHCH
TOTOXKHO Ha 2KOJHOMY 1HTepBaJIl.

3. Oynxmii y; = sin? z, yp = cos? z, y3 = 3 niniitao 3amexni Ha
imrepsasi (—o0, +00), 60 3 -sin?x 4+ 3-cos?z + (—1)-3 =0.

L nimiiino mesasexkmi

JJtst BcTaHOBJIEHHST O3HAK JIHIAHOT 3a/I€2KHOCTI Ta JIHIAHOI He-
3a/1e2KHOCTI (DYHKIINA Y1, Y2, - . ., Ypn POSIJISTHEMO BU3HAYHUK, CKJIa-
AeHuil 3 ux YHKINN Ta 1X MOXITHUX JI0 MOPSAKY 1 — 1 BKJIIOTHO:
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Y1 Y2 s Yn
/ / e /
W= 2o, (12.6)
ygnfl) ygnfl) o ygnfl)

Busnaunnk (12.6) HasuBaoTh 6udHnawHurom Bponcvbrozo abo
8poHcKiaHoMm OYHKIUH Y1, Yo, - - -, Yn-

Teopema 4 (HeoOximHa yMoBa JiHIMHOT 3aJIEXKHOCTI 1
dyHKuiit). dxwo Gynkuii y1, Y2, .., Yn MHIGHO 3GAEHCHT HA
deswomy inwmepsani (a,b), mo ixr eponckian momostcho dopienioe
HYN0 HA YbOMY THMEPEAAL.

Jlosederns. 3rijHo 3 yMOBOIO TeopeMu Jijist a < & < b MaemMo

a1y1 + asyo + ...+ apy, = 0, (12.7)

Jie He BCi 4ncia ag, g, . .., Q, JOPIBHIOTH HYIO. udepeniiioro-
un cuisiguomenns (12.7) n — 1 pasis, ogep:KyeMo JiHIHHY OJHO-
PIIHY CHUCTEMY BIJTHOCHO (v, 2, ..., Qip’

oY1 + ooy + ...+ apy, = 0,
a1yy + aayh + ..+ any, =0, (12:8)

(n—1) (n—1) (n—1)
o1y + any, + ..ot anyn =0.

Ockinbkn xo4a 6 o/1He 9uc/io o BiIMiHHE Bij HyJs, TO CHCTeMa,
(12.8) mae HeHysnbOBHIl PO3B’si30K. OTKe, BUBHAYHUK IIi€] cucremn,
sKUN € BPOHCKIaHOM (DYHKIHH Y1, Y2, ..., Yn, JOPIBHIOE HYJIIO B
KOXKHI#i Toury inrepsany (a,b). »

3 Teopemu 4 BUIIMBaE BaxK/InBe TBepKeHHs: Akuo W (z) # 0
xoua 6 6 00nit mowyi ithmepsary (a,b), mo yi, ya, . . ., Yn — AHIGHO
HEBANEHCHT HA UBOMY THMEPBANT PYHKUIL.

Haromnomntyemo, mo Toroxxuicts W (z) = 0 € Tinbku HeoOXigHOIO
YMOBOIO JIIHIHOT 3a/1e2KHOCTI (DYHKINH Y1, Y2, - - -, Yn, TOOTO 3 TO-
ro, mo W(z) = 0, B3araji KaxKy4u, He BUILUIUBAE, MO 11i QyHKIIT
JiHifiHO 3aexHi (xuB. Bupasy 7 1o Jseknii). OgHak, skimo dyHKil
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Y1, Y2, - - -, Yp € JACTUHHUME PO3B’SI3KaMU JIHIFTHOTO OTHOPITHOTO
piBusiHHsE (12.2), TO CHPABIKYETHCSI TaKe TBEP/XKEHHSI.

Teopema 5 (HeobOximHa ymoBa JiHIHHOT He3aJIE€XKHOCTI
71 PO3B’sI3KiB JIIHINHOIO OAHOPIAHOrO PiBHSIHHS N-T'O IMO-
PAAKY). SKwo po3e’asku yi, Yz, ..., Yn MHIGHO20 00HOPIOH020
pisnanna (12.2) ainitno nesanesrcni na inmepsani (a,b), mo ix
BPOHCKIAH BIOMIHHUT 610 HYAA 6 YCIT MOUKAT Ub020 THMEPSANY.
Losedenns. Ipunycrumo, mo W(zg) = 0, ge xg — Jesika TouKa
inrepsasy (a,b). Ckiramemo cucreMy PiBHSIHb BiJTHOCHO HEBIJIOMUX

Cy, Cy, ..., Cy:

Cry1(zo) + Coya(xo) + . .. + Cryn(xo) = 0,
Cry1(z0) + Coyy(wo) + - . . + Cryp(20) = 0, (12.9)

Cr\" ™V (@o) + Cot§™ P (o) + . .. + Co ™V (o) = 0.

Busnaunukom cucremu (12.9) € W(xp), a OCKIIbKE 3a IpHILyIe-
ansam W(zg) = 0, To ng cucrema Mae HeHy/1b0BHit po3s’asok. [o-

3HAUMMO 1efl po3B’s30k wepes O = Cy, Co = Cy, ..., Cp, = C, 1
CKJIaIeMO JIHIHY KOMOIHAIIIO PO3B’A3KIB Y1, Y2, ..., Yn:
Yy = C~'1y1 + égyg +...+ é’nyn (12.10)

Briguo 3 Teopemoro 3 dyukiisa (12.10) € po3B’s3KOM piBHsIHHS
(12.2), a 3 cucremu (12.9) BummBae, Mo y TOUIl & = Ty PO3B’s-
30K (12.10) meperBOpIOETHCsE B HyJIb PA30M 3 yciMa MOXiTHUMU J10
mopsiiky 1 — 1 BKJIFOUHO. AJie 1ii caMi YMOBHU 3a/I0BOJIBHSIE TaAKOXK
TpuBlasibHUiT po3B’sa30K y = 0 piBusHHs (12.2), a oTxKe, 3rigHO 3
Teopemoto Kol (po exunicTs po3s’sizky) obuisa po3s’si3ku 30i-
rafoThCsI, TOOTO

Ciy1 + Caya + ... + Cryn =0,

npudoMy He Bci uncna Cj gopisaioiors Hysio. Ile osnadae, 1o dyH-
KIil Y1, Y2, - .., Yp JiHIAHO 3asexkHi Ha iHTepBaJi (a,b), mo cyme-
pednTh yMoBi Teopemu. OTzke, Hallle IPUIYIICHHsT XUOHE, a TOMY

W(xzo) # 0, zo € (a,b). »
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3 TeopeM 4, 5 BUILIMBAE O3HAKA JIHIAHOI HE3aJIEXKHOCTI N Ya-
CTUHHUX PO3B’si3KiB piBHsiHHs (12.2): das mozo, wob n po3s’askie
MHITGH020 00HOPIOH020 pishanhs (12.2) 6yau AiHITHO He3aeHcHU-
mu na inmepsani (a,b), Heobxidno i docmammwvo, uob ix 6pon-
CKIGH He NEPEMBOPIOBABCHA 68 HYAb Y HCOOHIT MOUYL Ub020 THIMED-
8a.NY.

4. OcHoBHa TeopeMa. By/ib-sKy CYKYIIHICTH 1 PO3B’SI3KiB JIi-
HiffHOrO OztHOpigHOrO piBHsHHS (12.2), Bu3HadeHux i JinifiHO He-
sasiexkHUX Ha iHTepBasi (a,b), HasuBaTL HYHOIAMEHMAABHOW
CUCMEMO10 PO38°A3Ki6 1ILOro PiBHsIHHS Ha iHTepBasi (a,b).

Hamnpukazn, dyuxmil y; = cosx, y2 = Sinx yTBOPIOIOTL DyH-
JIaMEeHTaJIbHy CHCTeMy pO3B 's3KiB piBHaAHHA 3" + y = 0 Ha inTep-
Basii (—00, +00), 60 BOHU € PO3B’si3KaMU 11bOI0 PIBHSIHHSI 1 JITHIAHO
He3aJsiexkHl Ha (—00, +00). Ajie 1ie piBHsiHHS Mae fi inmi dyHua-
MEHTAJIbHI CUCTEMU PO3B’si3KiB, HAIPUKJIAJL, KOXKHA rmapa (pyHKILiT
y1 = kcosx, yo = ksinz, ne k — moBiibHA cTaja, BiaMiHHA Bi
HYyJIs, TAKOXK OyJie pyHIAMEHTAIbHOIO CHCTEMOI PO3B’S3KIB.

Moxna nosectu (juB., Hanpukaa, [7, c. 118 — 119]), mo koxue
JiiHiliHEe OfHOPIIHE TudepeH iaibae PiBHSAHHS Ma€ Dy HIAMEHTA b
Hy CHCTEMY PO3B’I3KiB, a K BUJIHO 3 HABEJICHOIO PUKJIAILY, TAKE
piBHSIHHST MOYXKe MaTu 0e3/1i1 (DyHIAMEHTAJIBHUX CUCTEM PO3B’si3-
KiB.

SuaHHs (DYHIAMEHTAJBHOI CUCTEMU PO3B’SI3KIB /A€ MOXKJIU-
BicTh n06yyBaTH pO3B’s130K piBHsHHS (12.2), gKuil MicCTUTb N J10-
BIIBHUX CTaIUX, IPUIOMY Ieil PO3B’I30K Oy/ie 3araibHUM.

Teopema 6 (OcuoBHa Teopema). STKwo Y1, Y2, ..., Yn —
PpyHdamenmasvHa Cucmema Po36’ a3Kie AHIH020 00HOPIOH020 Pi6-
Hanna (12.2), mo 3aearvhutl po36’a30k 4020 PiGHANNA GUSHAYA-
emuves Gopmya010

Y= Cly1 —i—ngg—i-... +Cnyna (12.11)
ne Cy, Cy, ..., C, — dosiavhi wucaa.
Josedenns. Iokazkemo, mo craui Cp, Co, . .., C, 3aBXKIU MOKHA,

BubpaTu Tak, 1mob dhopmyra (12.11) Busnavasia po3B’si30K piBHsIH-
ust (12.2), sikuit 3a/10B0/bHSIE Oy/(b-sIKi Hallepe]| 3ajaHi I09aTKOBI
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YMOBH:
_ |

y(z0) = o, ¥'(20) = s -, y" Vlmo) =" V. (12.12)

st Busnavennst Cp, Cs, ..., C, OJIePKYEMO HEOTHOPIIHY CH-

creMy JHHIHUX aareOpUIHUX PIBHSHB

Cry(wo) + Caya(xo) + - - - + Cryn(To) = Yo,
C1y/i(wo) + Cayy(wo) + - - + Cuyp (o) = wo,
Crt™ P (wo) + Coys" V(o) + ...+ Coyll ™V (wo) = ",
(12.13)
BU3HAYHUKOM KOl s1KOT € W (zg). 3rizHo 3 reopemoro 5 W (xg) # 0,
a orke, cucrema (12.13) mae eaunuii po3B’s30K Ci, Ca, ..., Ch.
Oyukiis (12.11) € poss’siskom piBHsiHHS (12.2) 3rigHO 3 TEOPEMOIO
3. Bupaz (12.11), B sikomy C; = Cj, @ = 1,2,...,n, odeBuIHO,
3a/10BOJIbHSIE TTOYATKOBL ymosnu (12.12). »

ITosepuimock 10 piBusnns y” +y = 0. Panime 6y/10 nokasaHo,
mo QyHKIHT 3 = COST, Yo = SINT YTBOPIOIOTH (DyHIAMEHTAD-
Hy cHCTeMy PO3B’si3KiB Ha iHTepBaJi (—00,+00), & TOMY 3riJHO 3
Teopemoro 6 y = C] cos x + Co sin x € 3arajbHUM PO3B’sI3KOM HaBe-
JIEHOTO PIBHSIHHS.

5. ®opmyaa Octporpaacekoro — Jliysissi. Hexait mae-
MO T JIHIHO He3aJeKHUX YaCTUHHUX PO3B A3KIB Y1, U2, ..., Yn
JinifiHoro oxHopinHoro piBHsiaHs (12.2). Tozi e piBHSHHS MOXKHA
3alicaTu y BUTJISI

Y1 Y2 o Yn Y
Vi % Y Y
=0, (12.14)
ygnq) yénq) o y;Lnfl) y(n—l)
ygn) yé”) .. yf{b) y(n)

60 piBusinas (12.14) mae Ti cami JiiHIHO He3aJ/IeKHI PO3B’SI3KH, 1110
it (12.2). Copasni, skmo migcrasutu B (12.14) 3amicts y oxmy 3
byHKIT Y1, Y2, - -, Yn, TO OAEPIKUMO BU3HAUHUK, STKUH MaE J1Ba
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OTHAKOBI CTOBIIN 1 TOMY TOTOYXKHO DiBHHUI Hys0. 3Bifcu BUTLIN-
Bag, IO 3arajbHi po3B’si3ku piBHsAHb (12.2) i (12.14) onxakoBi, a
cami pIBHSHHS BiJpI3HSIOTHCS JIWITe MHOXKHUKOM. Po3Kjagarodn
BusHauHuK 3 (12.14) 3a ejleMeHTaMU OCTAHHBOI'O CTOBIIIS, 3AIU-
memo pisasiaHs (12.14) y Bursi

Ao(z)y™ — Ay ()" + Ag(a)y" P —
A (FD)FAR@)Y T 4+ (D) An(z)y =0,  (12.15)

Je Aj(z) — BUBHAYHUK, yTBOPEHUII BUKPECTIOBAHHSM OCTAHHBOI'O
crosuigt i (n + 1 —4)-ro pajka y BusHadHuKy 3 (12.14).

Ockinbku piBasians (12.15) 36iraerbes 3 piBasHEAM (12.2), TO
npupiBuo0In KoedimienTn 6iig OMHAKOBUX MOXITHUX 1 BPAXOBY-
1oun, mo Ag(x) = W(x), onepxKyemo

Pa) == pale) =T ees Pale) = (1 G
(12.16)

Baudepentioemo rerep BpoHckian (12.6), BuUKOpHCTOBYIOUN
Take TpaBUIO An(pepeHITiIoBAHHS: TOXiAHA BiJ BU3HAUHUKA N-TO
MOPSI/IKY JIOPIBHIOE CYMi 71 BU3HAYHUKIB, $KI OJIEPKYEMO 3 HBO-
o TIOYEProBOIO 3aMiHOIO €JIEMEHTIB TEPIIOTO, JAPYroro, ..., N-To
pAIKa IX MOXiTHUMU. YCi Ii BUBHAYHUKHU, KPIM OCTAaHHLOT'O, JTOPiB-
HIOIOTH HYJIIO (BOHU MAIOTh JIBa OJHAKOBI PSIJIKH), & TOMY

U1 Y2 T Yn
Y1 Ys o Yn
W/(x) — (.7;7.2) (.n.7.2) .« .. (.n.7.2)
Y1 Yo v Un
ygn) yé") . y7(1n)

Jlerko Gaauru, mo W' (x) = Ai(x), a gKmio BpaxyBaTu mepiy
dopmyiy 3 (12.16), To

= —pi(z),
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3BIJIKH, IHTErpyIOYHN, 3HAXOIUMO

—fpl(x)dx
W(x) = W(zg)-e , (12.17)

Jle © = xo — JoBlIbHA TOUYKa 3 iHTepBasy (a,b). Popmyiy (12.17)
Has3UBaTh hopmyaoto Ocmpoepadcvrozo — Jliysiaasn. Bona
JI03BOJIsI€ 3HAWTU BPOHCKiaH (DYyHIAMEHTAJIHHOI CUCTEMU PO3B’sI3-
KiB piBHsiHHs (12.2), HE MAKYM CAMOI CHCTEMH.

3 dopmynu Ocrporpajcbkoro — JIiyBijisi BUIINBAIOTH TaKi
84ACMUBOCMT 8POHCKIAHA PO3B’SI3KIB JIHIHOINO OJHOPITHOTO
PIBHSIHHSI:

1. Hxwo eponckiarn n po3e’askie yi, Y2, - - - , Yn PiéHANHA (12.2)
dopisrioe nyao 6 dearit mowuyi xo € (a,b), mo 6in dopisnioe 1y
8 YCIT MOoUKaAT Ub020 THMEPBANY.

2. Hxwo sponckian n poss’askie pisnanns (12.2) eidminnud
610 Hyas xoyw 6 00nil mouyi xo € (a,b), mo 6in GidminHul 6i0
HYAA 68 YCILT MOYKAT Ub020 THMEPEANY.

@opmyiy (12.14) MoXKHA BUKOPHCTOBYBATH JIJIsi OOYI0BU J1¥i-
depeHIiaIBbHOrO PIBHSIHHS, SIKIIO BiJIOMOIO € floro OyHIaMeHTaA b
Ha CHCTEMa PO3B I3KiB.

Ilpukaazn 1. [lo6ydysamu dudepenyiarvhe pieHAHHA, AKE MAE
pyndamermarvry cucmemy poss’askic yi(z) = 2, yo(x) = o — 1.
Pose’azanns. Ckopucraemoch dopmysiowno (12.14):

2

v r—1 vy
2¢ 1 y | =0.
2 0oy

POBKJIa,Z[eMO BU3HAYHUK 3a eJIeMEHTaMU TPETHOT'O CTOBIIILA:

2 2

¢ x—1
2x 1

21:1_
?JQO?J

(x% —22)y" +2(1 —2)y +2y=0. W

¢ x—1
2 0

/

’_'_y//

-0 =

Pexomendosara aimepamypa: |4, c. 363 — 389, |5, c. 174 —
197), [7, c. 113 — 121], [16, ¢. 91 — 102].
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ITutanaga go gekirii 12

1. dxwuit Burnan mae Jiniiine nudepeHiiagbae PIBHIHHS N-TO I0-
panky? Yum siniitHe OgHOpiIHE PIBHSHHS BiIpI3HAETHCS Bifl JIHIHHOTO
HEOTHOPIAHOrO?

2. 1o HazuBaroTh JiHIAHIM qudEPEHITIAIBHIM OIIEPATOPOM N-T'O T0-
panky i siki #oro ocHoBHI BiacTuBOCTI? fK MOXKHA 3ammcaTn JHHIAHI
OIHOpiHE 1 HEOMHOPiTHEe PIBHAHHS 3 BUKOPUCTAHHSAM JHHIFTHOTO mude-
PEHIaIBLHOTO oepaTopa’

3. Yu e siniitra kKombiHaIlis 31 craguMu KoedillieHTaMu YaCTUHHUX
PO3B’SI3KiB JIIHIFTHOTO OJTHOPITHOTO PIBHAHHS PO3B’I3KOM I[HOTO YK PIBHSI-
HHs1?

4. ki dyuKnil HABWBAIOTH JIHINHO HE3aJEXKHUMUI Ta JHHITHO 3aJIe-
KanMu Ha inTepBasti! HaBemiTs mpukiaam Takux QyHKITA.

5. [Ilo Ha3suBarOTh BPOHCKIAHOM (DYHKIWMA Y1, Y2, - - -, Yn !

6. 4K dpopmysoeThes HEOOXiTHA YMOBA JIHIHHOT 3a/1€2KHOCTI DyH-
KA Y1, Y2, --., Yn?! K dopmysmioeThess HeOOXinHA 1 ocTaTHSI yMOBa
JIIHIIHOT HE3aJIe2KHOCTI 1 YACTUHHUX PO3B’S3KiB JIHIITHOTO OIHOPITHOTO
piBHAHHSA?

7. o Take dyHmaMeHTAIbHA CUCTEMA PO3B’A3KIB JIHITHOTO OHODI-
JTHOrO piBHsiHHSI? fIK 10Oy /IyBaTH 3arajibHUN PO3B’ 30K JIIHIHHOTO OJHO-
PIJIHOTO pIBHSIHHSI, 3HAIOYN HOro (pyHIaMeHTaIbHY CUCTEMY PO3B’sI3KiBT

8. dAxwmit Bursisa mae popmyita Ocrporpagcskoro — Jliysirs? Hase-
IiTh BJIACTHUBOCTI BPOHCKiaHA PO3B’S3KIB JIHIITHOIO OXHOPITHOTO PiBHS-
HHS, K1 BUITUBAIOTH 3 Ti€l hopMysIn.

Bopasu go jekiii 12

1. uaiinite L[e®], L[e**], L[x?], axmo L — ninittauit audepemtti-
aJbHUIA omepaTop, 3amannit popmymaon L = j—; — 5% + 6.

2. 3’acyiiTe, PO3B’I3KOM AKOTO PiBHAHHS € DYHKIIA i = 2

er:

a) y/// _ 2y// _ l’ex; 6) y/// _ 3y// 4 33// —y= 0;
B) y// o 3y/ + 2y — 1’26m.

3. 3HaliiTh BPOHCKiaH (DYHKITI:
a) y1 = e, ya = 5e%; 6) y; = cos’x, ys = cos2x, y3 = 1.

Yu MorkHa, 3HAIOYN BPOHCKIaH (BDYHKIT, 3p0OUTH BUCHOBOK IIPO iX JTi-
HIiffHY 3aJ1€KHICTD YU JIHIHHY He3a/IeKHICTh?
4. HocniziTe Ha JTiHIAHY 3aJ€XKHICTh PYHKIII:
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a)yr = e yo =% 6)y1 =31+ 7, y2 = 92 + 21;
B) y1 = 2%, y2 = 3%, y3 = 4%

5. HoBendiTh, 1m0 gAKINO cepest MYHKINNR Y1, Y2, - .., Yp XOT OJHA TO-
TOXKHO JIOPIBHIOE HYJIO, TO BOHU JIHINHO 3aJI€XKHI.

6. 3anumriTs JiiniitHe ogHOpiAHE MudepeHIliaJIbHe DIBHAHHS IPYTOTO
MOPSITIKY, STKe Ma€ (PyHIaMEHTAJIbHY CUCTEMY PO3B’S3KiB:

a) Y1 = cosx, yp =sin2x; 6) y; = %, yo = 3.

7. JdoBeniTh, 1m0 BpOHCKiaH (DYHKILIH

v (z) = {O, akmo x € [—1,0], yo(z) =

x?, axmo x € [—1,0],
|22, axmo z € [0,1],

0, sxmpo x € [0,1]

TOTOXKHO JIOPIBHIOE HYJIIO, ajle BOHM JIHITHO He3aJIeXKHI Ha BIJIPI3KY
[-1,1].

Jlekiig 13. Jliniiini omHopiaui nudepeHmiaabHi
PIBHSIHHSI 7-TO MOPSJIKY 3i cTaimMu kKoedilieHTaMu

Ilan

1. OcHoBHI 0O3HaYeHHsI i TTOHSITTSI.

2. Meron Eitnepa. Bumagok mpocTux XapaKTepUCTUYHUX Y-
cell.

3. Meron Eitrepa. Bumaiok KpaTHUX XapaKTEePUCTUIHUX -
cell.

4. udepenriaibai piBHsIHHS, 3BiJHI /0 PIBHAHB 31 CTAIUMU
KoedirienTammu.

1. OcHoBHi O3HaYeHHH I MOHATTHA. BakjuBuil Kjaac 3BU-
JaftHnX qudepeHIiaJlbHIX PIBHSHD CKJIaal0Th JIiHIHI piBHSIHHS 31
crajumu Koedimientamu. Taxi piBusinasg € nudepeniaIbHIMUI MO-
JlesisiMu 6araThoX MPUKJIAIHUX 3324 (HAIPHUKIIAJ, 3 TeOPETUIHOI
MeXaHIKM 1 eJIEKTPUKH), & X PO3B’SI3KM BUPAXKAIOTHCS Y KBaJIpa-
Typax abo HaBITH Yepe3 ejleMeHTApH] (DYyHKITI.

Posrisinemo siniitie mudepentiiaibie PiBHAHHS N-TO MOPSIKY

Lyl = y™ 4+ a19™ ™Y 4 agy™ 2 + ...+ an_1y + any = f(2),
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e koedirientu ai, ag, ..., G, — JAIACH YuCIa, a IpaBa IacTHU-
na f(x) menepepsHa Ha intepsaii (a,b) dyHkiis (30KpeMa, BoHA
Mozke OyTH ii CTAaJIO Ha I[BOMY iHTEpBaJi).

BupunMmo crovyaTky HUTaHHSI PO HOOYJIOBY 3arajibHOIO PO3-
B'SI3KY BiIIIOBIIHOTO OJHOPITHOIO PiBHAHHS, TOOTO PiBHSHHSI

L{y] = 0. (13.1)

st 3HAXO/ZKEHHST 3arajbHOrO Po3B’si3Ky piBHsiHHs (13.1) morpi-
O6HO 3HaTH X04Ya O OJHY (YHIAMEHTAJLHY CHCTEMY PO3B’SI3KiB
y1(x), y2(x), ..., yn(x) nporo piBusuus. Toxi 3rigao 3 OcHOBHOIO
reopeMoio (Teopema 6 3 JiekIil 12) 3arajgbHUM PO3B’SI3KOM I[OTO
PIBHSAHHS €

y = Cryi(x) + Coya(x) + ... + Cryn(x),

ne C1, Cy, ..., C), — 10BiIbHI cTaJIl.

Jlerko mepekoHaTHCS, IO JIiHIfIHE OJHOPIIHE PIBHSIHHSI IIEPIITO-
ro nopaaxky 4y’ + ay = 0, ge a — #ificHa cTaja, Ma€ JaCTHMHHUI
po3B’st30K Y1 = e~ . Cupobyemo i Jijisi JIHIHHOTNO OJfHOPIHOTO
piBHSIHHSI N-10 TOpsAAKY (13.1) yacTuHHUE PO3B’SI30K BijIIyKaTH Y
BUTJISIT1

y = eM, (13.2)

Jie k — JesiKe, IIOKH IO HeBU3HadeHe, IucsIo (JiiicHe abo KOMILIe-
kcue). [ligcrasmsitoan (13.2) BBy yactuny piBusinas (13.1), oxep-
KYEMO:

L(e") = (K" + a1k" '+ agk™ ? + ...+ an_1k + an) - €. (13.3)

3 (13.3) Bumuusae, mo dyukiis (13.2) 6yae pos3s’szkom aude-
penniasibHoro piBHsiHas (13.1) Tozi i TibKK TOM, KoM 4ucao k €
KOpEHeM aJIreOpUIHOrO PiBHSHHSI

P(k)=k"+a1k" 4 ak™ 2 + ... +an_1k+a, =0. (13.4)

Muorowien P(k) Ha3uBaloTh TaPAKMEPUCTNUYHUM MHO20-
waernom, pisasians (13.4) — zapaxkmepucmuuHum Pi8BHAHHAM,



Jlekuis 13. Jliniitai ogHOPiAHI piBHsIHHSA 31 cTajmuMu KoedilienTaMmu 159

sike Bianosinae pisasiaaio (13.1), a Kopeni piBusuus (13.4) — xa-
pakmepucmuiyHumy yucaamuy pisasais (13.1). Jlerko 6aqawnru,
1[0 CKJIJIAI0UN XapaKTepUCTUYIHe PiBHsIHHS, 110Tpi6HO B (13.1) 110-
XiHI PI3SHUX MOPSIKIB 3aMIHUTH BIIIOBIAHUME CTElEHSIME k.

2. Meton Eiinepa. Bunagok mpocTuxX XapaKTepUCTHU-
gyauX guceti. CTpykrypa (yH1aMeHTaaIbHOl CUCTEMH PO3B’A3KiB,
a oTXKe, 1 3arajbHOrO PO3B’si3Ky piBHsiHHs (13.1) 3ajekuTh Bif
XapaKTePUCTUIHUX 4rcesi. [IpuiycTumo, mo Bei XapaKTepuCTHIHI
aucya ki, ks, ..., ky aiiicui ta npocri (pizui). Toai srigmo 3 (13.2)
byHKIil

=M oy =€y, =efn® (13.5)

€ yacTUHHUME Po3B’siskamu pisHsiHHs (13.1). Ilepekonaemocst, 1o
BOHU € JIIHIHO He3aJIeXKHUMHU Ha iHTepBaJi (—o00, +00). st mporo
o6uncsinmo BpoHckian dyHKIi (13.5):

eklx ekzx eknx
W)=| BT R et
k?f—leklx kg—lekzx . szleknx
_ katkattka)e | K1 k2 Ry
n—1 n—1 n—1
A N

Busnaunuk y mpaBiii 9acTUHI OCTAHHBOI PIBHOCTI € BU3HAYHUKOM
Bangepmonma i, gk BimomMo 3 Kypcy anaredpu, ITOPIBHIOE T00YTKY
BCIX MHOXKHUKIB BUrsay kj — k;, ne 1 < 1 < j < n. 3a upu-
mymenasM kj # ki (j # i), a tomy W(z) # 0. Takum umnOM,
dbyukuii (13.5) yTBOPIOIOTH (DYyHIAMEHTAJILHY CUCTEMY PO3B’si3KiB
piBusiHHs (13.1), a Tomy 3rigHo 3 OCHOBHOIO TeopeMoro (DYHKIIist

Yy = Cleklx + 02619296 + ...+ Cnek"x, (13.6)

e Cq, Cy, ..., C, — NOBUIBHI cTaJIi, € 3arajbHUM PO3B’SI3KOM piB-
msuas (13.1).
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IIpuknag 1. 3inmezpysamu pienanns y” — 4y’ + 3y = 0.
Po3ze’azanms. XapakTepucTuuHuM piBHsHHAM € k2 — 4k +3 = 0,
a fioro Kopenstmu — uncia ky = 11 ko = 3. 3rigHo 3 dopMysior0
(13.6) 3araabuuM po3s’s3KoM piBuaHHA € y = C1e® + Coed®, ne
C4, Cy — posinbui crazi. W

Ipuxkaan 2. 3inmezpysamu picnanns y" — 5y’ — 6y = 0.
Posze’asanna. Xapaxrepucruuane piasnus k> — 5k% — 6k = 0
Mae mpocti Kopeni k1 = 0, ko = —1, k3 = 6. Orke, 3arajgbHUM
posB’sizkoM € y = C + Cae™® + C3e5%, ne C1, Cy, C3 — noBinbHi
craji. B

Posrnsimemo BUMIaIOK, KOJIM BCl XapaKTEPUCTUIHI TUCIa Pi3Hi,
ajie cepesl HUX € KOMILIEKCHi. Y IMbOMY BHUIIQJIKY [JIsI BifITyKa-
HHsl JificHux poss’sikiB (13.1) 3py4HO 3HATH HOrO KOMILIEKCHI
PO3B’sSI3KM.

Kommtexeny dbynxiio y(x) = u(z) +iv(z), ne i = v/—1, aiii-
CHOI 3MIHHOI & Ha3UBAIOTH KOMMNAEKCHUM PO38’A3KOM DiBHSIH-
us (13.1) ma inrepsasi (a, b), sKImo i1 HiZICTAHOBKA IIEPETBOPIOE I1E
piBHsIHHSA y ToTOXKHICTH L[y ] = 0 1151 Beix x € (a, b).

Hexait a + bi — xapakrepucruyute 4yucso pisasinag (13.1). Bi-
JIOMO, IO KOJIM ajreOpudHe PiBHSHHS 3 JiicCHUMU KoedirieHTaMu
Ma€ KOMILIEKCHUI KOPiHb, TO BOHO MA€ TAKOXK 1 CIIPSIZKEHUN 3 HUM
KopiHb. OTKe, Xapakrepuctudte piBHsiHHs (13.4) y BUNAIKY, KWl
POBIJIAIAEMO, MA€ TAKOYXK KOMILJIEKCHO-CIIPS2KEHN KOPiHb ¢ — bi.

Barasbuuii po3s’si30k piBHsiHHs (13.1) MoxkHa 3HaNTH 3a dOp-
myutoto (13.6), ane dynkuis y(z) Oy/e KOMIUIEKCHO3HAYHOIO. 3 Ha-
CTYIHOI T€OpeMU BHILIMBAE, 10 SKINO KOMILIEKCHA (hyHKIs y(T)
€ po3B’siskoM piBHgAHHs (13.1), To iT ziiicHa Ta ysIBHA YacTUHU €
JHCHUME PO3B’SI3KAMU I[HOTO 2K DIBHSIHHSI.

Teopema 1. dxwo gynxuis y(x) = u(z)+iv(x) € poss’askom
pishanns (13.1), mo xoorcna 3 Pynkuyit u(x) ta v(x) makxooc e
PO36 AZKOM U020 DIGHANHA.
osederns. Ockinbku 3a ymoBoo Teopemu L[y] = 0, To BUKO-
PHUCTOBYIOUYM BJIacTUBOCTI oneparopa L (nekiist 12), omepxKyemo:
L{y] = Llu+iv] = L[u]+iL[v] =0,ao0rxke, L[u] =0, L[v] =0,
o it morpibHoO OysI0 JOBECTH. B>
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[Tokaxkemo Temep, K, MalOYM KOMILIEKCHO3HAYHUN PO3B’si-
30K piBHsHHsA (13.1), 3HaiiTH foro jBa JHIHO He3aueXKH AifcH
PO3B’sSI3KM.

Brigno 3 (13.2) xapakrepucTuaHuM duciaaMm a + bi, a — bi Biz-
(a—bi)x piB-

usnns (13.1). Bukopucrosyroun dopmysy Eitnepa, ni poss’sisku

[OBIIAI0Th KOMILIEKCHI PO3B’si3KH 41 = e(0T0)7 j gy — ¢

3aIUIIEMO Y BUIVIS I
y1 = e (cosbx +isinbz), yo = e*(cosbr — isinbz).

Xapakrepuctudne 49ucjiio a + bi Ha mizcrasi Teopemu 1 1o-
POJRKYE JBa AiiicHl po3B’sisku piBHsiHHsA (13.1): giificHy Ta ysiBHY
qacTuHn PYHKIHT 1, To0TO byHKIIl € cosbr, €F sinbr € pos-
B’si3kamu piBHsiHHgA (13.1), npudoMy BOHU € JIHIHHO He3aeXKHI Ha
(—00, 4+00) (IPOIOHYEMO CAMOCTIIHO MEPEKOHATHUCS, 10 IX BPOH-
CKiaH BiIMIHHWIA Bij HyJIst).

OdeBuIHO, 110 XapaKTEPUCTUYHE YUCIO ¢ — bi HOBUX JHHIIAHO
He3aJIe’KHIX YaCTHHHUX PO3B’s3KiB piBHstHHs (13.1) He Jae.

Takum 9uHOM, SIKIIO BCI XapaKTEPUCTUUHI Yucjia Pi3Hi, aje
cepeJi, HUX € KOMILIEKCHI, TO KOXKHOMY JIIICHOMY KOpeHto k Bijo-

Bisla€ po3B’s30K eF*

, & KOYKHII ITapi KOMIIJIEKCHO-CIIPAYKEHNX KOpe-
HiB a = bi BiAHOBIIAIOTL ABa AificHI JIHHIAHO He3a/IeXKHI JaCTUHHI
posB’s3ku €* cos bxr 1 € sin bx. Beboro marmmemo n mificHuX ga-
CTUHHUX PO3B’SI3KIB BUIJISIILY

b e cosbr, € sinbe, (13.7)

SIKi YTBOPIOIOTH (DYHIAMEHTAJIBHY CUCTEMY PO3B’s3KiB. 3TrigHo 3
OcHoBHOIO TeopeMolo (JieKIlisi 12) 3arajibHuil pO3B’si30K PiBHSIHHSI
(13.1) omepkumo y Buruisizi JiiHiiiHOI KOMOIHAIIT yCiX YACTUHHUX
pos’sazkiB (13.7) 3 moBinbaumMu cramumu Cq, Cy, ..., Cy,.

Ipuknanx 3. Binmeepysamu pisnanmua y° — 6y”" + 12y" +
+ 6y — 13y = 0.
Pozs’sazannsa. Po3p’a3kamMu  XapaKTEPUCTUYIHOIO  PIBHSIHHS
k* —6k3 +12k> + 6k — 13 =0 e aBa Jiiicei i JBa KOMILIEKCHO-
cupsizkeri Kopeni: k| = —1, ko =1, ks = 3+ 24, ky = 3 — 2¢, a T0-
My 3arajbHUN PO3B’SI30K 33JIAHOTO PIBHSIHHST MOXKEMO 3aIlUCATH Y
Burisn y = Cre™® + Coe® + Cse3® cos 2z + Cue3® sin2z. M
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3. Meton Eiinepa. Bunamok KpaTHUX XapaKTepPUCTU-
YHUX YUCeJI. Y I[bOMY BHUIIAJIKY YHCJIO PI3HUX XapaKTePUCTHIHIX
apces1 Gyjie MEHIIe 7, a TOMY YACTHHHEX PO3B’s3KiB BHIIsLy €Fi®
piBusinus (13.1) Oye Takox menire n. [Tokaxkemo, sik MOKHA 3HA-
AT perTy YaCTUHHUX PO3B’HA3KIB.

Hexait k; — gificne abo KOMILIEKCHE XapaKTEPUCTHIHE HUCIIO
kparnocti s. Tomi, K Bimomo 3 aaredpu,

P(k))=P'(k)=...=PC V(&) =0, PO (k)#£0, (13.8)

ne P(k) — xapakrepucTuvaHuii MHOrO4IeH, BU3HAYEHUH (HOPMYIIO0
(13.4).

st 3HaxXO/KEeHHST PO3B’sI3KiB, siKi BIJIIOBIAIOTH XapaKTepu-
cruvyHOMY uuciy ki, anumeMmo ToroxHicrs (13.3) y Buris

L(ef®) = P(k)-e*®

i 3mudepentioemo i1 m pasiB 3a 3MIHHOIO k, BUKOPUCTOBYIOUIH
dopmyity Jleitbuina jyist m-1 moxijgHOT Biji J0OYTKY JBOX (DYHKITIi:

(u) ™ = chn u@y(m=9)

j=0
Ch o ml . .
ae Um = gy — KUIBKICTD CHOJyHerb 3 1M eeMeHTis 1o j.
Bynemo maru:
m
L(z™e*) =) "¢l PY (k) 2™
j=0

3Bizcu, Bpaxosytoun (13.8),

L(z™e*) =0, m=0,1,...,5—1,
a Ie O3HaJae, 1Mo (PyHKIT
ehe gehT gl psTlke (13.9)

€ posp’siskamu piBHsinHg (13.1). Bonm, sik Jierko mokasaru, € Jii-
HIfHO He3aJIeXKHUMHU Ha iHTepBai (—00,4+00). AKINo npu 1pHoMy
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ancisio ky € apificauM, To dbyukuii (13.9) rakoxk OyLyTh JAIHCHUMHE.
Taxum 9MHOM, KO’KHOMY JIICHOMY XapaKTePUCTHIHOMY YUCTYy k1
KPaTHOCTI § BiMOBiTae s AiiCHUX JIHIHO He3aJIe2KHIX PO3B’A3KiB
surssny (13.9).

SKIII0 MaeMO KOMILIEKCHEe XapaKTePUCTUIHE Iucao a + bi Kpa-
THOCTI S, TO XapaKTEPUCTUIHUM UUCJOM Ti€l YK KpaTHOCTI Oyje
TAKOXK clpsizkeHe 4ucsio a — bi. 3rigno 3 (13.9) uuciy a + bi Big-
[IOBi/Ia€ § KOMILJIEKCHUX PO3B’A3KiB:

a+ib)x

z2e! , ..., g5 lelatib)z

e(a—i—ib)x 7 we(a—&-ib)x 7

Buninsroun y nux nificHi Ta ysIBHI YaCTHHU, OJIEPYKYEMO 28 TiCHUX

PO3B’sI3KiB:
e cosbr, xe® cosbx, ..., x5 1 cos bz, (13.10)
e sinbr, xe®sinbz, ..., z° e sinbz. '

Heckmagno moBecTn, 1o 1 po3B’SI3KM JIHIAHO He3aJIeXKHI Ha
(—00, +00).

Tak camo, gK i J/Is1 BUIAJIKY ITPOCTOTO KOMILJIEKCHOTO XapaKTe-
PUCTHUYIHOTO YUC/Ia, KPATHE XapaKTEePUCTUIHE IUCI0 a— bl He Topo-
JKY€E HOBUX JIHCHUX JIHINHO HE3AJIEKHUX JACTUHHUX PO3B’SI3KiB.
TakuMm YMHOM, KOXKHIM Hapi KOMILIEKCHO-CIIPSI?KEHUX XapaKTepH-
CTUYIHUX Unces a + bi KpaTHOCTI § BiAmoBimaroTh 25 AilicHIX JTiHIH-
HO He3aJIe?KHIX PO3B’si3kiB Burisiyty (13.10).

Ipuknag 4. 3inmezpysamu pieuanna y" —5y" +3y' +9y = 0.
Posze’azanna. Xapakrepucruane piasuus k° — 5k +3k+9 =0
Ma€ OJUH MPOCTHil KOpiHb k| = — 1 1 onuH KpaTHUii KOpiHb ko =
= k3 = 3. llum KopensM BinnosizaoTs poss’sskn e, 3%, red? a

y = Cre ™ 4+ C1e3% + Cyze3® ¢ 3arambauM po3s’s3koM. B

IIpuknan 5. 3inmeepysamu pienanna y" +3y" +3y +y = 0.
Posze’azanns. Xapaxrepucruune pisusuns k3 + 3k +3k+1=0
Ma€ KpaTHuii jilicnnii kopinb ki = ko = k3 = —1. Orxke, 3aamHe
X

PIBHSIHHS Mae TpH JIHIHHO HezasexKHi po3B’sa3Ku e %, xe™*, x2e ™,

a fforo 3arajgbHUM po3B’s3KoM € y=Cre *+Core ™ +Caz’e ™. B

Ipuknazn 6. 3inmezpysamu pisuanna y” —1y'Y 4+ 8y — 8y’ +
+ 16y’ — 16y = 0.
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Pozs’azannsa. Binnosinne xapakTepucTudHe PiBHAHHSI M€ OTUH
npoctuit Kopiab k1 = 11 /iBa KpaTHi KOMILUIEKCHO-CIIPSI2KEHI KOPEH]
ko = ks =2i, kg = ks = —2i. OTxKe, 3arajJbHUM PO3B 'SI3KOM €
y = C1e* + Cycos 2z + Cyx cos 2x + Cysin 2z + Cszrsin2x. W

4. lndepeniiiaabHi piBHsIHHS, 3BiAHI /10 PiBHAHB 3i cTa-
auMu Koedirienramu. Posrisinemo geski JriniiiHi gudepeniii-
ajbHi piBHAHHA 31 3MiHHUME KoedillieHTaMu, $dKi 3a JTOIOMOIOIO
3aMiHU HEe3aJIeXKHOI 3MiHHOT abo IIyKaHol (DYHKIHT MOYKHA 3BECTH
JI0 PiBHSIHB 31 cTajumu KoeilieHTaMu.

Pisnannam Etlinepa nasuBaiors mpudepeniiaibie PIBHIHH
BUTJISLY

2"y ™+ Yy L tanizy +any =0, (13.11)

ae ai, ag, ..., Qp — craji mgivicai dwciaa. [loOymyemo 3arajibHumii
po3B’si30k piBusiHHs Eitnepa jqis ¢ > 0 (saxmo z < 0, To B ycix
HACTYITHUX BUKJIAJKAX MOTPIOHO 3aMiHUTH & HA —x). 3pobuMo 3a-
MiHY He3aJIe2KHOI 3MiHHOI 38 (POPMYJIOI0

xr =e€.
Toui
1
Yo=Yty =Y — =Y €,

t

Yoo = (v - — - e e = (v —wi)e ™,
" ( "

yls = (yis — 3y +2y,)e ™, ..,
y) = (yt(ff) +o (1)~ 1)!y£)6’”t-

incrapnsoun z = e iﬁ)
y (13.11), ogepzkumo JiiHifiHe OfHODI/HE PIBHAHHSI N-I0 HOPSIIKY 31
crayimmu KoedirieHTamu. SHANIIOBIIN 3arajJbHUI PO3B’ 30K I[HOTO
PIBHSHHS 1 MiJICTABUBINN y HBHOrO ¢ = Inx, MaTuMeMo 3arajbHUi

po3B’s130K piBHsiHHS Eilnepa.

i snaiigeni Bupasu Juis Yy, Yoo, ..., Y

Ipuknan 7. 3inmezpysamu piensmuna 2y — 3xy' + 3y = 0.
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Poses’sazarrs. 3pobuMo 3aMiHy He3aJIexKHOI 3MIHHOI 3a (opMy-
no0 z = e (t = Inz). Toxi ), = yje ", y’ = (v — yy)e . Tlin-
CTaBJISIIOYH [l BUPA3W Y BUXI/IHE PIBHIHHS, JJIsi 3HAXOZKEHHST (DY H-
Kiiil y = y(t) omep:KyeMo piBHsSIHHSI:

2 (y" — y’)e‘zt —3elye ' +3y=0 = ¢y"—4y +3y=0.

3BijcH, BPAXOBYIOUH PE3YJIbTATH HPUKJIALY 1, 3HAXOINMO

y(t) = Crel + Coe¥ = y(z) = O™ + Cre3™® =
y=Ciz+Cox®. W
Vzaranpaennsm piBasaus Eitgepa € piBHaHHS
(az + b)"y™ + (az + b)" Tpry™ Y 4+ ..

.+ (ax + b)pr_1y + pry = 0, (13.12)
ae a, b, p1, p2, ..., pn — Craji. SKII0 BUKOPUCTATH IIi/ICTAHOBKY
ax + b = q i nosnaunTn q = €', abo Biypasy 3podbuTH 3aMiny He-
3a/1eXKHOT 3MiHHOI 32 dopmyJioio ax + b = €', To pisusnus (13.12)
3BeIeThCs JI0 JIHIFTHOTO piBHAHHS 31 cTajnMu Koedimieatamu. Pis-
usuag (13.12) nasusaors pienannam Jlaepanoica.

Jlo piBusgHHs 31 craanMu KoedilieHTaMu 3BOIUTHCI TAKOXK Pi6-
HAHHA debuwosa, TOOTO PIBHSIHHS

(1—a2?)y" —ay +n’y=0. (13.13)

Toukun x = +1 € ocobauBuMu TOUYKaMU 1MBOro piBHaHHS. Ha
KOKHOMY 3 inTepBasis (—oo, —1), (—1,1), (1,+00) BUKOHYIOTBCS
ymoBu Teopemu Korri. [Tobymyemo 3arayibHuii po3s’si3oK piBHAH-

us Yebumona na inrepsasi (—1,1). 3pobumo 3aminy He3a/I€KHOT
3MiaHOT 33 (HOPMYJIOIO

t = arccosx (x = cost).

TO;Li
1 1
/ / / /
J— t J— J—
Yz Yt x = Yt 2 Yt sin ¢ )

, . 1 , cost Ly _ o 1 p G50
Yo2 = Y2 sint & sin® ¢ sint ) Yz sin® ¢ v sin®t’
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Iigcrapiasmodn sHaiifeni BUpasm st Y, i Y., & TAKOXK

x = cost, y piBusians (13.13), nyist 3uaxopKenns GyHKil y = y(t)

MaeMo JudepeHIiagbie PiBHAHHS JPYTOTO MOPSIAKY 31 CTaJnMu
KoedirieHTamu:

y" +ny = 0. (13.14)

BaraspauM po3s’siskoM piBusiasg (13.14) € y = Cicosnt +
+ (5 sinnt, a mic/ist TOBEpHEHHSI JI0 3MIHHOT & OJIEPXKYEMO

y = C cos(n arccos x) + Cy sin(n arccos z).

MoxHa nokasaru |7, ¢. 158 — 159|, mo miniiine oxHOpiaHe piB-
HSAHHS

y™ 4+ p1(@)y™ Y + 4 pae1 (@)Y + pl@)y =0

3BOJAUTHCS [IEPETBOPEHHAM He3aJIe’KHOI 3MIHHOI JI0 JIHIWHOTO PiB-
HHHA 31 cTajuMu KoedillleHTaMi TiIbKH 38 JOIMOMOIOIO IIiICTa-

t:a/mdm,

Jle o — Jesika crajia. 3 Iiel popMyJIn JIErKo OJep:KaTh 3aCTOCOBaHI
BWUIIIE IIiCTAHOBKHY JJIsi piBHSIHDL Eitnepa, Jlarpam:ka ta Yeburosa.

HOBKNI

MareMaTHIHOI MOJEJUII0 HaraTbox IPOIECIB MaTeMaTHIHOL
disuku € pieuanns Becceasi, ToOTO PIBHSIHHS

x2y// +$y/ + (x2 o V)y — 07

e v — nosiibHe crajie unciio. [lokaxkemo, mo npu v = % PIBHSH-
Hsl Becceist 3B0AUTHCSI 0 PIBHAHHS 31 CTAJMMU KOeMIIIEHTaMI Ta
inTerpyernbcd y kBasparypax. s mporo y piBHSHHI

1
%y + xy + <$2 — Z) y =0, (13.15)

BUKOHAEMO 3aMiHy NIYKAaHOT DyHKINT

y = % (13.16)
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Tomi
, 2 1 z g 2 2 3 z

VST E VTR VR AVS

[lincrapasioun Bupasu s y, y' 1 y” y pieasgaas (13.15), ni-

CJIsl HECKJIQIHUX [TePETBOPEHDb MAEMO PIBHAHHSA 31 CTAJIUMHU KOedi-
nientamu 2’ + z = 0. 3araabHUM PO3B’A3KOM IIHOIO DIBHSIHHS €
z = C} cos x+ Cysin z, a BpaxoBytoun (13.16), octarouHo o/epKy-
€MO 3arajbHuil po3s’s30K piBHsaHHs Beccers (13.15):

COS T sin x

3/_01\/— Czﬁ

Pexomendosana aimepamypa: |4, c. 398 — 408, 423 — 430,
[5, c. 220 — 243], [6, c. 180 — 192], [7, c. 131 — 138, 158 — 162], [16,
c. 129 — 137].

ITurannsa mo Jjgekiii 13

1. dxwuit Burisy mae miniitne gudepenmiaabie PiBHIHHS 1-T0 TIOPS/I-
Ky 3i crajymmu Koedirienramu?

2. lllo HazmBaIOTh XapaKTEPUCTUIHUM PIBHAHHSAM, Ky HA3BY MAIOTh
KOPEHi XapaKTePUCTUIHOTO PIBHSIHH !

3. dxwmit Bursg Mae GopMysia 3araJbHOTO PO3B’A3KY JIHIFTHOTO
OJTHOPITHOTO PIBHSAHHS N-TO TOPSJIKY YV BHUIAJKY MPOCTUX JIHCHUX Xa-
PaKTEPUCTUIHUX TUCEJI!

4. dxi aBa mificHi miHITHO He3aIeKHI YACTUHHI PO3B’A3KM JIIHIHOTO
OJTHOPITHOTO PIBHSAHHS BiANOBIIAIOTH Mapi KOMIIEKCHIX XapaKTEePUCTH-
9HUX guces a + bi?

5. ki gificHi JiHifiHO He3aJIeXKHI PO3B’A3KHU JIHIHHOINO OIHOPITHOTO
PIBHSHHS BiJITOBITAIOTH JIICHOMY XapaKTEPUCTHIHOMY UUCTY k KPaTHO-
cri s?

6. Axwit Burisi Mae piBasgaag Eitepa? 3a H0moMOromw skoi 3aMiHn
He3aJe’KHO1 3MIHHOI TOTO MOXKHA 3BECTH JI0 PIBHAHHS 31 CTAJINMH KOe-
dimienramu?

7. dxuit Burssg Mae piBHsiHHs Jlarpamzka? 3a JOIIOMOTOI0 SIKOT 3a-
MiHF fIOr0 MOXKHA 3BECTH JI0 PIBHSIHHSI 31 cTajimMu KoedimienraMu?

8. dxmit Buram mae pisugnag Yedummosa? 3a JTOMOMOTOIO sIKOT 3a-
MiHE HOTO MOYKHA 3BECTH 0 PIBHAHHS 31 cTajmmu KoedirieaTamm?
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9. dxuit 3araJ pHA BUTIAL Ma€ piBHsaubs Beccensi? Ko 1ie piBms-
HHsI MOYKHA 3BECTH JI0 PIBHAHHSA 31 crajauMn Koedirienramu? 3a mor1o-
MOTI0IO KOl 3aMiHH IIe MOKHA 3POOUTH?

Bopasu go sexirii 13
1. Binrerpyiire JiHiiiai ogHOPIIHI PIBHAHHS APYTOTO MOPSIKY:
a)y’ —8y +15y=0; 6)y"+2y +2y=0; B)y —2¢y =0.
2. 3imTerpyiite JiHIHI OJHOPIAHI PIBHIHH:
a)y” —2y"=0; 6)y" —6y" +12y —8y=0; B) Yy —y=0.
3. BHaiiaiTh po3s’sa3ku 3aaa49 Kori:

a)y" =2y +y=0, y(2)=1, ¥y (2) = -3;
6)y" —y =0, y(0)=2, y(0) =1, y"(0) = -1

4. 3inrerpyiire piBusguusa Eitrtepa ta Jlarpamxka:
a) 22y” + 2xy’ — 20y = 0; 6) 22%y" —xy — 2y = 0;
B) (32 +2)%y" + (62 + 4)y’ — 4y = 0.

5. Jljist akux 3Ha4YeHb p i ¢ yci poss’sasku pisaguug y’ +py’ +qy = 0
OyayTh oOMexkeHi Ha miBoci z > 07

6. CrutaiTh JIiHiiHEe OJIHOPIIHE PIBHSIHHS 31 cTajuMu KoedimieHraMu
sIKOMOT'a MEHIIIOTO TMOPSAIKY, SKe Ma€ 3a/IaHl JaCcTUHHI PO3B’A3KMU:

a) y1 = ze*®; 6) y1 =2%e”; B) y1 =T, Yo = COST.
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Jlekmiga 14. JliniitHi HeogHOPiHI AudepeHIiaabHI
PiIBHSIHHS 7-TO MOPSIJIKY

Ilan

1. CrpykTypa 3arajbHOI0 PO3B’si3KY JIHIHHOTO HEOIHOPITHOTO
PIBHAHHS.

2. Meroa Bapiaril HOBIIBHIX CTAJIUX.

3. Meron Kouii.

4. Merox HeBusHateHNX KoeillieHTiB.

1. CrpykTypa 3arajibHOro po3B’si3Ky JIiHITHOIO HEO/THO-
pigHOrO piBHsTHHS. Posrisinemo miniliHe HeomHOpigHE mudepeH-
1iaJibHe PIBHAHHS

Liy] = y™ + p1(2)y™ Y + pa(z)y™2 + ..
ot Pa1 ()Y + pa(2)y = f(2) (14.1)

1 BIJIOBITHE OJITHOPI/IHE PIBHSHHS
L{y] =0. (14.2)

BusinsieTbest, 1m0 3arajbHUil po3B’s30K JIHITHOIO HEOIHODI-
JHOrO piBHsiHHsA (14.1) 3aBKAM MOXKHA 3HAiTH, SKINO BigoMi 3a-
raJbHUi po3B’si30K piBHsiHHs (14.2) i Oyab-sKuil 4aCTUHHWUI PO3-
B’s130K piBHsiHs (14.1). Ile BumimBae 3 TaKOro TBEP/ZKEHHSI.

Teopema 1. 3azasvrutl pose’sazox AHitiHO20 HEOOHOPIOH020
pisnanna (14.1) dopienioe cymi 6yodv-aK020 1020 YaCMUHHO20 PO3-
8’A3KY Ma 342a.0bH020 PO36°A3KY 00HOPIOH020 pieHanHA (14.2).
Josedenns. Hexait Y = Y (x) — BimoMuil yacTUHHUI PO3B’S30K
piBusinns (14.1), To6ro LY | = f(x). Bukonaemo 3aminy y = z+Y,
e z = z(x) — HoBa mykaHa dyHkiida. Ilincrasisroan i1y (14.1)
Ta BPaxXoByIO4M JiHIHICTE oneparopa L, ogepxkyemo, mo L{y]| =

=L[z+Y|=L[z]+ L[Y |=f(z). Ockinbku L[Y ]| = f(z), To
Liz]=0, (14.3)

TOOTO z — PO3B’sI30K JIHIHHOIrO OtHOPiAHOTO piBHsiHHs (14.2). Toxi
arigao 3 OcHOBHOIO Teopemoro (J1eKiiisi 12) 3arajabHUM PO3B’SI3KOM
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piBasiaas (14.3) € z = Ciy1 + Coyo + ... + Cpyn, e y1, Y2, - - -,
Yn — JedKa PyHIaAMEHTAJIbHA CUCTEMa, PO3B’I3KIB ILOIO PIBHAHHSI,
a (Cq,Cy,...,Cy, — poBlibHi cram. Takum gunoMm,

y=Ciy1 +Coys+ ...+ Cryn + Y. (14.4)

[Tokaxkemo, 1o dopmymna (14.4) BusHavae 3arajbHUN PO3B’SI30K
piBasianst (14.1). BrizHo 3 O3HAYEHHSIM 3araJlbHOIO PO3B’SI3KY -
depeHIiaTbHOTO PIBHIHHS N-TO HOPSJIKY JIJIsI IIHOI'O MOTPIOHO 110-
kazaru, mo 3 (14.4) npu manexxunomy Bubopi cranux C1,Cy, ..., Cy
MOXKHA OJIEPKATH PO3B’d30K, sIKUIl 33/I0BOJIbHSE JOBLIbLHI MMOYa-
TKOBI yMOBU

_ =il
y(@o) =0, ¥'(@0) =¥ -, ¥ V(wo) =55 Y.
[Mocainosuo qudepenniooun (14.4), 3HaX01UMO

y=Ciy1 +Coya + ...+ Cryn + Y,
y =Ciyy +Coyg + ... + Cry,, +Y7,

y(—1) = Clygn_l) + ngén_l) + ...+ Cnyf]n_l) + Y (-1,
[Tincrapigaioun B IJ0 CUCTEMY T = T, MATUMEMO HEOJHOPLJIHY CH-
creMy n JHiHIHUX piBHsiHD 3 N HeBijomumu Cq, Cs, ..., C,, BU-
sHadHuKOM KOl € W (xp). Ockinbku y1, Y2, ..., Yp — PyHIaAMEH-
TasibHA cucTeMa po3B’si3kiB, To W (zg) # 0. Takum unnom, crasi
C1, Co, ..., Cp 3 OTPEMaAHOI CHCTEMH BH3HAYAIOTHCH OJHO3HAYHO,
a ToMy po3B’si30K (14.4) cnpaBai € 3araabHuM. B

Teopema 2. Hezati npasa wacmuma AiHitiH020 HEOOHOPIOH020
pishanns (14.1) e cymoro dsox dodanxkis, mobmo

Lly] = fi(x) + fa(z). (14.5)
Sxwo y1 — wacmunnut poss’asok pisnanns Liy] = fi(z), a yo —
wacmunnul po3s’asox pishanna L{y] = fo(x), mo y1 + y2 € ua-

cmunnum po3e’azkom pienanns (14.5).
/JlosederHs TeopeMu BUILIUBAE 3 TOTO, IO

Liyi +y2] = Liy1] + L{y2] = fi(z) + fa(z). »
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2. Meron Bapiarii moBijibHUX cTajaux. PosriasHemo 3a-
raJIbHU MEeTOJ, 3HAXOJXKEHHS YaCTUHHUX PO3B’SI3KIB HEOIHOPII-
Horo piBusinus (14.1) — memod eapiauii doginvbHUT cmasux
(memo0d Jlazpanoica).

Hexait Maemo 3araabHIE pO3B’SI30K JTIHINHOTO OIHOPIAHOTO PiB-
Hsauus (14.2):

z=Cry1 + Coy2 + ... + Cpyn, (146)

e Y1, Y2, ---, Yn — JesdKa QyHIAMEHTAJIbHA CUCTEMa PO3B’si3KiB
uporo pisasinus, a Cq, Cy, ..., C, — 10BLILHI cTaJIi.

Yacrunauil po3s’si30k piBHsiHHs (14.1) mykaemo y Bursii
(14.6), BBazkatoun Cq, Cy, ..., C), He craaumu, a HeBigoMuME (QyH-
KIIiIMH 3MIiHHOI Z, TOOTO

y = Ci(@)y1 + Ca(x)y2 + - . + Cp(2)yn. (14.7)
Bubepemo renep dyukuii Cq(z), Co(z), ..., Cp(x) Tak, mob
dbyuxuis (14.7) 6yna poss’siskom pisasians (14.1). dudepenmnioro-
u (14.7), omepxxyemo
Yy =Cry) +Coth+ ...+ Cryl + Cly1 + Coyjo + ... + Clyn
Haxmanemo ymony, mo C1y1 + Chys + ... + Cly, = 0. Toni
y' = Ciyy + Cayy + ... + Cuyy,.
Hudepenrtiioodn e OuH Pas3, 0/IePKYEMO:
=C1y] + Cays + ... + Coyp + C1y1 + Coyn + ... + Cryp,.
Hexait Ciy] + Chys + ... + Cryl, = 0, Toxni
= Ciyi + Cays + ... + Cuyy,

[Iponosxkytoun audepenmioparu i Bubupaioun dyunkmil Cq,
Co, ..., Oy max, mo6 Ciy" ™ + Chyd" ™ + ..+ Ol ™ =0,

OLIEPKYEMO y(”_l) = C’lyin*l) + C’gyénfl) + ...+ C’nygn 1).
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1, maperrri,

y™ = Cryt™ + Coyd™ + ..+ Cuy) +
+ Oy Y+ Oy L Oy

[TizcraBumo remep y piBHsinas (14.1) Bupasu st y Ta i1 HOXIIHUX:

& (ygn) +p1@" Y + o+ paca (@) +pn($)y1) +
%-Cb(ygo—Fp1@0y§%{)+-”.—kpnf1( )ys + pn(z
--+Cn( )+ o1 @)y + .+ pra(a )yn+pn($)yn)

+ "+ oY 4+ Ol f(@).

MHOXKHUKH B JIy?KKaX TOTOYKHO JIOPIBHIOIOTH HYJIIO, 00 (DyHKIT
Y1, Y2, - - -, Yn € YACTUHHUME PO3B’sizkamu piBHstHHs (14.2). O1ke,
OCTAHHE PIBHSHHS 3AIUIIETHCS TaK:

Cry ™ 4+ Chyl ™ 4 CLy Y = f(a).

Taxkum unnom, dysknii C(x),Co(x),...,Cph(x) 3a10B0bHSI-
I0Th CUCTEMY

Clyr + Chya + ... + Céyn =0,
Cl?h 23/2 Cl =0,

C{ygnﬁ) + C2y§ ) e C;Lyf]nﬂ) =0,
clyi ™ 4 oyl ...+c;Ly§L”*1> = f(x).

MaeMo HEOIHOPIHY cucTeMy 1 JIHIHHUX ajareOpUIHUX PIBHSHB 3
n uwesigomumu C1(z), Ch(x), ..., Cl(x). OcKiabKE BU3HATHUKOM
i€l cucreMu € BiAMIHHUIT Bij Hy/1g BpoHCKian dyHKIR Y1, Yo, - . . ,
Yn, TO BOHA Mae exunuii poss’sizok Ci(z), Ch(x), ..., Cl(z). Inre-
rpytoun, suaiigemo dyukuil Ci(z), Cao(z), ..., Cy(z), nicas goro

3aJIMIIATHCs TiacTaBuT X y dopmyiy (14.7).

Ipuknan 1. 3inmezpysamu pishanns y' +y = x.
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Pose’azanns. 3araabHuM po3s’siskoM Yo = yo(z) BlamosigHOrO
oaHopiaHoro pisHaHHA € Yo = Cp cosx + Co sin .
Hexait renep C; = Cy(x), Cy = Cy(x). 3 cucremn

Ci(z)cosz + Cy(z)sinz = 0,
—C{(x)sinz + Ci(x) cosz = x

snaxomumo Cf(z) = —zsinz, C4(x) = xcosz, a orxe, Cy(x) =
=zcosx —sinz + C1, Cy(x) = zsinx + cosz + Cs,

y = (zcosx —sinz + Ci)cosx + (xsinz + cosx + Cy)sinx =

y=Cicosx+ Cosine +x. B

3. Metoa Koirri. PosristHemo 1me oguH CIr1ocio 3HaXOIKEHHS
YaCTUHHOTO PO3B’sI3KY JIIHIHHOrO HeoiHOpiHOTO piBHsHHS (14.1) y
BUITAJIKY, KOJIU BioMa (yHIaMEHTAJIbHA CUCTEMa PO3B’sA3KIiB Bijl-
IIOBIJTHOT'O OJIHOPI/IHOTO PiBHSIHHSI.

Hexait y1, yo2, ..., Yyn — OyHIAMEHTAIBHA CUCTEMA PO3B’SI3KiB
JinifiHoro ozjHopigHoro pisasius (14.2). Buxopucrosyouu dop-
mysty (14.6), nobymayemo po3s’si3ok piBHstHHst (14.2), sikuii 3a710-
BOJILHSIE TIOYATKOBI yMOBHU

2(s)=0, Z(s)=0, ..., 2" V(s) =1, (14.8)

Jle x = § — JoBlIbHA TOYKa 3 iHTepBasy (a,b). Ileil poss’s30k mo-
3HAYNMO 4epe3 z = @(x,s) (BiH 3aimexuTh BiJ s K BiJ mapame-
rpa). Ockinbku z = @(x,s) gk QyHKIis 3MIHHOI & € PO3B’I3KOM
onxHopinHoro pisusuus (14.2) ps koxuoro s € (a,b), To

Lip]=0, a<zxz<b a<s<hb.

Kpiwm roro, 3 (14.8) Butumsae, mo dbyskuis ¢(z, s) ax QyHKIL
3MIHHOI 2 3a/I0BOJIbHSIE TaKi YMOBH:

©(s,8) =0, (5,5) =0, ..., 9" I(s,5) =0, " V(s,5) =1,
(14.9)

Pews) | Oynxiio o(z,s), axa
=8

ne gepes V) (s, s) mosmadeno o7

Ma€ BKa3aHi BJIACTHBOCTI, HA3UBAIOTh hynkyiero Kowi.
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Posrisinemo tenep dyukiiio

Y(z) = /xgo(x,s)f(s)ds (14.10)

0

Je xg € (a,b) — 10BilIbHA TOUKA, 1 IIOKAZKEMO, 1110 BOHA € YACTUHHUM
po3B’si3koM piBHsiHHs (14.1), siKuil 3a/10BOJIbHSIE HYJIBOBI TOYATKO-
Bl yMOBHI

Y(xg) =0, Y'(zg) =0, ..., Y D(zq) =0. (14.11)

Jlyist 11b0r0 crouaTKy suaiigemo noxigmi Y/, Y, ..., Y sukopu-
croByroun (popmys1y audepeHItiioBaHH BU3HATEHOTO iHTerpaJja 3a
napamerpomV:

5 ([ ) [ s a5

Bpaxosyroun, mo ¢(x, s) 3agoBosbhsie ymosu (14.9), mociiinos-
HO 3HAXOJUMO

Vi) = [ "ol (2, 9)F(s)ds + p(2,2) (@) = / "ol (2, ) f (s)ds,

0 zo

Y"(z) = / "o, 9) f(s)ds + ¢ (, 2) f(z) = / o'(z,5) f(s)ds,

o o

YD (g) = / "Dz, 5) f(s)ds,

Y@ = [ 6,01 (6)ds + 1(2).

0
Tenep oueBnzno, mo dyukiisa Y (z) 3agoBosbusie ymosn (14.11).
Iigcrassioun 3maiineni supasu mia Y, Y, ..., Y1) y (14.1),
OJIEPKYEMO DIBHSIHHS

oyl = [ Lielf(s)ds + 5 (@)

0

() ()
D Bukopucroyemo  dpopMyITy %( i f(x,s)ds) = [ %ds +

@ (x) (x)
+ f (2, 9(x) % — f (z,p(z)) 2.



Jlekuist 14. Jliniitai HeomHOPiAHI audepeHIiaibHi PIBHSAHHS N-TO TOPSJIKY 175

3Bigcu, ockinbku L{p] = 0, o L[Y'] = f(z), a < x < b, 10610
dyuxiis Y (z) 3 (14.10) € yacTHHHUM PO3B’SI3KOM HEOJIHOPIIHOIO
piBusiHHs (14.1).

@opmyny (14.10) nasuBatorh opmyaoro Kowsi. 3 i1 jgono-
MOTOIO 3araJIbHUil PO3B’SI30K JIHIAHOTO HEOIHOPITHOTO PiBHSIHHS
(14.1) mMoxKHA 3amUCATH y BUIVIsLI

y=1yo+ /xw(ﬂf, s)f(s)ds,

0
Je 1o — 3araJbHIi pO3B’sI30K BiJIIOBIIHONO OJHOPIIHOIO PIBHAHHSI.
Ipuxknaan 2. 3inmeepysamu pienanna y" + 1y — 2y = x me-
modom Kowui.
Pose’sa3arms. 3araabHUM PO3B’I3KOM BIIITOBIIHOIO OIHOPIIHOIO
pipngmnsa € yg = Cre~ 2% + Coe®. Tomy dynxmito Komti ¢(z, s)
MIyKaE€MO Y BHUIVIS T

p(z,8) = Ci(s)e™ ™ + Ca(s)e”,
ne dyuknil C(s), Ca(s) srimgno 3 (14.11) 3a/10BOIBHSIOTH CHCTEMY

01(5)6_28 + 02(5)68 =0,
—2C1(s)e™ % + Ca(s)e® = 1.

3Bizcu Jierko 3uaxoaumo Ch(s) = —% e, Cy(s) = %6_8, a OT¥Ke,
1 2(s—x) 1 r—s
Tr,8) = ——e —e" 7,

Toxi 3a dopmynono (14.10) 3HAXOAMMO YACTUHHUIN DPO3B’SI30K 3a-
JaHoro pisusinust (6epyun xg = 0)

1 /" 1 1 1 1
Y(z)= 5/0 (—62(57‘70) + exfs>sds =—5T= 7~ 5672‘% + ge“,

a 3arajJibHAM PO3B’s3KOM Yy = yg~+ Y IiCJIsT Teperno3Hatentst CTaaInx
(Cl =C — 1/12, Cy:=Cy+ 1/3) €
1

_ 1
y = Che 2”+Cgex—§$—1. [ |
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4. Meton HeBu3HaueHuUX kKoedimieHTiB. Posriasmemo -
HiifiHE HEOIHODIIHE PIBHSHHS N-T0 MOPsJIKY 31 cTajumu KoedilieH-
TaMU:

Lyl =y™ +ay™ Y + . +ap 1y +any = f(z), (14.12)

ze aj, ag, . . ., 4y — JaiiicHi uncia, dyskiis f(z) HenmepepBHa Ha je-
sikoMy iHTepBaJi (a,b).

fkimo npasa yactuna piBasaHus (14.12) Mae crerjajabHuii Bu-
DJTSIIT, TO JIJIsT BiJUIYKAHHST 9aCTUHHOTO PO3B 13Ky IHOTO PiBHSIHHST
MOXKHa BHKOPHCTOBYBATH MeMOd HEBU3HAUEHUTL KOEPHIUleH-
mie.

Posrisgremo okpemi BUTaIKm, OB’ sI3aH1 3 BUTUISIZIOM TTPABOT da-
crunu piBasians (14.12).

Bunanoxk 1. Hexait dyukiis f(x) € 106yTKOM MHOrOYI€HA HA
eKCIIOHeHIaIbHy (DYHKIIII0, TOOTO

L{y] = Rp(z) e**, (14.13)

e Rp(x) = rox™ + riz™ 1 + ... + rpp12 + 7y — MHOTOWIEH
3 jificanmu Koedinientamu (30Kpema, 1e Moxe OyTH cTasga), o —
mificHe abo KOMILIEKCHE UHCJIO.

Hexail o He € xapakrepucTnaHuM uucsoM piBasiaHs Ly| = 0,
to6To P(a) # 0 (P(r) — XapaKTepuCTUIHUI MHOIOYJIEH, JIUB. Jie-
kuifo 13). Toxi wacrunnmit po3s’sizok Y = Y (x) piBusuns (14.13)
HOTPIOHO IIyKaTH y BUIJIsI

Y = Qu(z)e, (14.14)

1e Qum(z) = gor™ + 2™ L+ ...+ ¢m_1Z + ¢m — MHOTOUIIEH M-TO
CTEeIeHsT 3 HEBU3HAYCHUMEU KOeDIIli€HTaMu.

Koedinientn muorowiena Q,(xr) moxna 3HaiiTh, mijcrabis-
1oun (14.14) y pisusinas (14.13) i npupiBaioroun koedirienTis 6i-
JiT OJHAKOBUX CTEIEHIB & y 000X YacTUHAX OTPUMAHOI PiBHOCTI.
[Tepekonaemoch, 1Mo KOeMIEHTH g, 1 - - -, ¢y Y IIBOMY BHIIAJKY
3HAY ThCs OHO3HAYHO. CHpaBi, BPaXOBYIOUM BJIACTUBOCTI OIle-
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paropa L, omepxKyemo:

LIY]=L[(q2" +qz™ " + ...+ gm17 + gm)-e*] =
= qoL[x™e* |+ L[ 2™ e |+ ... + g1 L[ 2] +

+ gmL[e**] = (rox™ + rz™ N T+ Tm) €47,

Bukopucraemo Ttemep BuBemeni y 1. 3 Jjexiili 13 dopmysn
L[eax] _ P(a) 0T L[xseax] _ Z Cgp(])(a)xsfjeax_ CKOpO—
J=0
qyoun Ha e*’, MaeMo

m m—1
qOZCfnP(j)(a)wmfj +q Z Cfn_lP(j)(a)mmflfj +...
§=0 §=0

1
ot Gt Z C{p(j)(a)wlfj + gmP(a) =
j=0

1

=rox" + 1"+ T 1T+ T

[IpupiBasiemo koedimnienTn 61 OJIHAKOBUX CTEIECHIB X

m

™ | qoP(a) = 7o,

2™ Y gomP'(a) + g1 P(a) = 71,
(14.15)
20 | gP™ (a) + P V(a) + ... + gm_1P'(a) +

+ gmP(a) = 1o,

Ockismpku P(a) # 0, To 3 (14.15) MOKHa OJHO3HAYHO 3HANWTH
Bci Koedinientu MHorouwtena @, (z), Haupukiazn gy = ro/P(a),
q1 = (r1 — gomP'(a))/P(a) i T. 1.

Hexail « € xXapakKTepuUCTHYHUM YHUCIOM KPATHOCTI k, TOGTO
P(a) = P'(a) = ... = P*D(a) = 0, ate P*)(a) # 0. Y upomy
BUIIQJIKY YaCTUHHUI po3B’si30K Yy Bursyi (14.14) we nobymysa-
i, 60 P(a) = 0. Tenep nykarumemo iioro y Bursisiji

Y = 28 Qpn(2)e®”, (14.16)
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Jie Qpm(T) — MHOTOWIEH M-T0O CTeleHsl 3 HeBU3HaUYeHuMHU Koedilli-
enramu. [ligcrassroun (14.16) y (14.13), ogepkyemo, 1o

m
L[Y] _ L[l‘ka(l‘)eax] _ quL[karm*jeax] _
§=0
m +m— m
Z Z k+m g )(a)mk%»mfjfseax Z P 0T
pu — §=0
abo TicsIsT CKOpOoUueHHsT Ha e
m—j ' m ‘
$503 ctta e =3
j=0 =0 =0

[Tpupisatooun KoedirieHTn OiTsT OHAKOBUX CTEIEHIB T, OJep-
KYEMO CHCTEMY:

2™ qoCl s, PM (@) = 10,

—

x| qo(k + m)pltm= 1)( )+q1(k+m—1)P(’°+m*2)(a)+...
-t gm— 1(k5+1) ( )_Tmfla

20 QOP (k4+m) (a)+q1P (k+m— 1)( )+___+qm_1p(k+1)(a)+
‘|‘QmP( )( ):Tm,

3 fKOI, OCKIJIIbKHI P(k)(a) # 0, MOXKHA OJIHO3HAYHO BU3HAYUTU BC
KoeIIlienTH qo, q1, - - - Gm-

Bunanok 2. Hexaii npasa uactuna pisusinas (14.12) mae Bu-
LJISL]Y

f(z) =e* <R§,1L) (z) cos bz + R (z) sin b:c) , (14.17)

1 2 . :
ne RY (x) Ta RY (r) — MHOrO4JIeHH CTeIeHIB He BHUIIUX BiJ m,
puaoMy xo4a 6 OJMH 3 HUX Ma€ CTeliHb m (BOHU MOXKYyTb OyTH ii
CTAJIMMHE THCJIAMHE, OJIMH 3 HIX MOKe Oy TH TOTOKHO PIBHEM HYJIIO).
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. ibx —ibx . ibx _ ,—ibx
Ockinbku cosbr = S—— sinbr = &, 1o (14.17)

MOXKEeMO 3aIMCaTH Y BUIVISIL
esz 4 e*’LbCE ibr efzbac
2

F(@) = RO(z) e + RO (@)t e _
= R(vlz) (x) elotid)z 4 }“%7(7%) (x) e(“_ib)x,

m

)

ne RV (x), R () — MHOrOUJIEHN CcTereHs m, To0To f(T) € cymor0
JIBOX JIOJIAHKIB, K1 PO3TJISAIAIUCH Y BUIAJKY 1.

Hexait a + bi me € XapaKTepUCTUYHUM YUCJIOM PiBHSIHHS
L[y] = 0. Toxi 3rigHo 3 TeopeMoro 2 YaCTUHHUIT PO3B’SI30K PiB-
usiaHs (14.12) moxkHa 3HaliTH y Bursm Y (x) = @%) () elatd)z 4
+Q® (z) ele=®)z  ne o (x) 1 QP (x) — MHOrOUJIEHU CTeneHst m 3
HeBuzHaveHUMHU Koedirientamu. [lepeitmosinu 10 AificHOZHATHIX
byHKIH, 0/1epKyEMO OCTATOYHE ITPABUJIO 3HAXOKEHHS TaCTUH-
HOrO pO3B’si3Ky piBHsiHHsI (14.12) 3 IpPaBO0 YACTHHOIO BUIJISIILY
(14.17): axwo a + bi ne € TAPAKMEPUCTNUYHUM “YUCAOM, MO A~
cmunHutl po3e’azox nompibro wykamu Yy euzadi

Y(x) =e* <Q$,}L) (z) cos bz + Q) () sin bz:),

1 (2
de an) () 1 2 (x) — mHozouseHU cmeEnena M 3 HeBUSHAMEHUMU
KoePiuieHmamu.

[Ipunycrumo, mo a + bi € k-KparHuM XapakKTEePUCTUIHUM YU~
ciiom. Toxi wacTunHuMil Po3B’s130K piBHsiHHs (14.12) nOTPiIGHO TIy-
KaTl y BUIVISIIL

Y(2) = o (G (2)elet 2 1 G (2)ele—t)7)

Y (z) = zFes® (Q%) (z) cos bz 4+ Q1) (x) sin bm).

B obox Bumaikax KoedilieHTn MHOrO4JIeHiB Q%) (x) 1 Qg) (x) Bu-

SHAYAIOTHCS Hicsist migcranoBku Y (z) y pisusuns (14.12).
BayBazkiMO, IO CXeMa 3HAXOJRKEHHS YaCTUHHOIO PO3B’SI3KY

Y (z) piBusuus (14.12) ne 3MminuTbCs, SIKIIO R,(n,ll)(a:) = 0 abo
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Rg)(x) = 0y dopmyui (14.17). A skmo f(x) = fi(z)+ fo(z)+. ..+
+ fr(z), ne fi(z), fo(z), ..., fr(xz) marors Burasan (14.17) abo
npaBol yactuau piBHsiHHs (14.13) 3 pisuumu «, a + bi, T0 3rijgHO 3
reopemoio 2 Y =Y, + Yo + ...+ Yy, ne Y; = Y,(z) — gacTunHmii
poss’szok piBusHust L]y | = fi(z), j =1,2,... k.

Ipukmnagn 3. 3inmezpysamu pisnanma y" — 2y" = x? — e®.
Po3se’azarns. XapakKTepUCTUIHUME YHCJIAMHU BiJIIIOBIIHOTO OJI-
HopijgHoro piBusuug € k; = kg = 0, k3 = 2, a ToMy 3arajbHuM
PO3B’SI3KOM I0r0 piBHsIHEA € 1o = C] + Cox + C3e??.

[IpaBy yacTuHy HEOTHOPITHOTO PIBHSIHHS 3aIUIIEMO y BUIJISA]
f(x) = fi(x) + fo(x), me fi(z) = 2%, fo(z) = —€”.

Ockinbkn @ = 0 € XapaKTepUCTUIHUM YUCJIOM KPATHOCTI 2, a
a = 1 He € XapaKTePUCTUIHUM UUC/IOM, TO JACTHHHUN PO3B’I30K
3aJJaHOTO PIBHSAHHS ITYKAEMO Y BUIVISIIL

Y = 2%(A2? + Bz + C) + De® = Az + Ba® 4+ Cz? + De®.
[Tlincrapnsioan Y y 3amane piBHAHHS, OAEPXKYEMO TOTOXKHICTH
—24Az% + (24A — 12B)z + (6B — 4C) — De® = z° — €7,

3 {KOI, HPUPIBHIOIOYM KOeMINieHTH OLIs OJHAKOBUX CTEIEHIB &,
3HaAXOUMO Hepu3HadeHi koedimientu A, B, C, D:

z2| —24A4 =1,

z!{24A — 12B =0, 1 1 1
2L\6B—4C =0, 24 12’

ef|—D = -1

4 3 2
Orxe, Y = —5; — {5 — % + €%, a 3arajlbHIM PO3B’A3KOM €

y:C’l—i—C’gx—i—Cgezx ————— — 4+t n

Pexomerndosana aimepamypa: |3, c. 153 — 165, 174 — 180],
[4, c. 389 - 397, 408 — 417], [5, c. 243 — 261], |7, c. 125 — 130, 138 —
144], [16, c. 103 — 108, 138 — 148|.



Jlexris 14. Jliniiai Heomuopinui audepeHniaabHi PIBHAHHS N-TO MOPSAIKY 181

IIutannga mo jgekirii 14

1. dxky cTpykTypy Mae 3arajbHUil po3B 30K JIHITHOTO HEOTHOPI-
JTHOT'O PiBHSIHHS M-T'O TOPSIIAKY !

2. dxwuit BUTTIsIT Ma€ YACTUHHIH PO3B’ 30K JIHITHOTO HEOTHOPITHOTO
PIBHSIHHSI, sIKITIO HOT0 IIpaBa JaCTUHA € CYMOIO JIEKITbKOX JTOMAHKIB?

3. ¥V gomy mosrae MeTOJ, Bapiaril JOBITbHUX CTAINX IHTErPYBaHHS
JIHITHOTO HEOMHOPIIHOTO PIBHSIHHS N-I'0 TMOPSIIKY 7

4. Y gomy nossgarae meton Kot BiAIyKaHHs YaCTUHHUX PO3B’sA3KiB
JIHITHOTO HEOJIHOPITHOrO PIBHSIHHA 7-T0 HOPsAKY! ZKuil BuUrjsy mae
dopmysta Kormi?

5. Y oMy moJisirae MeTO/, HeBU3HAUEHUX KOeIIIEHTIB 3HAXOMZKEHH ST
YaCTUHHUX PO3B’A3KIiB JIHIHHOTO HEOTHOPITHOTO PIBHSAHHS N-T0 MOPSIKY
31 crasmmu KoedirieHTaMu? fIKOTO BUIJISLy Ma€ OyTH IIpaBa JacTUHA
piBHSIHHST, IIOO MOXKHA OyJI0 BUKOPUCTATH 1€l MeTo 17!

Bropasu mo gexirii 14

1. Binrerpyiire JiHiitHI HEOMHOPIIHI PIBHSIHHSI METOJIOM Bapialiil J10-
BITBHUX CTAJIIX:

_tg2x+1

a)y" +3y +2y = 6) y" +4y =

et +1’ 2tgx

2. BinTerpyiiTe JiiHIiHI HEOJHOPIIHI PIBHSIHHS METOJIOM HeBU3HAUE-
HUX KOeIIieHTiB:

a) y” —y:x2 +x; 6)y’+vy =sinx + 3xcosz.

3. BHaiiaiTh po3s’sa3ku 3aaa49 Kori:
a)y"+y=e”, y(0)=1, y'(0) = -2
6) y' —2y —3y=ze"", y(0)=0, y'(0)=0.

4. 3inTerpyiire piBHsiHHsI MeTogoMm Kori:

1
a)y' ty=—77 0y -y=uc

5. JIJ1st KOYKHOTO PIBHSIHHS 3aIUIIITh YaCTUHHUN PO3B 30K 3 HEBU-
3HaYeHNMN KoeilieHTaMu, He MyKaovIn 1X:

a) y" — 2y’ + 2y = 4x%e® + 3cosx; 6) Yy’ + Ty + 10y = xe 2T sin bz.
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Jlekuisa 15. JliniiiHi o/HOPiIHI PiBHAHHSA APYTrOTO
NOPSAAKY

Il1an

1. Kanoniuna dopma JIHITHONO 0JIHOPIIHOIO PiBHSIHHS JAPYTO-
T'0 TIOPSJIKY.

2. ITobymoBa 3arajibHOTO PO3B’SI3KY y BUIAJKY, SKIIO BiITOMUIT
O/INH JACTUHHUN PO3B’A30K.

3. InrerpyBanus JIHITHIX PIBHIHDL 3a JOIMOMOIOIO CTEIIEHEBUX

PsAIIB.

1. Kanoniyana ¢dpopma JiHIIHOrO OJHOPIJHOrO piBHSIH-
He apyroro nopsaky. Jliniiiai gudepenmiaabai piBHSHHS Y-
rOro TMOPSIJIKY YaCTO BUKOPUCTOBYIOTH K JuepeHIia bl MOIesi
PIBHOMAHITHUX NPUKJIAJTHUX 3aja4d MeXaHiKu, ¢izuku, OGiosoril Ta
IHIIIX HayK.

Posrnsimemo siniitie ogHOpigHe PIBHAHHS APYTOrO MOPSIKY

a(@)y" + b(x)y’ + c(z)y = 0, (15.1)

ne a(z), b(x), c(r) — nenepepsHi dyHKuil Ha JesKOMy iHTepBaI
(a,b).

Axmo a(z) # 0 Ha inrepsani (a,b), To piBusauus (15.1) MoxkHa
3almucaT y BUIVISIL

y" +p(x)y + q(z)y =0, (15.2)

ne p(x) = b(z)/a(x), q(z) = c(z)/a(x). [lokaxkemo, 110 piBHSHHS
(15.2) MoxKHa& 3BECTH JI0 DIBHSIHHS, sSIK€ He MICTUTH II€PIIOI MOXi-
JtHOl. JIj1st IbOro 3aI1poBa/IMo 3aMiHy

y = a(x) z, (15.3)

ne z = z(x) — HoBa IykaHa QyHKIsl, a(x) — MOKH 10 HEBLIOMa



Jlexnis 15. JliniitHi oqHOPiAHI PIBHAHHSA APYTrOro MOPSJIKY 183

dbyuxis. Migcrasisioun (15.3) B (15.2), oxepxyemo:
o’ (x)z + 20/ (x)2 + ax)” +
+p(z) (¢ (2)z + a(z)?’) + ¢(z)a(z)z =0 =

o (g ) (5 i o
(15.4)

BubGepemo Tenep dynkiio «(z) Ttak, mob koedimnient 6iasa 2’
2a/ (z)
a(z)

EPETBOPUBCA y HyJIb, TOOTO +p(z) = 0. 3Bigcu, inTerpyroun,

3HAXOUMO BYHKILIO ax):
alz) = e~ 2/p(@)dz. (15.5)
Bpaxosytoun, mo

a/(x) _ _p(Qx) eféfp(a:)dac7

/ 2
CM”(JZ') _ <_p (Qx) + p i$)>e—%fp(x)d$7

Ha/1aMo piBHstHHIO (15.4) BHIISLY

2+ <—p/(2x> — pi(f) - q(a:))z =0.

Taxum unnomM, 3 (15.3) 1 (15.5) BunmBae, Mo 3aMiHa MIyKaHO!
dyuKIil 3a dopmyo0

y = 6—%fp(x)dx 0

3BOJUTDH piBHsIHHA (15.2) 110 piBHSHHS
2"+ 1I(x)z =0, (15.6)

Jie TIO3HATEHO
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Pigusians (15.6) HasuBaoTh KGHOHIWHOM0 POPMOIO DIBHSHHS
(15.2), a dyukuio I(x) — theapianmonm pisusnus (15.2). Ouesu-
JIHO, 1110 Kosiu piBHsAHHS (15.6) iHTErpy€eThCst y KBajpaTypax, To iH-
TErpyeThCst y KBaJpaTypax TakoxK piBHsiHs (15.2). 30kpema, Tak
6yae, akuo I(z) =C, I(x) = x% abo I(x) = W. Y nepriomy
Buna Ky piBasiaHst (15.6) Oyne JinifiHuM piBHSIHHSAM 31 craauMu
koedirienTamu, y apyromy — piBaaragm Eiinepa, y Tperbomy —
piBusinaaM Jlarpamka (auB. jekmiio 13).

SayBaykKuMo, IO JjIs JIHIHHOIO PiBHSIHHSI JIPYTOrO IOPSIIKY
31 cragumu KoedimieHTaMu iHBApiaHTOM € B3ATHUH 3 MPOTHIIE-
JKHUM 3HAKOM JIUCKPUMIHAHT BiIIOBIIIHOTO XapaKTEPUCTUIHOTO

PIBHSIHHSI.

Ilpukiazn 1. 3inmezpysamu pienarma
/! /
Yy +2y +xy=0.

Poss’asanns. [cnyBanns Ta €IuHICTb pO3B 93Ky IapaHTOBaHI Ha
inrepBasiax (—00,0) i (0,00); x = 0 — ocobiMBa TOYKA 3a/aHOTO
piBasinnst. Ockinbku p(z) = 2/x, q(x) = 1, To iHBapianTOM piB-
HsIHHSI, sIK JIerKo liepesipurtn, € ¢yukuisg [(x) = 1. Bpaxosytoun
rerep (15.6), miust Bimmykanus GyHKiil z = z(z) MaeMo piBHSIHHS
2" + z = 0, 3araJbHIM PO3B’SI3KOM SIKOT'O €

z=Cqsinx + Cycosz.

. _1(2de
Ockinbkn y = €™ 2/ = 2 = Z, TO OCTATOYHO OJIEPYKYEMO:

sin x coS T
Yy = Cl =+ CQ .
T T

2. ITobymoBa 3arajibHOTrO PO3B’SI3KY Yy BUIIAJKY, SKIIIO
BigoMuii oAMH YaCcTUHHUI Po3B’si30K. Hexait Bimommuit omuH
HETPUBIAIBHUN YaCTHHHU pO3B’s130K ¥ = Y1 () piBusuus (15.2).
[Tokarkemo, 1110 3aIIPOBAJIUBINN 3aMiHY

Y= yl/u dx, (15.7)
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Jge u = u(x) — HoBa Hesimoma dyHkuis, piBHsaxHs (15.2) MOKHA
3BEeCTH PIBHSAHHS 3 BifoKpemJroBaHuMHU 3MinauMEu. Crpasii, -
crapisioun (15.7) y (15.2), ogepyemo:

yi’/u dz + 2y u + yru'+
+p() (yi/u dr + yw) + Q(x)ylfu dr =0 =
() + P2, + a(@)pn) - / wdz + (2] + p(2)3n) v+ 10 = 0.

Ockinbku 31 — po3B’si30k piBHsinHs (15.7), To

yi + p(x)yy + q(@)y1 =0,

a TOMY
y/
yiu + (Qyi —|—p(1:)y1) u=0 = u+ <2y—1 —|—p($)>u =0.
1
BarajabHUM PO3B’SI3KOM OTPUMAHOTO PIBHAHHS, K JIETKO Hepe-
konarucs, € u = Cry; 2¢—[p(2)de, [Tligcrapasgioan Ternep GyHKIHIO
wy (15.7), omepKyemo 3arajbHuii pO3B’s30K piBHsAHHs (15.2)

e—fp(x)dx
y=1mn 01/72&%4-02 . (15.8)

Y1

Dopmyay (15.8) HasusaoTh opmyaoro Abeas.

Ilpukiazn 2. 3inmezpysamu pienarHA
(22 +1)y" — 22/ +2y = 0.

Pose’azamnns. Jlerko nepesipuru, 1mo yi(r) = & € YaCTUHHUM

posB’s3koM 3aj1aH0ro piBHsiHHs. OcKiibku p(z) = TO, BU-

_ 2z
.732+1 9
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KOpUCTOBYIOUN opmyty Abesist, 01epKyeMo:

2xdx

2241
y==x C’l/ 5—dz + Co =
T

eln(x2+1)

241
y:z‘(Cl/x_'_ d:c+C’2> = y:Cl(xQ—l)—l—C'QJ:.I

72

ko Bimomuil HerpuBiaabHUIT YacTHHHUI PO3B’s30K Y1 (x)
piBusinas (15.2), TO 1€ PIBHSAHHSI MOYKHA 3IHTErPyBaTH TaKOXK, B-
kopucroBytoun dpopmyiy Ocrporpascskoro — Jliysis (dopmyiia
(12.17)).

BrimHo 3 Teopemoro 6 (ekmisi 12) gyt Toro, mob 3Ha-
fitu 3aranbHuil po3B’si30k  piBHsiHHg (15.2), noTpibHO MaTH
dyHIaAMEHTAJIbHY CHCTEMY PO3B’si3KiB I[BOro piBHsHH:A. Hexaii
y2(x) — Takuii po3s’si30k piBHsHHs (15.2), mo y1(z), y2(x) yrBo-
prooTh (byHIAMEHTAJbHY CHCTeMY pO3B’sa3KiB. BukopucroByio-
qun dopmyny Ocrporpagcokoro — Jliysimis (12.17) y Bursmi
W (z) = Cy - e JP@dr onepcyeno:

/ /

y? yi

/ — [p(z)dx
<&) = %e—fp(x)dx = Yy=1 01/672&%4-02 .
Y1 Y1 Yi

Takum anHOM, 3HOBY Oziepzkau dhopmysy Abess (15.8).

3. InTterpyBanHs JIiHITHUX PiBHSIHb 3a JIOIIOMOTOIO CTe-
neHeBux psajiiB. Po3s’sa3ku siniitHOro nudepenmiaabHOr0 piBHs-
HHsI IPYTOr0 MOPSAKY 31 3MiHHUMEU KoedillienTaMu He 3aBXKIU BU-
PaXKaroThCs 4Yepe3 ejieMeHTapHi (DYHKINI, a IHTEerpyBaHHsI TaKUX
PIBHSHB PiJKO 3BOJIMTHCA JI0 KBaJIpATyP.
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[Ile omuu MeTOJ IHTErpyBaHHsS 3a3HAYEHUX PIBHAHB IIOJIATAE
y 300parkeHHl HMIyKaHOrO PO3B’SI3KY y BUIVIAl CTEIIEHEBOIO PSJLY.
Haramaemo gesiki monaTTs i ¢pakTH, MO CTOCYIOTHCS CTEIEHEBUX
psiB.

Dynukuio f(z), sika BusHauena Ha iHTepBadi (a,b), HA3UBAIOTH
aHnaaimuwHoro B Touri xg € (a,b), Ko i1 MOXKHA PO3BUHYTH
B CTeNeHeBUil psil, 301KHUil y IeIKOMy OKOJ TOYKHM xo. KaxKyTs,
mo dyukiis f(x) anasimuyunae va inrepsaii (a,b), KO BOHA B
KOXKHIii Touni zg € (a,b) Moxke 6yTu po3BUHEHA B CTENEHEBUil Psil,
110 30Irae€Thcs B JIEIKOMY OKOJII TOYKH T(o. 30KpeMa, SKINO PsiJ

fx) =) crl@ —zo)

k=0

Mae paJiyc 36ixkuocti r > 0, To dyHskuis f(zr) aHamiTudHa Ha iH-
repBaii (zg —r, Tg + r).

Posrisinemo nudepennianbuae piBasinast (15.2), B sikomy byH-
kil p(x) 1 ¢(x) amamituani wa inrepsasi (xg — a, g + a), T06TO iX
MOXKHA PO3BUHYTHU y CTEIEHEBI PsiIu

p@) = pp- (@ —x0)*, q@) =) g (z—m)",
k=0 k=0

siKi 36iratoTbest Ha iHTepBasi (xg — a,xg + a).

Teopema 1. dxwo y pisnanni (15.2) dynruii p(x) i g(x) ana-
amuuni Ha iwmepsani (xg — a, o + a), mo 6ydv-axul po3e’a3ox
U020 PIBHANNA € AHAMMUYHOI0 PyHKYieto npu T € (To—a,To+a),
mobmo moorce bymu podsunenutl y 36icrull na (xg — a,xo + a)
cmenenesuti pad

y(x) = Z ck(x — xo)k. (15.9)

k=0

HoBesiennsi 1i€l TeopeMu MOxKHa 3HaliTH, Hanpukiaia, B |6,
c. 284 — 286].

Touky = = x( Ha3UBAIOTbL MOYKON AHAATNMUYHOCTME PiB-
uanus (15.2). B okosl TOYKM aHATITHYIHOCTI PO3B’SI30K PIBHSAHHS



188 Poszin 2. JUO®EPEHIIIAJILHI PIBHAHHS BUIIUX ITOPSIKIB

(15.2) mykators y Burysiai psgy (15.9), ne gmcna cg, 1, o, ...
H1/IAral0Th BU3HAYCHHIO.

ITpuknazn 3. 3a donomozoro cmenenesur padie 3inmezpysamu
pishanns y' + zy = 0.
Po3zs’azannsa. Binzunadumo, o 3a1ane piBHIHHS He IHTEIPYETHCS
y KBajparypax. 1loro po3s’si30K MIyKaeMo y BUIVISLIL DSy

oo
y(z) = chxk, (15.10)
k=0
BBaxKaioun ¢, k = 0,1, ... HeBusHadennmu koedimienramu. [lo-

KazKeMo, IO Il KoeiIleHTH MOYKHA OAHO3HAYHO BU3HAYUTHU 1 IIPU
npoMy psijt (15.10) 36iraTuMerbes B JeskoMmy okouii Touku & = 0.

Hpiui 3mudepentioemo psi (15.10) i migcraBumo iforo pazom
3 pagoM g iy’ y 3agane pipaaansg. O1ep:KyeMO TOTOXKHICTh

o0 o0
Z k(k —1)cpa®2 + Z agrftl=0 =
k=2 k=0

00 00
(k + 2)(k‘ -+ 1)ck+2xk = Z ck,lxk.
k=0 k=1

[TpupiBatoroun koedirienTu Oiisi OMHAKOBUX CTEIEHIB T, 3HA-
XOJUMO, IO

1
=0 == ——————Cp— k>1.
Orxe,
(=1)™co
C =
™ 3m(3m —1)(3m —3)(3m —4)-...-3-2
(1)1 0
@ = C =
LT Bm 4+ 1)3m(B3m —2)(3m —3) - ...- 4.3 2T
e m = 1,2,..., a KoedilieHTH ¢y 1 €] 3aIUIMIAIOTHCS HEBU3HATE-

HUMHE (JIOBIIBHUMN).



Jlexnis 15. JliniitHi oqHOPiAHI PIBHAHHSA APYTrOro MOPSJIKY 189

[Toknamaroun ¢y = 1, ¢ = 0, M0 PIBHOCMIILHO TOYATKOBUM
ymosam y(0) = 1, ¢/(0) = 0, 3maxomqumo psij

( 1_|_Z (_1)m 3m
T L nBm - DBm - 3)Bm —4) ... 32

(15.11)

[Mokragaroun ¢y = 0, ¢; = 1, 1110 PIBHOCHJIBHO TTOYATKOBUM YMO-
sBam y(0) = 0, y/(0) = 1, onepxkyemo psig,

( 1)m 3m—+1
ya(@) _“Z Bm+ 1)3mBm —2)(3m —3) ... 4.3

(15.12)

Buxkopucropyroun osnaky /[I’Asrambepa, JIerKo moKasaTH, IO
psiam (15.11), (15.12) 36iratorbest 1uist Beix & € (—o00, +00), a ToMy
ix MozkHa judepennioBarn Ha (—00, +00). [Tincrasisoun (15.11),
(15.12) y piBusuns (15.2), mepekonyemoch, mo yi(x), ya(z) —
po3B’si3ku piBasiHs (15.2). Bk Toro, 1i po3s’s3ku JiiHiiiHO He-
sasiexkHi Ha (—00,+00), 60 iX BpOHCKiaH BiIMiHHUIT Bij Hyssl y
Touri x = 0:

OT}KG, 3araJIbHIM pOBB’HZSKOM 3a,/1aH0I'0 piBHHHHH €

y = C1y1(z) + Caya(z),

ne y1(x), yo(z) Busnaueni dopmymamu (15.11), (15.12), a Cq, Cy —
noBlibHI cTassi.

3a3HaunMo, 110 METO/| CTEIIEHEBHUX Psi/IIB MOXKHA BHKOPUCTOBY-
BATH TAKOXK JIjIs PO3B’si3yBaHHs JIHINHUX HEOIHOPIIHUX PIBHAHD
/! / _ ]
apyroro nopsky y” + p(x)y’ + ¢(z)y = f(z), sxmo p(z), ¢(z) i
f(z) — anamituuni QyHKIGT B JesiKOMY OKOJII TOYKU T = X(.
Posrsiremo rtenep Bunasiok, xkoiu p(z) i ¢(x) — xoedinientu
piBHsiHHA (15.2) — He € aHAJITHIHAME B OKOJI TOUKN T = To. Touxy
T = x, 41 gkol lim p(x) = oo abo lim ¢(z) = oo, HasuBaIOTH
T—TQ T—T0

0c06.4u6010 TOUKOIO piBHsIHHSA (15.2).
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Hexait koedinientn pisasinas (15.2) moxkna mogaru (opmy-

aamu p(x) = 51—(3, q(z) = (xqig‘;’;))% ne p1(z), q1(xz) — anamiTuani

dbyukuii Ha inrvepBai (g — a, g + a), T06TO

pi(@) =Y plz—20)", a(@) =) qrlz —z0)*.
k=0 k=0

Toni piBasinust (15.2) 3pydHO 3alMcaTH Y BUTJISI

(& = 20)%y" + (@ — zo)p1(2)y + q1(2)y =0, x# 0.
Ao ¢ = xg — ocobimBa Touka piBHsiHHA (15.2) (e Oyze, AKIIO
xoua 6 ojiHe 3 YuCes Pig, q10, ¢11 BiAMiHHE Bij HyJsst), To 11 Ha3U-
BAaIOTb PE2YAAPHOI0 0Cc0b6AUB010 MOwKor0. B okosi peryiisipaol
0Cco0JIMBOI TOYKH & = T( pO3B’si3ku piBHsAHHS (15.2) He 3aBXK/H
MOXKHa 300pasuTi y BUIVIsiii crerenesoro psiy (15.9). Hampu-
KJIaJl, OOMABa PO3B A3KH | = /2 § Yo = x~2 piBusinns Eitrepa
222y" + 5xy’ — 2y = 0 He MOYKHA DO3BUHYTH y CTEICHEBi psiu
Burssany (15.9), To6ro y psiay 3a MiIMMU JIOJATHUME CTEHEeHSIMU
x.

Y 1bOMY BHIIAJIKY PO3B’SI30K PIBHAHHSI IOTPIOHO ITYKATH Y BU-
LISl Y3G2aAbHEHO20 CMENEHEBO20 PAY

oo
y(x) = (v — z0)" cplw — l‘o)k7
k=0
e 9ucJjia 1, Cp, C1y ... Hi,ZLJIHI‘aIOTb BU3HAQYEHHIO.

Posp’sizkemo Termep MeToI0M CTEIEHEBUX PSIJIiB PIBHAHHS 3 TIPU-
Ky 1.

Ipuknazng 4. 3natimu 3a2asvruli Po36°A30K PIGHAHHA
zy” + 2y + zy = 0. (15.13)

Pose’azanns. Touka xg = 0 € ocobiuBoio, 60 p(x) = % — 00 TIpHA
x — 0. ToMmy po3B’sI30K IIyKAaE€MO y BUIVISIII y3arajJbHEHOIO CTele-

HEBOI'O DALY
o)

y(r) =a" Z crar.

k=0
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Tomi
0.0
Y (@) =Y (k+r)cpa™ T,
k=0
oo
Z Jk4+r—1)c 2,
k=0

ITigcrasnsioun 3uaiineni supasu s y, y', y” y (15.13), omepxky-
€MO, 1110

(k+r)k+r— l)ckmk”*l +

I

oo
(k+ T)ckxk”*l + Z cprF Tl =0

NE

+ 2
k=0 k=0
abo Tic/IsT CKOpOUeHHsT Ha ' :
o
Z (k+r) k+r—1)ck1:k 1—|—22 (k+r ckmk 1—|—Zc T = 0.
k=0 k=0 k=0

Ockinbku 30iKkHI cTenenesl psian € abCoIOTHO 301XKHI Beepe-
JHl iHTEepBasLy 3012KHOCT, TO TONEPEHIH PIBHOCTI MOXKHA, HAJIATH
TaKOr'O BUTJISIITY:

(r? + r)coz™t + (r? + 3r + 2)c12® + (co+ (r® + 57 +6)ca) @ +

+ (c1+ (P +7r+12)c3) 2® + (2 + (r? +9r+20)cs) 2® + ... =0
(15.14)

3Bijcu BUTLIMBAE, IO yCi KOeIIeHTH y3araJbHEeHOIO CTeleHe-
Boro psy (15.14) mopiBHIOIOTH HyJIIO, TOOGTO

(r?2 +7)co = 0,

(r? +3r+2)c; =0,

co+ (r?2 +5r 4+ 6)cy = 0,
c1+ (r2 +7r +12)c3 = 0,
c2 + (12 +9r 4+ 20)cy = 0,

(15.15)
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Hexaii ¢y # 0, Toxi 3 neprroro piBasins cucremu (15.15) ozxep-
Kyemo, 1mo r = 0 abo r = —1. dkmo r = 0 i, Hanpukaam, ¢y = 1,
To 3 (15.15) 3naxomuMo

1
61:0, 62:—5, 63:0, C4:5,...,
0 )i
—jl = Cop = ————, ...
Cok—1 ) 2k (2k—|—1)"
Takum auaOM, DyHKITIS
_q 2zt 1 3 b _ sinzx
w@) =l-gtg == wtw ) T

€ po3B’si3koM piBHsiHHs (15.13).
Hexait Terep r = —1. Tomi, BBaxkarouu, 1mo cg = 1, ¢ = 0, 3
(15.15) 3HaxoAUMO

1 1 (—1)k
63:07 Ca = 77, -+ 62k71:07 CQk:(Qk)‘7"'7

AT Y A
ya(z) + . +

2! 4! x

1 =z 23 1 ( 2 ) cos T
TaKOXK € po3B’st3koM piBHsiHHs (15.13). Ockinbku 3uaigeni dyn-
kil y1 (z) 1 yo(z) niniiino HezasexkHi (IPOMOHYEMO Yy ILOMY II€PEKO-
HATHCsI CAMOCTIHHO), TO 3rizH0 3 OCHOBHOIO TeopeMolo (JiekIiist 12)
3arajibHUM PO3B’si3KoM piBHsAHHs (15.13) €

sinx coS T
y=0C1 . + Cy :

T

Pexomendosara aimepamypa: |3, c. 297 — 316, |6, c. 269 —
273, 283 — 204|, [7, c. 120 — 122, 150 — 158], [16, c. 202 — 219, [17,
c. 363 — 404, 412 — 435|.
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ITutannga go gekirii 15

1. 3a momomororo sKol MiJACTAHOBKHU JIHIAHE OIHOpPIIHE PIBHSIHH
JPYTOro TOPSAKY MOYKHA 3BECTHU JIO PIBHAHHS, sIK€ He MICTUTH IIE€PIIOl
noxinHol? fK HasuBatOTh Taky (poOpMy pPiBHSIHHS!

2. Illo masuBalOTH iHBapiaHTOM JHHITHOTO OJIHOPIIHOTO PiBHSAHHS
apyroro mopsaaky? fkoro Burssay mae OyTu iHBapiaHT, 00 BiamoBigHe
JliHiliHE OHOPIIHE PIBHSAHHSA APYTOTO MOPSIKY MOXKHA OyJIO 3iHTErpyBa-
TH Y KBaJIpaTypax?!

3. dx, mMaoun OJMH YACTUHHUNH PO3B’SI30K JHHIHHOTO OTHOPITHOTO
PIBHSIHHSI JIPYTOT'O MOPSAJIKY, 3IHTErpyBaTH 1€ PIBHSHHS Y KBaJIpaTypax?’
Axwuit Buriisig mae popmyiia Adesist?

4. Ak moxna Bukopucratu dopmyay Ocrporpajcskoro — JliyBimis
JJIs IHTerpyBaHHs JIHIHHOTO OJHOPITHOTO PIBHSIHHS JAPYTOrO MOPSIKY !

5. ¢k 3HalTH 3araabHIH PO3B 30K JIHIHHOTO OTHOPITHOTO PiBHSAHHS
JIPYTOTO HOPSIIKY 3a JOIOMOTOI0 CTENEHEeBUX PsifiiB? Y SIKOMY BUITAQJKY
PO3B’SI30K IHOTO PIBHAHHS MOTPIOHO MIYKATH Y BUTIS Y3araJbHEHOTO
CTETEeHEeBOTO PATY !

ITuranasa go Jjgekmil 15
1. 3BeiTh piBHsIHHS JI0 KAHOHIYHOI (hOpMH Ta 3iHTErpyiire Ix:
a)y"+ 2y +y=0; 6)2*y" +22% + (@* -2y =0.
2. 3iuTerpyiiTe piBHAHHS, 3HAIOYN IX YACTUHHI PO3B’si3Kku Y1 (x):

a) 2z + 1)y” +4ay’ — 4y =0, yi(z) = ™27
6) x(x — 1)y —axy' +y =0, yi(z) ==

3. 3inTerpyiite piBHSHHSI METOJOM CTEIIEHEBUX PsiJIiB:
1 / —N- /" T
a)y" +ay +y=0; 6)y’ =ye’.
4. 3i"TerpyiiTe PiBHIHHSI METOJOM y3araJbHEHUX CTEIIeHEBUX PsiJIiB:

a)zy’ —(z+ 1)y +y=0; 6)9z%y" — (a® —2)y = 0.
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Jlekriig 16. IudepeniiiajabHi Moaesi KOJTUBAJIbHUX
MpoIiecCiB

Il1an

1. BacrocyBanHs JIHIKHUX OJHOPIIHUX U] EPEHIaJIbHIX PiB-
HAHB JIPYTOrO TOPSIKY JI0 KOJUBAJBHAX PYXiB.

2. 3acrocyBaHHs JIHIMHUX HEOIHODPITHUX JIudEpPEHIaIbHIX
PIBHSHB JIPYTOrO TMOPSIKY JI0 KOJUBAJIBHAX PYXiB.

3. HMudepeHnmiaabaa MOJIEIb MATEMATHIHOIO MasSTHUKA.

1. BacTocyBaHHsd JIiHITHUX OJHOPIAHUX AudepeHIlialb-

HUX PiBHSIHb JIPYTOro IOPSAKY A0 KOJHUBAJIBHUX PYXiB.
[Ipunycrumo, 1o mMaTepiajgbHa TOYKA MACH M MPIMOJIHINHO py-

XA€ThCsT B3J0BK oci Ox Mij BIJIMBOM TPbOX CHI:

1) cumm F, 110 NPUTSTY€E TOUYKY JIO TOYATKY KOODJUHAT; ITIO
CIJTY BBarKaTUMEMO IPOTOPIIHHOIO BiJ/Iai & TOYKH Bij MOYATKY
KoopauHatT, Tooro F1 = —ax, ne a > 0;

2) cusm Fy onopy cepejioBulina, siKy MpHILyCKATUMEMO [IPOIOp-
IIAHOIO MIBUJIKOCTI PyXy TOYKHU (1€ HPUILYIIEeHHs OJIn3bKe 0 JIiii-
CHOCTI /IS HE3HAYHUX IMBUIKOCTEN ), ToOTO Fh = —br', ne b > 0;

3) 30yproBaibHOI (30BHINIHBOI) CHJIM, IO CHPSIMOBAHA B3JI0BK
oci Ox i gopisuioe F3(t) y Moment gacy t.

Tomni 3rinno 3 apyrom 3axkonom Hbiorona

F = ma,

ne F'=Fy+ Fy+ F3, a = 2" (t), maemo qudpepentiiaibie piBHSHHs
PyXy MaTepiaJbHOl TOUKU:

mz” = —ax — bx' + F3(t)

abo
" + 22’ + ¢’z = f(1), (16.1)

p=ts0 amyfTao f19=BO
m

m

Je
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Yuciio p Ha3UBAIOTH KOePiuteHMOoM ONOPY, a IUCJIO ¢ — Koedi-
ULEHTNOM 810TUNEHH.

Hudepennianbue pisasinus (16.1) — sinifine HeopHODiHE DiB-
HSIHHSI JIPYTOr'0 MOPsiIKY 31 crajauMu Koedirienramu. 3iHTerpyBaB-
Iy #oro, 3HaMIEMO 3aKOH PYXy MaTepiajlbHOI TOYKH.

OckijibKu HaHOLIBINMIT IHTEPEC CTAHOBJISITH BUIAJKH, KOJIH
pyX, sKuil BusHaveHuil pisHsiHHAM (16.1), € KOJIMBAHHSIM TOYKH
6ist nostoxkennsi * = 0, To piBHstHHs (16.1) HA3UBAIOTH PIEHAH-
HAM KOAUBAHDG. [Ipu 11boMy, AKIMO 30yproBa/ibHA CHJIa BiICyTHS,
10010 f(t) = 0, TO 16 PIBHAHHS HASUBAIOTH PIBHAHHAM SLALHUL
KOAUBAHD; BOHO MAE BUTJISIT

" +2p2’ + ¢z =0. (16.2)

Hudepennianbue piBasiag (16.1), y sikoMy npasa 4acTHHA TOTO-
JKHO BiJIMIHHA BiJ[ HyJIsI, HA3UBAIOTHb PIBHAHHAM SUMYUEHUT
KOAUBAHD.

Posrisinemo piBusinnst (16.2) 1 3’sicyemo, sik koedinienru p, q
BIUIMBAIOTH Ha XapakTep pyxy marepiajbHol Touku. ITpoanasizy-
€MO OKpeMi BumaKku piBasiHHs (16.2).

Bunamok 1. Pyzx esidoysacmuves 1y cepedosuuyi 6e3 onopy
(p = 0). Toxi piBHSHHS PYXy Ma€ BHUIVIS

" + ¢’z = 0. (16.3)

Pisusinns (16.3) onmcye BepTUKaJbHI PyXu Tija, MiJBilIEHOrO Ha
MPY2KUHI, I/ BIVIMBOM CHJIA TPYXKHOCTI TPYXKUHU 1 CUJIU Barw,
MaJli KOJTMBAHHS MasgTHHUKA, KOJUBAHHS IMOBITPS B aKyCTHIYHOMY
pe3oHaTOpi Ta iHIi ABUINA KOJIuBHOI npuponu. Lle piBHsHIA HA3U-
BalOTh 1€ PLBHAHHAM 2APMOHIYHO20 OCUUAAMOPA.
Pipusanus (16.3) — siniiine ofHOpi/HE PIBHSIHHS 31 CTAIHNMU

koedirientamu. Voro xapaxrepucrmune pisusausa k2 4+ ¢ = 0,
XapaKTEePUCTUIHI YUCIa — KOMILIEKCHO-CIIPsizKeHa, mapa ki = qi,
ko = — qi, a TOMY 3araJlbHIM PO3B’SI3KOM IHOI'0 PIBHAHHS €

x = Cqcos gt + Cysingt.
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st 3’sacyBanHs PI3UTHOrO 3MICTY OTPUMAHOTO PO3B 3Ky 3PY-
YHO 3BECTHU HOT0 JI0 iHIIOI (hOpMU, BBIBIIHN 3aMiCTh JIOBIJIBHUX CTa-
mux Cp, Co HOBI crasi Ai ¢ (A > 0) 3a dopmynamu Cp = Asin g,
Cy = Acos . Toni

A=./C}+C3, cp:arctg% (Cy #0),
2

x = Asinpcosqt + Acospsingt =
z(t) = Asin(gt + p). (16.4)

Pyx, sikuii onucyerbest opmysioro (16.4), HasupaooTh 2apmo-
HIYHUM KOAUBAHHAM. BiH € mepionuaHuM pyxoM 3 nepiodom
T = 2rw/q i wacmomoro q. Yuciio A Ha3UBaOTH AMNAIMYI0I0
Koausarns (16.4) (e MakcumasibHe BIXWJIEHHS] TOYKHU BiJ[ CTa-
Hy piBHOBarm). Besmuuny gt + ¢ Ha3uBaIOTL PA3010 KOAUBAHHS.
Suadvennus dasu Kommpanusg npu t = 0, TOOTO KyT (¢ HA3UBAIOTD
nowamxosor @Pasoro xkonmsanus (16.4).

3 dopmysnu (16.4) Burumsae, 1mo BCi pyXu, BU3HAUEHI DIBHsI-
uusiM (16.3), obmexkeni, 60 npu t — +oo |z(t)] < A. I'padik
KOYKHOI'O KOHKPETHOTO PYXY MOYKHA OJIEPXKATH 3a JOIMOMOIOI0 eJie-
MeHTapHUX IepeTBopeHb rpadika GyHknil = sint (puc. 16.1).

T
A

r=A
L ANAN
O t
\/ v = Asin(qt + ¢)

—A

Puc. 16.1
ByIb-SIKUM OYATKOBUM YMOBaM
z(0) = z9, 2'(0) =z

3riJIHO 3 TEOPEMOIO PO ICHYBAHHS Ta €IWHICTDL PO3B’SI3KYy 3ajati
Kol jyist stinifiHoro piBHsiHHS n-10 mOpsiaKy (Jyiekitis 10) Bigmnosi-
Jae equuuit pyx 3 dopmynn (16.4). Buadigemo neit pyx. Ockiabku
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x’ = Aqcos(qt + ¢), To BimnoBiaHi 3HaUeHHs amIutiTy A i moda-
TKOBOI (ha3u ¢ OJIEPIKYEMO 3 CHCTEMU

Asinp = xg 1 / 5 qro
) :> A = — 2 2 / = —
{Aq cos p = ) q Cry+ T, P = arclg L

0

Bunagok 2. Pyx sidoysacmuvcs y cepedosuuyi 3 onopom p > 0.
XapaxTepuctuannm pisaaraam s (16.2) € k2 + 2pk +¢2 =0, a
XAPAKTEPUCTUIHUMU UCTIAME —

ki=-p+vp2—¢® i ka=—-p—+p?>—¢>

dxmo p? — ¢? < 0, To, mosnauusIn p> — ¢> = —h?, 3aranbHuil
po3B’s130K piBHsAHHS (16.2) MOXKeMO 3amucarn siK

x = e P'(C cos ht + Cy sin ht),

e h = \/q? — p2, abo, BpaxoBylO4M HO3HAYCHHS, SKi BUKOPUCTO-
ByBaJIuCh pu BuBejeHHI (hopmyiu (16.4), v Bursiai

z(t) = Ae P sin(ht + ). (16.5)

Pyx moukn, sikuii onucyerbcst dopmyrnon (16.5), HasuBaOTH
32aCaAN0UUM 2GPMOHIYHUM KOAUBAHHAM 3 1iepiogom T = 2%,
qacroroio h, ammtitynoio Ae Pt nouarkosoro dasoro ¢ (puc. 16.2).
Ha Bigminy Bin rapmoniunoro kosmsantsi (16.4) remep ammutityia
€ BeJIMINHOIO 3MiHHOI0. Ajle BoHa obMmeskena, 60 Ae P! < A, i nps-
Mye Ji0 Hyas npu t — 4oo. Hucmo A HasuBaioTh 104aMKOB010
amnaimydoro, a p — Koediuienmom 3zacarns. Muoxnux e Pt

XapaKTepu3ye MIBUIKICTH 3racaHHs KOJUBAHHS.

X

Puc. 16.2
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dxmo p? — ¢®> > 0, To, mo3nauuBIm P> — ¢°> = h?, 3araibHuHil
pO3B’si30K piBHsiHHs (16.2) 3anminemMo y Bursi

z(t) = Cre Pt 4 Cre= (Pt (16.6)

Ockisbku h < p, 1o x(t) = 0 upu t— 4oo. Hapemri, skio
p2 - q2 =0, To k1 = ko = — p, a 3araJIbHUM PO3B I3KOM €

z(t) = e PY(Cy + Cat), (16.7)

npudomy 3HOBY Z(t) — 0 upu t — +00.

Pyxu, siki onucyrorbest popmysnamu (16.6) 1 (16.7), HasuBaoTh
anepioduHUMU 32aCa10MUMY pYramu. 13 3pocrannsam t Bif-
XuieHHs1 =(t) aCUMITOTHYHO HaOJIMYKAETHCs JI0 HYJIs 1 KOJMBaHb
HABKOJIO ToJiokeHHs & = () HeMae. Yci po3IVIgHYTI pyXu Ha3uBa-
0Th 8IABHUMUY a00 8AACHUMU KOAUBGHHAMU.

Takum grHOM, HasIBHICTH oopy cepejosuiia (p > 0) Bumgo3Mi-
HIOE XapakKTep KOJUBaHb, IPUIOMY, SIKIIO OIp P IMOPIBHSIHO HEBe-
mknit (p < ), TO PyXH 3aJMIIAIOTHCS MEPIOAUIHUME, 3racalovn
npu t — 400, & UPU BEJUKOMY OIOpi cepejoBuina (p = q) pyxu
CTAIOTh AIEPIOJINIHUMU.

2. BacTocyBaHHS JIHIHHUX HeOJTHOPimHUX audepeHIii-
aJbHUX PiIBHSHB JPYroro NOPSIKY 10 KOJIMBAJIbHUX PYyXiB.
Posriisinemo  jmdepentiianbie piBHsAHHSA BUMYIIEHUX KOJUBAHD
(16.1) (f(t) # 0). 3rigHo 3 TEOPEMOIO PO CTPYKTYPY 3arajbHO-
ro pO3B’sI3Ky JIHIAHOTO HeoJHOPiHOrO piBHsHHsA (1ekuist 14) yci
pyxu, siki BU3HAUalOTbCs piBHsAHHAM (16.1), MOxKHA yTBOpUTH 3
CYKYITHOCTI yCiX pyXiB, BU3HAUYEHUX BIJIIIOBITHUM OJTHOPITHUM PiB-
HSIHHSIM (DIBHSIHHSIM 61AbHUL KOAUBAHB MOYKU), 1 OY/Ib-KOrO
OJIHOTO DYXY, BU3HAYEHOIO HEOJHOPimHUM piBHsiHHsIM (16.1).

Posrisinemo BUMaioK, sikuii JOCUTH 9aCTO TPAILIAETLCS Y 3a-
crocyBaHHsIX: 30yproBasibHa cuia f(t) mepiojuyuHa i Ma€ CHHYCOI-
JlaJIbHUN Xapakrep.

Bunamok 1. Pyzx esidoysacmuves 1y cepedosuuyi 6e3 onopy
(p =0). Toxi piBHAHHS PYXy Ma€ BHUIVISL

t” + ¢’z = M sinwt. (16.8)
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Bracui konuBanHs Zo(t), sKI BU3HAYAIOTHCS BIJIIOBIHUM
onuopitauM piBuanusM 7 + ¢?z = 0, € rapMoHiYHIME (muB. dop-
myary (16.4)):

zo(t) = Asin(gt + ¢). (16.9)

BasuimaeTbes 3HAWTH JaCTUHHUN pPO3B’si30K piBHsHHs (16.8).
Burjist ms0ro po3s’si3Ky 3a/1€3KUTh BiJl TOTO, YU € YUCI0 a+1b = iw
KOPEHeM XapaKTepucruaHoro pisHsHHS k2 + ¢ = 0. Ockingbku
k12 = £1iq, TO BCe BU3HAYAETHCA TUM, YU 30iraeTbcs Jacrora 30y-
PIOBAJILHOI CHJIM 3 9aCTOTOI0 BJIACHUX KOJIMBaHbL (PE30HAHCHUU
eunadok), un MaeMo He3bir nux 4Jacror (Hepe3oHaHCHUl 6u-
nadox).

Posrisinemo crioyarKy Hepe30HAHCHUI BHUIIAJIOK, TOOTO KOJIH
w # q. Yacrunuuii poss’sizok piBasiaHs (16.8) X (t) mykaemo y
BUTJIS T

X(t) = Ay coswt + By sinwt,

ne Ai i By — jeski crai, siki BUBHAYMMO 3rogoM. 1ol
X'(t) = —Aywsinwt + Byw cos wt,
X"(t) = —Ajw? coswt — Biw? sinwt
i, mizcrassitoun B (16.8), o/epKyeMo piBHSIHHS
— Ayw? cos wt — Bjw? sinwt + q2(A1 cos wt + By sinwt) = M sin wt.

3 HBOTO, ITpUPIBHIOIYN KoedilieHTn 61isi cos wt, sin wt BijIIIOBIIHO,
MaeMO:

—Aw?+ A2 =0, M

= A =0, B = .
—Biw?+Bi¢>=M ! ! g% — w?

Takum auHOM,

M
X(t) = 5=——=sinwt
(t) q2_w231nw,

a 3arajbHUil po3B’a30K piBHsHH: (16.8) Mae BuUIIs

M
x(t) = R sinwt + Asin(gt + ¢).
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Bumymeni kosmmBamHst, BUBHAYEH] UM 3ara/IbHAM PO3B’SI3KOM, Ha-
3UBAIOTH HAKAAIEHUMUY 2GPMOHIYHUMUY KOAUBAHHAMU.
Posrisinemo piBHSHHSI BUMYIIIEHUX KOJUBAHD

" + ¢*x = M singt, (16.10)

sIKe € OKpeMHUM BHNaJIKoM piBHsiHHs (16.8), Ko w = ¢, T06TO
KOJIM IaCTOTa 30y PIOBAJIHLHOI CUJIN 30ITa€ThCsd 3 YACTOTOIO BJIACHUX
KOJIMBaHb (Pe30HaMc). Y IBbOMY BHIQJKY YaCTHHHUN PO3B’S30K
Ma€ BULJIA]

X (t) = t(Aq cosqt + By sinqt),

60 iq € NPOCTUM XapaKTEePUCTUIHUM IUCIOM. Toi
X'(t) = Aq cos gt + By sin gt + tq(—A; sin gt + By cos gt),
X"(t) = —2A1qsin gt + 2By q cos gt — tq>(A; cos gt + By sin qt)
i, migcrasssiroun B (16.10), oep:KyeMo piBHSIHHS

—2A1¢qsin gt + 2B1qcos gt — qzt(Al cos gt + By singt) +
+ ¢*t(A; cosqt + By singt) = Msingt =
—2A1¢singt + 2B1g cos qt = M sin gt.

3Bijcu, npupiBHioun KoedirienTu 6iisi cos qt, sin gt BijmosiaHO,

3HAXOAUMO, 110 A1 = —Q—Ag, Bi = 0. Takum amHOM,
M
X(t) = —2—t cos qt. (16.11)
q

Hacrunuuit po3s’s30k (16.11) € BUMyIIeHIM KOJIMBAHHAM 1 Ma€
HeoOMerKkeny aMIuiiTyny upu t — +o00. I'padik 1mporo KosmBaHHst
pO3TalloBaHNi MiXK IPAMUMU T = Q—Agt il 93 = —QMqt (puc. 16.3).

VY peanbuux Gi3UUHUX CUCTEMAaX KOJIMBAHHS HIKOJIU HE MOXKYTh
3pocTarn HeoOMeXKeHO, 60 KOJIMBaHHS 3 HEOOMEXKEHOIO aMILITY-
J1010 ab0 CTPUMYIOTHCS OIIOPOM, 400 IIPU3BOJATH JI0 PyiHYBaHH
CUCTEMU.
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X

Puc. 16.5

BaranbHuM po3B’siskoM piHsiHHs (16.10) €
M
z(t) = Asin(gt + ) — 2—t cos qt.
q

Bumyiieni KojauBaHHsI, BU3HAUEH] UM PO3B’SI3KOM, YTBOPIOIOTHCSI
HaKJ/Ia/IaHHM rapMoHifiHnX kosuBanb (16.9) i komuBanb 3 HeoOMe-
JKeHOI0 aMILIiTy o0 (16.11).

Bunanok 2. Pyx sidéysacmuvcsa 6 cepedosuwyi 3 Maisum ono-
pom (p < ¢q). Ilpumycrumo, 1o 30yproBajbHA CHJIA MAE CHHYCOI-
JlasbHuil xapakTep. 1o/l piBHAHHSAM PyXy €

" 4+ 2px’ 4+ ¢*x = M sinwit. (16.12)

Briguo 3 (16.5) Bracui KosmBanHS T((t) MAaOTh BUIISAL
xo(t) = Ae Psin (x/q2 —p?t+ gp).

YHacrunnuit po3s’sizok X (t) piBasauus (16.12) mykaemo y Bu-
LIS Tl

X(t) = Aj coswt + By sinwt, (16.13)
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ne crasi Ap, By snaitnemo, mincrasisiroun (16.13) B (16.12):

— Ajw? cos wt — Byw? sinwt + 2p(—Ajwsinwt + Biw coswt) +
+ ¢*(Aj coswt + By sinwt) = M sinwt =
(—A1w2 + 2pBiw + Alqz) cos wt +
+ (—Blw2 —2pA1w + qQBl) sinwt = M sinwt =
A1(¢? — w?) + 2pwB; = 0,
{—QpAlw +(®?—w)Bi =M

A — —2pwM B — M(g? — w?)
7 (W2 = @22 + 4p20?’ 17 (W2 = @22 + 4p20?”
Orxe,

—2pwM M(q? — w?) )

X(t) =) T Pt coswt + @ — )7 T Pt sin wt,
(16.14)
a 3arajbHU Po3B’s130K piBHsHHS (16.12) Mae Burs
—2pwM M(q? — w?) ,

z(t) = Z )t coswt + @ — )2 + 4p2a? sinwt +

+ Ae Plsin <\/q2 —p2t+ go).

OckiyibKy TIpu ¢ — 400 OCTaHHIi JOJAHOK IPSIMYE 10 HYJIsI, TO
IS TOCTATHBO BEJIMKUX T MOYKHA BBayKaTH, IO

—2pwM M(q? — w?)
2 _ 2\ 5 5 COSWt + 525 2 2
(w? = ¢2)? + p?w (W2 — ¢%)% + 4pw

z(t) =

sin wt,

TOOTO BJIACHUMHY (3racalounMu) KOJMBAHHIME MOXKHA 3HEXTYBATH.
Ammmityna A Bumyinenoro konmsanHsi (16.14) BuUpazkaeTbcst

dopumyitoio
M

\/(WQ — )2 + 4p2w?’

a SKIIO OTIp P JIy2Ke Majnii, To A &

S 3BiJjICH BUILIUBAE, IO

npu HaOJIMXKeHHI w 10 ¢ aMIuiiTyga A € JoBOJII 3HAYHOI HABITH
1y MaJjioro M.
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3. ndepeHmiagbHa MoAeJb MaT€MAaTHYHOTO MasiTHU-
Ka. MamemamuuHumM MaAMHUKOM HA3ZUBAIOTHL MaTepPiaybHy
TouKy M macu m, sKa il TI€10 CUIN TIKIHHS PYXAETHCS 110 KOJIY
L pazniyca r, po3raiioBanoMy y BepTUKAIbHIN TtomuHi. Beamaumny
7 Ha3WBAIOTH JOBXKUHOIO MASITHUKA.

[Ipumyctumo, 1o KOJIMBAaHHST MasiTHHKA BiJIOYBAEThCA Y cepe-
sosurii 6e3 onopy. Ha kosti L BBejiIeMO KyTOBY KOODJAMHATY, B35B-
M 32 TI0YATOK KOOpAMHAT HajiHmk41y Touky O kosa L (puc. 16.4).
BminHy KoopauHary Touku M nosHaunmo uepes 1) = (t). Ha ro-
uky M nmie cuna rTaxinag P = mg, e ¢ — TPUCKOPEHHS BLILHOTO
IaJIiHHS.

Tomi MasiTHUK KOJIMBAETHCS ITiT ITi-
cro cuu F , siKa Jiie y OiK 3MEHIIIeHHS

KyTa 1,
F = —mgsin.

ko 3a gac t poBiibHa TOoYKa M
MPOMIIIAa B3IOBXK JAyru Koja L mursax
S, To S = ri. 3BigcH MBUAKICTH ¥
PYXY TOUKH, sSIKa, CIPSIMOBaHA B3JI0BXK
JOTHUYHOI 10 JyT'U KOJI&, BUSHATAETHCS
3a HopMyJI0Io

v = % — r%. (16.15)
Tomy PIBHAHHSAM PYyXy MasiTHUKA €
mfl—: = —mgsiny
abo, 3 ypaxysanusim (16.15),
2¢) _
oy + gsiny = 0. (16.16)

Pisusianst (16.16) Hestiniiine, ofiHAK SIKINO BEJMYUHA KyTa 1) J0-
CUTH MaJIa, TO Sin 1) & 1, i 3aMiCTb HEJTIHITHONO MOYKHA PO3IJISIATH
JIiHifiHE OJTHOpPi/IHE PIBHAHHS

V' + ¢ =0,
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ne ¢> = %, T06TO MaeMo piBHsHHsI BurIsiy (16.3).
TakuM YuHOM, MATEMATUYHUI MasdTHUK IPU MAJOMY BiJIXU-
JIEHHI BIJI MOJIOYKEHHS PIBHOBaru 3/AifiCHIOBATHME TapMOHIYHI KO-

JINBaHHA 3a 3aKOHOM

Y(t) = Asin(gt + @),

q= g, T:27r\/z,
r 9

x2r T
A= x%—i-L, = arctg Lo /9
g

e

/
xo r

Pexomendosana aimepamypa: |7, c. 144 — 150], [15, c. 88 —
96], [16, c. 387 — 391], [17, c. 288 — 362], [18, c. 268 — 281].

ITurannsa mo Jjgekiii 16

1. dx iHTerpyerbcs piBHAHHS BULIBHUX KOJUBAHBL y CEPEIOBUII Oe3
onopy? dAxkuit Bursn mae 3arajabHuUll PO3B’A30K 1boro piBHsHHA? [Tlo
Ha3UBAIOTb TAPMOHITHUM KOJUBAHHSIM, HOTO aMILIITY/I0I0, IIepioIoM, Ha-
CcTOTOIO 1 1MOYaTKOBOK (razorw? K 3ajexkarb aMILUITYIa 1 IOYaTKOBA
daza Bij MOYATKOBUX 3HAYEHD NMTyKAHOT (DYHKINT Ta 1T MoXiHO1?

2. 4k iHTErpyerhcs pIBHAHHS BiIbHAX KOJIMBAHBb y CEPEIOBUII 3
onopom? Illo HazmBarOTH 3racarouuMM TapMOHIYHUM KOJUBAHHSM, HOTO
epioIoM, YacTOTO, aMILITY/OK 1 MOYaTKOBOIO (ha3ot? Kka mopein-
Ka aMILITyau 1pu ¢ — +00? K BIjIMBa€ HasiBHICTD OIOPY CEPEIOBUIIA
Ha XapaKTep KOJUBAHD!

3. dxuit BUrIsi Ma€ PiBHIHHS BUMYIIIEHUX KOJUBAHDb ¥ CEPEIOBUIIT
6e3 omopy y BUIAJIKY HEPIOAUIHOT 30y PIOBAIBHOL CHJIN CHHYCOITATHHOTO
xapakTepy? K inTerpyerbed e piBHAHHSA ! JKWUil BUTIISAT Ma€ 3araabHA
PO3B’SI30K Yy HEPE3OHAHCHOMY 1 PE30HAHCHOMY BUITAIKAX !

4. {x iaTerpyeTbcsa PiBHIHHSA BUMYIIEHUX KOJUBAHbL Y CEPEIOBUII
3 MaJInM OIMOPOM Y BUIAJKY I1€PIOAMIHOI 30yPIOBAJbHOI CUIN CHHYCOI-
IaJbHOTrO Xapakrepy?! dAxuit Burysm mae rpadik 9aCTUHHOTO PO3B’sA3KY
IOTO PIBHAHHS !

5. [lo Ha3mBarOTh MaTeMaTHUYHUM MasiTHUKOM?! ZKuil BUrIs Mae
uepenIiiaibHa MOJIEIb Horo pyxy? Skumu € mepiojr, yacrora, aMILIi-
TyJa Ta movYaTKoBa ¢ra3a KOJMBAHHS MaTeMaTUIHOTO MasTHUKA!
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Jlekmiga 17. KpaiioBi 3aga4i qasa nudepeHIiaIbHIX
PIBHSIHb JIPYyTOro MOPSIJIKY

Il1an

1. OcHoBHi 03HaYeHHS T TTOHSTTS.

2. IcnyBanng Ta €JMHICTD PO3B’A3KY KpaioBOl 3aJad4i.
3. Oyuxiisa fpiHa KpaiioBol 3ajadi.

4. KpaiioBi 3a1a1i Ha BJIaCHI 3HAYEHHSI.

1. OcHoBHi o3Ha4YeHHsT I HOHSATTS. Y 3a1a4i Ko (qus. je-
Kiil 2, 6, 10) yMOBH, 32 JOMOMOIOI0 SIKUX MOXKHA BUJLIUTU IIEBHUIT
YACTUHHMI PO3B’sI30K AUQEPEHIaJIbHOTO PIBHIHHSA, 38aI0ThCA B
onuiit (mouarkosiit) Touri. IIpore y 6ararbox NpUKIIHUX 3aja-
JaxX yMOBU Ha HEBioMy (DYHKIINIO Ta 11 MOXiTHI 38/IaI0ThCSA Y JTBOX
TOYKaX, HAIIPUKJIAJ, Ha KiHILAX BiIpI3Ka, JIe IIYKAEThCs PO3B’ SI30K
zaadi. Taki yMoBEM HA3MBAIOTH KpatioguMU. 3a1ady Bi Ty KAHHST
pO3B’s13Ky auepeniiaabHOr0 piBHIHHS, 110 3a/I0BOJIbHSIE KpailoBi
YMOBH, HA3NBAIOTh KPalio6010.

KpaiioBi 3a/a9i BUHUKAIOTH K JdudepeHIiaibii Moaeni bara-
THOX TNPUKJIQJHUX 33J1a9 (KOJUBAHHS CTPYHU, KOJIMBAHHS BAJIB,
HOIIUPEHH s TelljIa y IPOoBiHuKY Toio). Hanpukias, y 3agaqi mpo
PyX MaTepiaJbHOI TOYKH MACH M I Ji€io 3aganol cum F'y Oa-
raTboX BHIAJIKAX HOTPIOHO 3HAliTH 3aKOH PyXy S(t), SKIIO y TO-
JaTKOBUI MOMEHT 4acy t = t( BOHA 3HAXOAWIach y Todri Mi, a B
MOMEHT 4acy t = t] moBUHHA moTpanutu y TouKy Ms. Bukopucro-
Bytoun 3akoH Hbiorona F' = ma, ne a = 2723 — IPUCKOPEHHS, Isi
3ajada 3BOAUTHCS 10 BiITYKAHHS PO3B’SI3KY AU(EPEHIaTHLHOTO
PIBHSAHHS JIDYTOT'O TOPSIKY

ms"” = F(t,s,s),

SIKUI 33/I0BOJIbHsIE KpaitoBl ymosu s(tp) = so, s(t1) = s1.
Haznani 06MeKUMOCh PO3IVISIOM KPaloBUX 3a1ad TLIBKH st
JudepeHnialbHIX PIBHAHD APYroro mopsiaxy. st piBHsiHHS

y' +p@)y +q(x)y = f(2), (17.1)
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ne p(x), q(x), f(x) — HenepepsHi Ha BiApI3Ky [a,b] dyHKHil, Kpa-
floBi yMOBM O3HAYUMO HACTYITHHM YHHOM:

a2y (b) + Bay(b) = y1,

e aq, ag, 517 527 Yo, Y1 — 3aﬂaHi qucijia, IpuaoMy «i, 517 a TaKOZK
Q, 2 OHOYACHO HE IOPIBHIOITHL HyI0. Ko yo = y1 = 0, To6TO

ary'(a) + Pry(a) =0,
{a;y’(b) + 521y(b) =0, (17.3)

TO TakKi KpailoBl yMOBU HA3UBAIOTH 0OHOPLOHUMU.

Axmo f(z) ToroKHO He JOpPIBHIOE HyJO, TO 3ajady (17.1),
(17.2) HasUBAIOTHL HEOOHOPIOHOM0 KPAT08010 3a0AUEI0, a SKIIO
f(z) =01y =y =0, - 00nopidroto Kpatiosoro 3adauero.

Poses’a3rkom kpaitosoi 3agaqi (17.1), (17.2) nasusaiors dyH-
Kuito y(z), sika aBiul HenepepsHo qudepenniiosra Ha (a,b), Here-
pepsHO judepenniiioBra Ha [a, b] i 3amoBosibHsie piBHsiHHs (17.1)
na (a,b) ra kpaiiosi ymosu (17.2).

{aly’(a) + Bry(a) = yo, (17.2)

2. IcayBanHst Ta €auUHICTh PO3B’A3KY KpaiioBoOl 3ajadi.
Posp’s30k 3amaui Komri st piBusians (17.1) 3 mo4aTKOBUME yMO-
BaMU

y(zo) = yo, ¥'(x0) =y1, w0 € [a,],
ne p(x), q(x) — venepepsHi Ha [a, b], 3rixHo 3 Teopemoro Komi (s1e-
kiist 10) icHye Ta €quHUil HA BCbOMY BIAPI3KY [a, b]. st kpaitoBol
sazadi (17.1), (17.2) e 30BciM He 060B’13K0BO, TOOTO 11 pO3B’SI30K
MozKe He icHyBaTu abo He OyTu eauHuM. st geranbHimoro pos-
IJIsAJTy 1IbOTO [IMTAHHSI MO3HAYUMO 4epe3 ¢1(z), wa(z) dyngamen-
TajbHY CUCTEMY DPO3B’SI3KiB BIiJIIIOBIIHOIO OJIHOPIIHOIO PIBHSAHHS

y"' + p(x)y’ + q(z)y =0, (17.4)

a 4epe3 Y (z) — yactunHMil po3B’si30K piBHsiaHs (17.1). BrigHo 3
TEOPEMOIO TIPO CTPYKTYPY 3arajibHOIO pPO3B’S3Ky JHHIITHOIO HEo-
JIHOPIIHOTO piBHsIHHSA (J1eKifist 14, 1. 1) 3araJbHUM PO3B’SI3KOM piB-
uauns (17.1) €

y = Cr1p1(x) + Copa(z) + Y(z), (17.5)
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e Cq, Cy — noBibHI crasti. st orpuMaHHsT po3B’si3Ky KpailoBol
sagadi (17.1), (17.2) crami C1, Co HeOOXiJHO BU3HAUUTH 3 Kpaiio-
Bux ymoB (17.2). Ilixcrasinsmoun (17.5) B (17.2), omepxyemo cu-
cTeMy JHHIHHUX aareOpUIHUX PiBHSHb:

(a1¢)(a) + Bip1(a)) C1 + (a1¢h(a) + Bipa(a))Co =
= —a1Y'(a) — 1Y (a) + yo,

(a2 (b) + Baip1 (b)) C1 + (r20h (b) + Bagpa (b)) Cy =
= —Y'(b) — BY (b) + 1.

[Toznaunmo wepe3z U i U MaTPHUIIO Ta PO3IMIUPEHY MATPUITIO
miel cucremu, a depe3 A — BusHauHuk marpuri U. Bukopucrosy-
o49n BizioMy 3 Kypcey asirebpu teopemy Kponekepa — Kanesuti mpo
PO3B’SI3HICTH JIHITHOI cuCTeME AJINeOPUIHUX PIBHSIHDB, OJIEPXKYEMO
BarKJIMBUII pe3yabTar.

Teopema 1. Poss’sasox kpatiosoi sadawi (17.1), (17.2):

— icnye ma edunud, axuo A # 0;

— ne icnye, axwo A =0 i pane mampuyi U ne dopienioe parey
POSWUPEHOT MAMPULT U ;

— icnye, ane e edunut, axuo A =0 1 pane mampuyi U dopis-
HIOE PAH2Y MATPUUL U.

Panr marpuni U HasuBaioTh paHzom kpatiosot 3adavi (17.1),
(17.2). Onnopinua kpaitosa 3amada (17.4), (17.3) mae sumte Tpusi-
aJIbHUI PO3B 30K, AKINO paHr mMarputll U J10piBHIOE J1BOM, i Ge3siu
PO3B’sI3KiB, BU3HAYEHUX 3 TOUYHICTIO O CTAJIONO MHOXKHUKA, SKIIO
panr Matpuri U JOpiBHIOE OJIMHUIIL.

Ilpukianx 1. Jlocaidumu wa poss’asHicms kpatiosy 3adaqy
y' +y =0, y(0) =0, y(a) = yo, a # 0.
Poses’sazarrs. 3araJibHUM po3B’si3KOM piBHsIHHS € 3y = (' cos & +
+ Oy sinz. 3 kpaiiosol ymosu y(0) = 0 3naxogumo C1 = 0, a 3 ymo-
Bu y(a) = yo onepxkyemo piBusHHs Cosina = yo. ko sina # 0,
T06T0 0 # km, k € Z, o Cy = Sffa 1 MaeMO €IUHUI PO3B’A30K
sagadl y = Siyrfa sin z.

Aximo sina = 0, To6To a = k7w, k € Z, TO MOXKJIMBI JIBa BUIIAI-
ku. Ao yo # 0, To piBustHHST Co sina = g, a 3HAYNUTH, 1 3aJjaHa
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KpaiioBa 3asada po3B’a3kiB Hemae. Axmo yg = 0, TO piBHSIHHS
(5 sin a = Yy HepPeTBOPIOETHCSI ¥ TOTOXKHICTD 1 3a/1aHa KpailoBa 3a-
Jtada Mae 6e31ia poss’si3Kie Burisiny y = Cs sin z, e Cy — 10BlJIbHA
craja. B

SayBayknuMo, M0 KPailoBi YMOBH MOXKYTb MATH TAKOXK TI'DaHU-
YHUN BUIIsI], & ducia ¢ abo b MoxkyTb OyTu HeBjacHuMu. MoxkHa,
HaIpUKJIAJ, PO3IVISIIaTH TaKi KpalioBl yMOBH:

ap lim y'(z) + fy lim y(z) =0,

. / . .
Qs xh_)r{.loy (x) + B2 xlg]go y(xz) = 0.

Ipuknag 2. 3Suatimu poss’azox piensmns Einepa xy" +
+3xy’ —8y = 0, axuti 3adosoavrae ymosu y(1) = 1, lim y/(z) = 0.
T—r00

Pose’sazanna. 3pobunmo saminy = e'. Toni y, = yje™ !, y’y =
= (vl — y;)e 2 (nexuiz 13). IlicraBisioun 1 Bupasu y piBHsH-
Hsl, JJIsT 3HAXO/KeHHsT QyHKIIT y = y(t) ojepKyeMo JiHifiHe 0/HO-
pigHe piBHsHHS 31 cTagumu kKoedimientamu y” + 2y’ — 8y = 0, 3a-
raJbHUM PO3B’SI3KOM SIKOI'O €

Yy = Clef4t + 026215 = y= 01674ln:1: + 02621nx N
C
y=—7+C’.

Bubepemo renep crasi C1, Co Tak, mob CpaBizKyBaaIuch Kpa-
fioBi ymosu. 3 ymosu y(1) = 1 Bummsae, mo C1+Cy = 1. 3 ymoBu
1Lm y'(z) = 0, Bpaxosytoun, mo y' = —4Cy /z° + 205z, 3naxonu-
316100002 =0, a orke, (1 = 1. TakuM 9MHOM, PO3B’SI3KOM 3aaHOI

KpaiioBol 3aja4i € dpyHnkiis y = 1 / zi. |

3. ®yukuis I pina kpaiioBoi 3agaui. Hanami posrsiarn-
MEeMO TIJIbKH OTHOPIAHI KpaiioBi yMoBH, 00 [1JIsT HEOTHOPITHIX Kpa-
fioBux ymoB po3B’si30K y(z) 3amadui (17.1), (17.2) moxkna nIykarTu
y Burisiai y(x) = y(x) + z(z), ne y(x) — gosinbha asivi Henepeps-
HO judpepeHIiiiioBHa Ha BIIPI3KY [a, b] dyHKIs, sKa 3a0BOJIbHSIE
HeosHOPiHI KpaitoBl ymosu. Toxi juist dyHKIGD z(x) omepKumo
KpailoBy 3ajady 3 OJHOPIHUMHU KPalOBUMHU yMOBAMH 1 ITPABOIO
qactunoio f(x) — L(y).
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Hanpukia, seonaopinni kpaiiosi ymosu y(a) = yo, y(b) = 1
3a JIONOMOTIOIO 3aMiHK

3BOJIMMO JIO0 OJIHOPiHUX KpaitoBux ymoB z(a) = 0, z(b) = 0.

[Tokazkemo, 110 po3B’s130K piBHsiHHs (17.1), sikuil 3a/10BOJIbHSIE
ozHOPiHI Kpaiiosi ymosu (17.3), Ipy neBHAX yMOBax OJHO3HAYHO
BUPAYKAEThCsl Y€pe3 TaK 3BaHy (PYyHKIIIO fpiHa KpaiioBol 3ajadi.

Dynwyiero I'pina xpaiiosoi zamadi (17.1), (17.3) nazusaiors
dyuxuio G(z, s), sika BU3HaYeHa /s JIOBLIbHUX T, S € [a, b] 1 3a-
JIOBOJIHHSIE TaKi TPU yMOBH:

1) st xkoxkuoro ikcosanoro s € [a,b] G(z,s) ax dyHKIis
3MIHHOT T HA KOKHOMY 3 IPOMIXKKIB [a,s) 1 (s,b] € po3s’s3kom
JiHifiHOrO OstHOPiHOrO piBHsIHHS (17.4);

2) G(z, s) 3a 3MIHHOIO X 3a,10BOJIBHSIE OJIHOPL/IHI KpailoBi yMOBI
(17.3);

3) G(z,s) — menepepBHa yHKIis st BCiX x,s € [a,b], a 11
YACTUHHA OXITHA %—g Ma€ IpU T = § PO3PHUB IEPIIOro POy 3i
CcTpUOKOM

0G(s+0,s) 0G(s—0,s)

oz Oz =L

Teopema 2. fkwo odnopiona xpatiosa 3adava (17.4), (17.3)
MAE AUULE MPUBIANGHUT PO3E A30K, MO PYHKUIA Iy DIHG HEOOHODI-
onoi kpatiosoi 3adawi (17.1), (17.3) icnye ma eduna.
osederns. Hexait ¢1(x) — po3s’si3ok pisusinus (17.4) 3 noua-
tkoBumu ymoBamu y(a) = a1, y'(a) = — 81, a pa(x) — po3B’si30k
piBusians (17.4) 3 nouarkosumu ymosamu y(b) = ag, y'(b) = — fa.
Ouesnino, mo dyskuil ¢;(x), p2(2) TOTOXKHO He TOPIBHIOIOTDH Hy-
Jio Ha [a, b], nmpuaomy 1 (x) 3a/10BOJILHSIE IEPILy KPaiioBy YMOBY,
a @o(x) — apyry kpaitoBy ymoBy 3 (17.3). Kpim Toro, mi dyskuil
ninifiHo HesasexHi Ha [a,b], 60 inakmme po(x) = Cy1(z), C #0, i
Toxi o () 3amoBobHsIA 6 06uBI Kpaiiosi ymosu (17.3), mo cy-
[epeYnTh MPUITYIIEHHIO 1IPO Te, M0 KpaiioBa 3amada (17.4), (17.3)

Mag€ Jmie TpuBiaabHuil poss’s30k. Takum unsoM, DyHKIGT 7 () i
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p2(z) yrBoprooTh dbyHIaMEHTAIbHY CUCTEMY PO3B’SI3KIB PIBHSHHSI
(17.4).
Oymukmio I pina G(z, s) xpaitopoi 3amasi (17.1), (17.3) urykae-
MO y BUIVISIJIL
G(ac,s) _ Cl(s)gol(x% a<<x< S,
ca(s)p2(x), s <z < b.
3a nobynosoto dyHKILi @1 (x) 1 pa(x) dyukuis G(z, s) 3a10B0Jb-
HsI€ IIYHKTH 1, 2 o3HavueHHs (DyHKIHT fpiHa. J1J1s1 BUKOHAHHS ITyH-
KTy 3 IIbOI'0 O3HAUEHHS 3aIUIIAETHCS 3HAMTH €1 (S), ca(s) 3 cucremu

ca(8)p2(s) — c1(s)p1(s)
ca(s)pa(s) — c1(s)py(s)

Ils cucrema oHO3HAYHO PO3B’si3HA BijHOCHO ¢ (s), c2(s), 60 i1 BU-

0,
17.6
N (17.6)

SHAYHUK BiaMminuumii Bijx Hyns #a [a, b] (num e Bponckian W (s) dyn-
Kiiit ©1(s), 2(s)). Ocrarodno oxepxKyeMo:

{W(vs&él)(x)v a<w

#1(8) p2(x)
Wi(s) >

G(z,s) = > (17.7)

Oyuxiiio I pima kpaitosoi 3amaai (17.1), (17.3) Moxkua Gy 1yBa-
TH METOJIOM, SIKHii BUKOPHCTOBYBABCs IIPU JIOBEJECHHI TEOpeMU 2.

IHpuknanx 3. Hobydysamu @ynxyito I pina xpatiosoi 3adawi
Y —y = (@), y(0) = 0, y(1) = ¥'(1).
Po3s’azarmsa. 3arajbHIM PO3B I3KOM BiIIIOBIIHOTNO OTHOPITHOTO
pieastaas ¥’ — 4y = 0 e y = C1 + Coe”. YacTunnmii po3e’si30K
p1(x) = 1 — €* 3aJ10BOJIbHSIE TIEPIILY KPAHOBY YMOBY, & PO3B’si30K
pa2(x) = e — npyry. Tomy byskIio I pina mmyKaeMo y BATISII

G(z,8) = {

c(s)(1—e€), 0<z <s,

17.
co(s)e”, s<zx <l (178)

Cucrema (17.6) st 3Haxo/pKeHHst DYHKIGH c1(S), ca(s) mae
BULJISLJL
ca(s)e® —ci(s)(1 —e®) =0,
ca(s)e® +ci(s)e® = 1.
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[i posp’askom € ¢1(s) =1, ca(s) =5 — 1.
ITiycrasisioan 3uaiiieni ¢ (s), ca(s) y (17.8), omepxyemo dyHs-
KITiIO fpiHa 3a/1aHOI KpaiioBol 3a/1a4i:

1—¢€" 0
G(z,s) = { 6787

efle7%—1), s

)

T <S8
r < 1.

VAS/A
VASV/A

Teopema 3. ‘Ikwo odnopiona xpatiosa sadaua (17.4), (17.3)
MAE AUWE MPUBTANLHUT PO3E A30K, MO PO36°A30K HEOOHOPIOHOT
kpatiosoi 3adawi (17.1), (17.3) icnye, edunut i 3adaemuvca Gopmy-
010

b
y(x) = /G(:t:,s) - f(s)ds, (17.9)

de G(x,s) — dynwuia I pina xpatiosoi sadawi (17.1), (17.3).
Losedenns. Sanumemo dhopmyiy (17.9) y Burmsi

x b
y(x) = /G(ac,s) - f(s)ds + /G(m,s) - f(s)ds.

Ha koxxnomy 3 npomixkis [a,x) 1 (z,b] dyskmil G(z, s) i %

HeIlepepBHi, a ToMy 00M/Ba iHTerpaim MOXKHA 3au(ePeHIIIOBATH
3a 3minHO0 2 V. Tomi
x
0G(z, s)

v@) = [ f(s)ds + Glaa — 0)f (o) +

a

b
0G(z, s)

4./7 -f(s)ds — G(x,x +0) f(x).

X
Ockinbku dyukiis G(x,s) HenepepsHa Opu § = T, TO HeiHTe-
IpaJibHi JIOJIAHKU B3aEMO3HUIILYIOTHCST, & TOMY

T b
y’(x):/%-Jf(s)dwr/%-ﬂs)d& (17.10)

a T

1>I[I/IB. BUHOCKY Ha cTop. 174.
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Pipnricrs (17.10) mme oxun pas 3audepeHIioeMo 3a 3MIHHO T:

92
') = % Flyds + 2@ iy

0%G(z, s) 0G(xz,z +0)
/ f(s)ds — 2T
Ox?

b

0%G(z, s) I0G(x+0,2) O0G(x—0,z)

= | oz -f(s)ds+ < o - 9 f(z).
a

BukopucroByoun nyHKT 3 3 o3Hadenns dyHkiii G(z, s), ocraHHiO

dopMyITy MOXKEMO 3aIUCATUA Y BUTJISII

/aQG 5) . f(s)ds + f(x). (17.11)

3 dopmyn (17.9) — (17.11), BpaxoByroun BaacTUBOCTI (DyHKIIT
G(z, s), omepxyemo, 1o (17.9) — po3s’si30k Kpaiiosoi 3aza4i (17.1),
(17.3). Leit po3B’s130K €uHMii, 6O AKINO MPUILYCTUTH ICHYBAHHS 1H-
moro po3s’si3ky g(x), ro dyukuis z(z) = y(r) — y(x) Oyne nerpu-
BlaJIbHUM PO3B’SI3KOM OIHOPIIHOT KpailoBol 3a/1ati, 110 CylepeInTh
YMOBi Teopemu. »

4. KpaiioBi 3agadi Ha BJIacHI 3HaueHHS. JacTo BUHHUKAE
HEOOXIIHICTh 3HANTH PO3B’A3KM KPailoBOl 3a1a4i

y' +p@)y +a(@)y =y, € (a,b), (17.12)
ary'(a) + fry(a) =0,
{azy’(b) + Bay(b) =0, (17.13)

Jie A — JiiicHuii abo KomiiekcHuii mapamerp, ¢yl p(z), ¢(x) —
HerepepBHi Ha BinpisKy [a,b], af + 7 # 0, a2 + B2 # 0.

Ba/iaty 3HAXO/KEHHsT 3HAYEHDb apamMerpa A, JJis sIKUX Kpaiio-
Ba 3ajada (17.12), (17.13) mae HeTpuBiaJbHI PO3B’SI3KH, HA3WBa-
I0Th KPatioeoto 3a0a4er0 Ha 8AACHT 3HAYEHHS.
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Suadenns mapaMerpa A, Ul SKAX KpaifoBa 3amada (17.12),
(17.13) mae HerpuBiabHi PO3B’sI3KU, HA3MBAIOTH 8AGCHUMUY 3HA-
YeHHAMU, & BIAMOBIIHI IM HeTpUBIAIbHI PO3B SI3KN — 6AGCHUMU
dyrruiamu KpaiioBol 3a/a4i Ha BJIACHI 3HAYMEHHS.

Kinpkicts miHifino He3a/iexKHUX PO3B’s3KiB KpailoBol 3a/ati
(17.12), (17.13) mast 3aJ@aHOTO BJIACHOIO 3HAYEHHSI \ HA3MBAIOTh
KPAMHICMIO 1100 BJIACHOI'O 3HAYEHHS.

Moxna joBecru, mo mist 3ana4i (17.12), (17.13) cupasmkye-
ThCST TLIBKHU OJHE 3 TAKUX TBEPI?KEHb:

1. Kpaiiosa 3ajmaua (17.12), (17.13) me mae BIacHUX 3HAYEHb.

2. KpaitoBa 3amada (17.12), (17.13) mae He Olablie 34YHCIIEH-
HOT MHOYKUHU BJIACHUX 3HAUEHb, SIKi IIPU IIHOMY HE MOYKYTb MAaTH
CKIHYEHHO! I'PAHUYHOI TOYKH.

3. Koxne umeo A € BjacHUM 3HAYEHHAM KpaiioBol 3a/axdi

(17.12), (17.13).

Ilpukiang 4. 3natimu 6aacHi 3HAUEHHA M BAACHT PYHKUIT
zadawi y" = Ay, y(0) =0, y(b) =0, b #0.
Pozs’sazannsa. Hexait A >0 abo A — xomiutekcue. Togi 3agata
HE Ma€ HETPHUBIAJIBHUX PO3B’si3KiB, 00, MMiJACTABJISIIOUN 3arajbHUI
po3B’s130K piBusanugA Yy’ — Ay = 0

y = C1e¥?® 4 Che VN

Yy KpalloBl YMOBH, OJIEPKYEMO

Ch+Cy =0,

C1€\/Xb + CQefﬁb =0 - G=0G=0 = y@)=0

Hexait A = 0. Toxui, migcraBisgiodn 3arajbHUil PO3B’sA30K Y =
= C1z + C y KpaiioBi yMOBH, OJIEPKYEMO

Cy =0, L _
{Clb+02:0 = Cl—CQ—O = y(x)_O,

TOOTO 1 y IIBOMY BUIIQJIKY 3a/1a9a Ma€ TiIbKH TPUBIAIbLHUN PO3B -
30K.
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Hexait teep A < 0. Toxi 3arajibHuM PO3B’SI3KOM PiBHSIHHS
Yy ' — Ay =0¢e

y = C1 cos(zv/—N) + Cysin(zv/—X),
a BPaxoBYIOUN KpaitoBI yMOBH, OJIEPIKYEMO:
C1 =0,
{01 cos(by/ =) + Cysin(by/—)) = 0 -
C; =0, Cysin(bv—\) =0.
dAxkmo y Toroxkuo He mopisHIOE HyM0, To Cy # 0 i, orTKe,

sin(bv/—\) = 0.

3Bijgcu MaeMo hOpMyJIy JJIs BCIX BJIACHUX 3HAYECHB 3a/1adi:

7k\?
k <b>a y Ly

Im BignosinatoTs BiracHi GyHKIT

. 7wkx
yk:cksmT, B=02 coor

e cx — JOBLIbHI cTasi, BiaMinal Bijg oyirsd. B

BaxkjiuBuM OKpeMuM BHITAJIKOM 3a/adi Ha BJIACHI 3HAYCHHS €
3adaywa IlImypma — Jliysiaas:

(p(x)y) — @)y + Ao(z)y =0, =z € (a,b),

{a1y’(a) + B1y(a) = 0,
a2y’ (b) + B2y(b) = 0,

ne dbyukuii p(z), p'(z), q(x), p(z) — HenepepsHi Ha BiApI3KY [a, b],
p(z) >0, p(x) > 0, z € [a,b], a2 + B2 # 0, a3 + B2 # 0. Jeramns-
mime 3 3anadero [Htypma — JliyBijuis, BaacTuBocTsME 11 BJIACHUX
3HaYeHb 1 BIaCHUX (DYHKINH MOXKHA O3HANOMUTHUCH, HAIIPUKIAI, Y

[16, c. 189 — 201].

Pexomendosana aimepamypa: |1, c. 283 — 302, [3, c. 321 —
336], [5, c. 303 — 319], [10, c. 74 - 78], [16, c. 166 — 201].
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IIurtanaga go gekiii 17

1. Illo Take KpaiioBi yMOBH, KpaifioBa 3ajada Jjis 3BUYIANHOTO M-
depenmiagbaoro piBHsAHHA? KWt BUTIA MAOTh KPaloBi yMOBU JjTst
JIHIHOTO JTrpepeHIliaibHOrO PiBHSAHHS JPYTOTO MOPSIKY !

2. YuM BiAPI3HAIOTHCSI HEOIHOPIIHI KpailoBl yMOBH BiJl OJTHOPITHIX !
Yomy, posriisaiodn KpaifloBy 3a/1ady, MOYKHA OOMEKUTHUCH OTHOPITHIMEI
KpailoBuMu ymoBaMu?

3. dky dyHKII0 HABMBAIOTH PO3B’I3KOM KPAOBOI 33121 Jy1sl JTiHiii-
HOTO JinPePEHIaIbHOIO PIBHSIHHSI JIPYTOr0 MOPSIKY 7

4. Koy po3B’s130K KpaitoBol 3ajiadi Jjis JiiHiiiHOrO audepeHIiaib-
HOTO PIBHSHHS JPYTOro HOPSJIKY iCHY€ Ta €IUHUI, He iCHYE, icHYy€, aJe
Hee U7

5. 1o Taxe dbyuxmis I pina kpaitosoi 3amaui? dka i1 poss y mobymosi
PO3B’sI3Ky HEOJHOPIIHOI KpaiioBol 3aja4i? Ko icHye eauna dyHKILisA
fpiHa KpaitoBoi 3aja4i? Ak mMoxkHaA 100OYIyBaTH (DYHKIIIIO fpiHa?

6. [Tlo nasuBaioTh KpaiioBoio 3a1a4eio Ha BiaacHi 3Havenns! 111o Ta-
Ke BJIaCHI 3HavYeHHs, BiacHi yHKIl Takol 3amga9i? Ax dopmyrmoerses
zagada [rypma — Jliysimna?

Bopasu go aekiii 17

1. BHaiifiTh Po3B’sI3KKM KpailoBUX 3a/1ad:

a)y’ +y=f(x),
6) zy" —y' = f(x), ¥'(1)=0, y(2)=0.

3. 3HaligiTh BJIaCH] 3HAYEHHS i BiacHl BDYHKIT 3a/1ad:

a)y" =Xy, y'(0)=0, y'(b)=0, b#0;
6) 2%y + 5 =Xy, y(1)=0, y(b) =0, b#1.
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Homarok 2.

3acTocyBaHHA MaTeMaTH4YHOro nmakera Maple
JJI iIHTerpyBaHHA 3BUYAHUX JudepeHTiaTIbHUX
PiBHSIHb BUIIUX MOPSJIKiB

Ipuxkian 1. 3naiitn poss’szok samadi Komi y” +y = 0,
y(0) =1, 3'(0) = 0 (upuknaz 1 seknii 10, crop. 124):
> dsolve ({(D@@2) (y) (x)+y(x)=0,y(0)=1,D(y) (0)=0},y(x));

y(z) = cos(x).

Ilpuksiag 2. 3iwrerpyBatu gudepeHIiajgbHe DPiBHSIHHS
y" = 2¢/y (npuknan 2 nekuii 10, crop. 127):
> dsolve ((DOG2) (y) (x)=2*sqrt(D(y) (x)),y(x));

1
y(x) = §x3 + Ciz*+ C1%z+ _C2.
Cim’to ocobmmBux po3p’si3kiB y = C 3a jonoMororo naxkera Maple
3HAWTU HE BJIAJIOCH.
Ipukmaax 3. 3interpysaru pisnanns y” = sin’ x (npuxman 3
aekii 10, crop. 129):
> dsolve ((D@@3) (y) (x)=sin(x)"2,y(x));
r 3 C1 z?

1
= —sin(2x) + -+ 5+ = .
y(x) 16 sin(2 ) 3T 1o 5 + C2z+ C8

[Meit po3B’d30K mEPEIO3HAYEHHSIM CTAJMX 3BOIUTHLCS 10 PO3-

B’{13KY, OTPUMAHOTO Ha cTop. 129.
2
X

o 5 . "o o

Ilpuksan 4. Suaiitu po3s’sizok piBHsiHHs Yy = e¥" | akuii
3a/I0BOJIbHsIE HYJIbOBI movaTkoBi ymoBu (npukiaya 4 jekrii 10,
crop. 130):

> dsolve ({(De@3) (y) (x)=exp(x~2),y(0)=0,D(y) (0)=0,
(Dee2) (y) (0)=03},y(x) ,uselnt);

T p 21 p zl
y(x) :/ / / e—ZJZd_zl d_z1d_ zI.
0o Jo 0
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Omist useInt BUKOpucTaHa JJjisi TOro, 100 po3B 30K 3aa4i Ko-
i OyB MpeJICTABICHUH Y KBa/IpaTypax, a He 3a JIOIMOMOI'OK) CIIelli-
aapHuX GyHKIN (Taki iHTerpaan yepes ejneMeHTapHi (byHKII HE
BUPAZKAIOTHCH ).

IlpukJiaz 5. 3iHTerpyBaTu HElOBHE JudepeHIliaJbHe PiBHSIH-
st x4/ 1+ y"? = y” (upuknan 5 seknii 10, crop. 132):
> dsolve(x*sqrt (1+(DEO2) (y) (x)~2)=(D0A2) (y) (x),y(x))

assuming x>-1 and x<1;

1 1
y(x) = — arcsin(x) — 32V —z22+1+ Clz+ C2.

Tyt xoucTpykKIiieo assuming x>-1 and x<1 HakIaJIeHO OOMEIKE-
HHsI Ha 3MiHHY &, 00, sIK BUJIHO 3 CAMOT'0 DIBHSIHHSA, JIHCHUN PO3B’si-
30K icuye Jjmire Ha inTepBaji —1 < x < 1. Be3 mporo obmexxemnms
Oy Ou BUOpaHuUil MPOMiKOK |x| > 1 1 3HAlIEHNIT KOMILJIEKCHUI
PO3B’SI30K.

dAx Gaunmo, y IbOMY BHUIAJKY BUKOPUCTAHO IHIUN METOJ,
aHI’K TOH, AKMIT 3alPOIIOHOBAHUI Ha CTOpP. 132: criovaTKy piBHSH-
Hsl PO3B’s13aHO BignocHo y”, a moriM orpuMane piBHsiHHS (BULJIsILY
y" = f(z)) mpivi siarerposano. Ile m03B0MIO 3HANTH PO3B’A30K
y SIBHOMY BUIJISIJIl, a He y rmapaMerpudHiii (hopmi.

Ilpukiazm 6. Po3s’s3aTu 3a1ady Mpo pyx MaTepiaabHOI TOIKHU
(samaua 1 smekuii 10). Ha crop. 133 orpumasnu judepeHnniaiabae
piBHSIHHS PyXy MaTepiajabHol Touku z”(t) = %e‘pt. 3inTerpyemo
e piBHsHHS, BpaxoByooun nodatkosi ymosu z(0) = 0, 2/(0) = 0:
> dsolve ({(DOG2) (x) (t)=k/m*exp(-p*t) ,x(0)=0,D(x) (0)=0},

x(t));
ke Pt Kkt k
x(t) = +

IIpukian 7. 3inrerpysaru nenosne pisuaung xy’” =y’ —zy”
(mpuksag 1 srexrii 11, crop. 136):
> dsolve (x*(DO@3) (y) (x)=(DOO2) (y) (x)-x*(DOEC2) (y) (x),

y(x));

p>m  pm  pPm’

ylx)=2+z) Cle 4+ C2z+ C8.

Ilpukiazn 8. Posp’sizatn 3ajiady 1npo pyx marepiajbHOI TO-
YKH 1IPU HAsSIBHOCTI omopy cepezosuina (3azada 1 sexnii 11). Ha
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crop. 137 orpumasin audepeHIiaabue PiBHAHHS PyXy MaTepiajib-

noi roukn max” + kx' = Asinwt. 3inTerpyemo e piBHAHHH, Bpa-

xoBytoun noyarkosi ymosu x(0) = 0, 2/(0) = 0:

> simplify(dsolve ({m*(D@O2) (x) (t)+k*D(x) (t)=
Axsin(omega*t) ,x(0)=0,D(x) (0)=0},x(t)));

kt

(kz2 cos(wt) — k% +msin(wt)kw + w?m?e™m — w2m2> A

A0) S = (k2 + w?m?) kw

Komanmy simplify BUKOpUCTAHO JIJIs CIIPOIEHHSI PO3B’SA3KY.

Ipuknazm 9. 3inTerpysarn Henopne pisnsuna vy = y'? — 3
(mpuksas 2 siexrii 11, crop. 139):
> dsolve(y(x)*(D@@2) (y) (x)=D(y) (x)~2-D(y) (x)~3,y(x),
implicit);
y(x) = _C1, y(z)+ Clln(y(z))—x— _C2=0.
[Tepenosnavyennsim cragoi Cy := 1/Cy Bignosigp npukia-

Ay 2 3BOAMTLCS JO BiAOBifI, 3Halimenol mporpamoio. bes ormmil

implicit nporpama 3Haiinuia 6 PO3B'A30K y ABHOMY BUIVIA/I, aJie

uepes creriajbil (QYHKINT, BUBUCHHS fKUX HE HepejdadeHe Ipo-

rpamoro HaB4YaIbHOI quctuintinu « ludepenmia bl piBHAHHIS.
Ipuknazn 10. 3inrerpysaru oaHopiane pisusuns yy” — y'2 —

— 30y/xy? = 0 (npukaz 3 mexmii 11, crop. 141):

> dsolve(y(x)*(DA2) (y) (x)-D(y) (x) ~2-30*sqrt (x)*y (x) ~2=

0,y(x));
(615/2) ) _C2

y(z) =0, y(z)= o Clw

Hagemeno takoxk po3s’sizok y = 0, sAKuil, 0YEBUIHO, € TaCTUHHIM.
Ilpuksazm 11. 3inrerpyBaru piBHSHHS JIPYTOrO HOPSIKY B TO-

IHUX HOXITHUX
! /
ry =y
——— —yy =0
x
(upukiag 4 seknii 11, crop. 142):
> dsolve ((x*(DQ@2) (y) (x)-D(y) (x))/x~2-y(x)*D(y) (x)=0,
y(x));
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y(z) = —tanh(i_C’] Vor? + %_C’I \/5_02) _C1 V2.

[Iporonyemo unTadgaM CaMOCTIHHO HMEPEKOHATUCDH, IO 3HAMICHUI
porpamMor po3p’sizok € HermoBHuM. DyHKIS tanh mo3Havae ri-
1epOoOJIiIHII TaHTEeHC, TOOTO

shx e —e %
tha = = )
chx er f e %

Ipuknazn 12. BinTerpysaru Henosue piBuanus yy” — y'? = o/

(upukiag 5 sexnii 11, crop. 143):
> dsolve(y(x)*(De@2) (y) (x)-D(y) (x)~2=D(y) (x),y(x));

e_Clog_C2_C1 4 q
Posp’sizku y = —x + C'1 y = 0 nmakerom Maple ne 3naiieni.

BHaiieMo TakoXK IHTerpyBaJbHAN MHOKHUAK I[HOIO PIBHSHHS:
> DEtools[intfactor] (y(x)*(D@E2) (y) (x)-D(y) (x)~2=
D(y) (x));
1
y(@)?* (Fy@) +1)y(x)

Ilpukmaana 13. IlobymyBatu audepeHiiaibue PiBHIHHS, dKe
Mae byHIaMeHTAIbHY cHcTeMy po3B’askis yy(x) = x2, ya(z) =
=z — 1 (upukmaz 1 geknii 12, crop. 155).

Jlast b0ro BUKOPUCTAEMO KOMaHIu wronskian i det makera
linalg:
> linalg[wronskian] ([x"2,x-1,y(x)],x);

r—1 y(z)
2z 1 %y(w)

2
2 0 dd?y(w)

> linalgldet] (%)=0;

Y

o d? d? d ol
—a" (@) +2a——y(x) +2{ ——y(2) |z -2 —y(z) - 2y(x) = 0.
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Ilpuksazm 14. 3inrerpyBaTu JiHiiiHe OIHOPiAHE DPIBHSHHS 31
crammmu koedimienramu y” — 4y’ 4+ 3y = 0 (upukiaz 1 sexuii 13,
crop. 160):
> dsolve ((D@@2) (y) (x)-4*D(y) (x)+3*y (x)=0,y(x));

y(r) = Cle®+ C2e3%,

Ipuxkaazn 15. Binrerpysaru pisusuusa y” — 5y” — 6y’ = 0
(upukiiag 2 sieknii 13, crop. 160):
> dsolve ((DO@3) (y) (x)-5*(DOG2) (y) (x)-6*D(y) (x)=0,y(x));

y(x)= Cl1+ C2e %4+ (C3e07,
Ilpukiazna 16. 3inTrerpyBatu piBHsIHHS
yV —6y" +12y" + 6y —13y =0

(upukiaz 3 sieknii 13, crop. 161):
> dsolve((D@@4) (y) (x)-6%(D0@3) (y) (x)+12%(DE2) (y) (x)+
6+D (y) (x)-13*y (x)=0,y(x));

ylx)= Cle®+ C2e %+ (C3e&3%sin(22) + _Cf e3%cos(22).

Ipuknan 17. 3inrerpysarn pigastang y” +3y” +3y +y =0
(mpukiaz 5 siekrdi 13, crop. 163):
> dsolve ((D@@3) (y) (x)+3*(DEG2) (y) (x)+3*D(y) (x)+y(x)=0,
y(x));

yx)= Cle ™+ C2e "z + C3e %z
IlpukJjiaz 18. 3inTerpyBaTu pPiBHSIHHSI
yY —yV +8y" — 8y" + 16y’ — 16y =0

(upukiiaz 6 sieknii 13, crop. 163):
> dsolve ((D@@5) (y) (x) - (D@@4) (y) (x)+8+*(DE@3) (y) (x) -
8% (D2) (y) (x)+16+D(y) (x)-16*y(x)=0,y(x));

yle) = C1e"+ (C2sin(2z)+ C3cos(2x) +
+ C4sin(2x)x + _CHcos(2z) .
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IlpukJiazn 19. 3inrerpysaru piBHsiHHs Eitiepa
a:zy” — 32y +3y=0

(mpukJag 7 siexii 13, crop. 164):
> dsolve(x~2x*(DQ02) (y) (x) -3*x*D(y) (x)+3*y(x)=0,y(x));

ylx)= Clz+ C22°
Ilpuksazm 20. 3inrerpyBaru piBHsiHHS Yeburnosa
(1—2%)y" — 2y +n’y =0
(nmekuist 13, crop. 165):

> dsolve ((1-x~2)*(D0A2) (y) (x) -x*D(y) (x)+n~2*y(x)=0,
y(x));

y(z) = _C1sin (narcsin(z)) + _ C2 cos (narcsin(z)).

Ilpuksazm 21. 3inrerpyBatu piBHsiHHS Beccesst

2?y" +ay' + (z° = 1/4)y =0
(ekuist 13, crop. 166):
> dsolve(x~2x*(D0G2) (y) (x)+x*D(y) (x)+(x~2-1/4) *y(x)=0,
y(x));
C1 sin(x C2 cos(z
yio) = =T . <),
x VT
Ilpukiana 22. 3inrerpyBaru JiHiiiHe HEOIHODPiHE DIBHSIHHS
31 cramumum koedinientamu y” + y = z (upukman 1 sexnii 14,
crop. 172):
> dsolve ((D2) (y) (x)+y(x)=x,y(x));

y(x) =sin(z) _C2 + cos(z)_C1 + x.
Ipuknax 23. Binterpysaru pisusuns y” — 2" = z2 — €*
(upukiaz 3 seknii 14, crop. 180):
> dsolve ((DE@3) (y) (x)-2%(DEG2) (y) (x)=x"2-exp(x),y(x));

1‘4 1‘3 2

1 T
T 2x
= e == p g = == + .
y(x) 2 B e 4e C 3 C2x cs
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Ilpukjazmg 24. 3HaiiTy 3arajbHUl PO3B’SI30K JIHIHHONO OJHO-
PiIHOrO PIBHSIHHSI APYTroro MOPsIAKY 31 3MIHHEMHU KoedilieHTaMu
zy" + 2y + 2y = 0 (upukmagn 1 i 4 mexuii 15, crop. 184, 190):
> dsolve (x*(D002) (y) (x)+2*D(y) (x)+x*y(x),y(x));

_ C1sin(x) i _ C2cos(x)

y(z) = . .

Ilpuksazn 25. 3inrerpyBartu JjiHiiiHe OJHODPiHE DIBHSHHS 31
sminanME Koedimientamu (22 + 1)y” — 22y’ + 2y = 0 (npuxmaz 2
nekuii 15, crop. 185):
> dsolve ((x~2+1)*(DQ02) (y) (x)-2*x*D(y) (x)+2*y (x)=0,

y(x));
ylx)= Clz+ C2(z?-1).

Ilpukiazm 26. 3inTerpyBaTu 3a JOMOMOIOIO CTEIEHEBUX PSI/IiB
niniine piBasiaag y” + ry = 0 (npukman 3 geknii 15, crop. 188):
> dsolve ((D@Q2) (y) (x)+x*y(x)=0,y(x),type=series);

1 1
y(@) = y(0) + D)(0)z — £y(0)2° — D))z + O (a°).
Bupasu y(0) i D(y)(0) osnauators 3navennst dyHkiii y(x) ta ii
noxigaol B Touni x = 0, TO6TO BUKOHYIOTH POJIb JIOBLIBHUX CTa-
JIIX, & CaM PO3B’S30K 3aJIaHuil JIMIIe KiTbKOMA IEepHIMMI YIeHAMI
crenenesoro psaay (mo z°). Bmaiizemo e poss’asku 3azad Kormi
y'+ay=0,y0)=1,9(0)=0iy" +2y=0,y(0)=0,y'(0) =1
32 JIOIOMOI'OIO CTEIIeHEBUX PsJIB, aje 3 TounicTio 10 x'4:
> Order:=15:dsolve ({(DQ@2) (y) (x)+x*y(x)=0,y(0)=1,
D(y) (0)=0},y(x) ,type=series);
1 1 1 1
I RN W 9
y(@) 6" T1s0” T 12060" T 1710720"
> dsolve ({(D0@2) (y) (x)+x*y(x)=0,y(0)=0,
D(y) (0)=1},y(x) ,type=series);

12 + O(ZL‘15), (1)

1 4 1 7 1 10 1 13 15
U SV S O(z15). (2
y(@) =52 + 5t~ me® trgree® TOE ) @
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TyT cnouarky cucremuiit 3minniit Order IPUCBOEHO YUCJIO, SKE BU-
3HAYAE TOYHICTH HAOJIMKEHHS PO3B’si3Ky. Jlerko bauuru, mo orpu-
MAaHO 10 I'Th nepiux wienis paais (15.11) 1 (15.12) signosigHo.
3posymiiio, 1o dopmysu (1) i (2) gaTh KOpeKTHE HAOJIUKEHHST
po3B’a13Ky Juitie B okoyi Touku & = ().

JomarkoBo 1mobymyeMo rpadik po3s’sa3Ky mnepimnol 3agadi Korri.
Ile moxHa 3poburu, nobyxysasim rpadik dyaknil (1), ame s
3Ha4YeHb X, dKl CyTTE€BO BiJIpi3HAIOTHCA Bijl 0, #ioro mosejliHKa He
BijoBiaTuMe crpapxkHiil (koMaHia plot onucana Ha crop. 337):
> plot(1-1/6%x"3+1/180*x~6-1/12960%x~9+1/1710720%x~12,

x=-2.3..4.2,scaling=constrained) ;

4

Puc. 1

Tomy xparie nobyayBaTn rpadik, 3HANUIIOBIN CIIOYATKY Ha-
OmKeHnil po3B’sI30K 3a1aH0l 3amadi Korm umcioBuMm MeToma-
MU (JIJIs 1IbOIO BUKOPUCTOBYEMO OIIIiI0 type=numeric KOMaHu
dsolve. gz mobymoBu camoro rpadika mIpu3HadeHa KOMAHIa
odeplot makera plots (crop. 338):
> F:=dsolve ({(D002) (y) (x)+x*y(x)=0,y(0)=1,D(y) (0)=0},

y(x) ,type=numeric) ;

F :=vproc(z_rkf}5) ... end proc
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> plots[odeplot] (F,x=-2.3..15,numpoints=200,scaling=
constrained) ;

/\/\/\/\/\/‘

T N TN Y Y Y Y

Puc. 2

Ipukian 27. Posp’'sizarm  kpaiioBy szamaay 3" +y =0,
y(0) =0, y(a) = yo, a # 0 (upuknaz 1 sgexnii 17, crop. 207):
> dsolve ({(D@O2) (y) (x)+y(x)=0,y(0)=0,y(a)=y0},y(x));

y0 sin(z)

y(z) = sin(a)

Bunamok, ko sina = 0, 3aummBes mo3a yBaroio naxkera Maple.
Ilpukiazm 28. 3HaiiTu po3B’si30K KpaiioBol 3a/1a4i
22y + 3y —8y =0, y(1)=1, lim y'(z) =0
T—r00
(mpuksas 2 siexii 17, crop. 208):
> dsolve ({x~2*(DQQ2) (y) (x)+3*x*D(y) (x)-8*y(x)=0,y(1)=1,
D(y) (infinity)=0},y(x));

Tumi mpukIaun 3acTocyBaHHsT MaTeMaTHIHOro makera Maple
T IHTerpyBaHHs 3BUYAiHUX audepenmiaibHuX PiBHAHD MOYKHA
suaiitu B |9, 12, 18]. [Tpononyemo unradam caMoCTiHO 3iHTErpyBa-
Tu nudepeHIiaibHi PIBHIHH, HABEIEH] IiC/IsT KOYKHOI JIEKITil PO3-
ainy 2.
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Po3zmin 3.
CUCTEMMU 3BUYATTHUX
JANPEPEHIIIA/JIbHNX PIBHAHD

JIekuia 18. Cucremu 3BmyaiiHux
nudepeHIiaTbHUX PiBHAHB (3arajbHa Teopis)

Il1an

1. OcHoBHI O3HAYEHHS i TOHSITTH.

2. Mexaniute TiiyMadeHHsI HOPMaJbHOI CUCTEMHU Ta 11 PO3B’si3-
KiB.

3. 3BejieHHs UQEPEHITAIBHOIO DPIBHIHHS 71-I'0 TOPSJIKY JI0
HOPMAJILHOI CUCTEMH i 0DepHeHa 3a1ada.

4. JliHiiHi OJIHOPI/THI cUCTEMH.

1. OcHOBHIi O3HaYeHHs i MOHSATTH. baraTo nmpukaa HIX 3a-
a4 IPUBOJISTE JI0 HEOOXITHOCTI BUSHAYUTH Biapasy HeKiabKa He-
BijfoMux (QYHKIIN 3 [1€BHOI KIJIBKOCTI JindepeHIiajbHuX PiBHSHD,
TODOTO 3HANUTHU PO3B’SI30K cucTeMu JudepeHIliaIbHIX PIBHIHD.

CyKyIIHICTh CIIBBIJIHOIIEHD BULJISLILY

Fl ($7y17y27"'7yn7 yi?yé??y;]) :07
Fy (x7y17.y.2.7"'.7.y.n7 yivyévay%)zoa (181)
Fn($7y17y27"'7yn7 yi:yé::yé) :07

5e Y1, Y2, - .., Yp — OIyKaHi GyHKIH] He3ameknol 3MiHHOT &, HA3H-

BAaIOThb CUCMEMOM0 38UNAGUHUL OUPEPEHULAALHUL PIBHAHD
nepuLo20 NOPadKyY.

Axmo (18.1) MoxkHA PO3B’si3aTH BIJIHOCHO TOXiIHUX yCiX (byH-
KITi{l, TO OJIEPKUMO CHCTEMY

yi = fl(xaylvy%' 00 7yn)a
yé:f2($7y17y27“~7yn)7 (182)

y7/1 = fn('f?ylayQa cee 7yn)7
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sIKYy HAQ3UBAIOTh HOPMAALHOIO.
Pose’askom cucmemu (18.2) na nesikomy inrepsani (a,b)
HA3UBAIOTH BIIOPs/IKOBAHY CYKYIHICTH (DYHKITI

Y1 = yl(m)v Y2 = yQ(x)v sy Yn = yn(m)v (18'3)

BU3HAYEHUX 1 HEIIEPEPBHO MMMEPEHIIINOBHIX HA IILOMY iHTepBaJi,
SIKINO BOHA KOKHE DiBHsIHHsI cucremu (18.2) meperBopioe y ToTO-
JKHICTD, sIKa CHPABIRKYEThC Jisi BCiX 3HadeHb x € (a,b). Kpusy
B (n+ 1)-Bumipromy tpoctopi (Z,Y1,Y2,--.,Yn), KA BIIIOBiIaE
po3B’sizky (18.3), HA3UBAIOTH THME2PAALHON KPUBOIO CUCTEMU
(18.2).

3adawa Kowi mist cucremu (18.2) dopmyioerbest Tak: ce-
peji ycix posB’si3KiB 1€l cucremu 3HaliTH po3B’sizok (18.3), skuii
3aJI0BOJILHSIE YMOBU

y1(20) = Y10, Y2(%0) = Y20, ---, Yn(Z0) = Yno, (18.4)

Je T =xg — JesKa Touka 3 iHrepBaiy (a,b), a Y10, Y205 - -, Yno —
JIOBLIbHI 3a/1aH] [ificH] qucsia (X HA3UBAIOTH NOYAMKOSUMUY 0a-
HUMU P038°a3KyY). CyKyIHICTb YUCEIT X, Y10, Y20, - - - , Yno 3 YMOB
(18.4) masuBaioTh MOuaMKOBUMU daHuMU cucmemu (18.2), a
cami ymoBn (18.4) — nouamxosumu ymosamu cucremu (18.2).

3 reomMeTpuIHOT TOYKY 30Dy 3aaax1a Korri mossarae y Bianmykan-
Hi cepeJl ycix iHTerpajibHUX KpuBux cucremu (18.2) takol KpuBOI,
sIKa, TIPOXOJIUTL Yepe3 3aJaHy TOUKY (Zg, Y10, Y20, - - -5 Yno) HIPO-
cropy R"H1.

BusinsieTbest, 1m0 st iCHYBaHHsI HENEPEPBHO JTu(EpPEHITIHoB-
HOro pos3e’si3ky 3azadi Komi (18.2), (18.4) mocuTh mpHIyCTHTH,
o6 npasi wacmuny cucmemu (18.2) 6yau nenepepsrumu 6 deaxo-
MYy okoni novamrosux danux (meopema Ileano). Hacrynua teo-
peMa rapaHTye iCHyBaHHs €MHOr0 po3B’si3ky 3ajadi Komi (18.2),
(18.4) (moBenenHst 11i€l TeopeMu MOXKHA 3HATH, HAIPUKJIAL, B |7,

c. 93 — 99]).

Teopema (Komi). Hexati npasi wacmunu cucmemu (18.2) u-
anaueni 6 (n + 1)-eumipromy napaseaeninedi

G ={(z,y1,92,-- -, yn) :[x =20 <a, |y; —yjol <b, j =1,2,...,n}
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1 300080ADHAIOMY Y HLOMY MAKT YMOBU:
1) dymruii fj(x,y1,y2, ..., Yn) nenepepeni, a, omoice, G obme-
orcens, mobmo | f;(z, yl,yg,...,yn)\ <M, j=1,2,...,n, M > 0;
2) nacmunmi noTioni & - L J ok =1,2,...,n, ichyroms ma obme-
DHCEHI.
Todi s3adava Kowi (18.2), (18.4) mae edunuil po3e’a3ox npunatimmi
na 6idpisky |r — xo| < h, de h = min (a, b/M).

Hexait G — me 061acTh IPOCTOPY 3MIiHU 3MIHHUX Z,Y1, .. ., Yn,
y KozkHiit Tourni sikol 3agada Kom (18.2), (18.4) mae eauunii pos-
B's130K. CyKymHICTb DYHKITIT

yj:goj(x,Cl,Cg,...,Cn), j:1,2,...,n, (185)

fK1 BU3Ha4eHl B jedakiit odnacri sminu x, Cq, Csy, ..., C) 1 MaloTh
HelepepBHI YacTUHHI MOXIAHI 3a 3MIHHOIO X, HA3WBAIOThH 3A2a.Ab-
HuUM po3e’adrxom cucremu (18.2) B obsacti G, sIKIio:

1) cucremy (18.5) moxkHa poss’sizarn B obsacti G BiHOCHO

nosinbaux craaux Ci, Co, ..., C),, TOOTO
C':wj(xvylvy%"'?yn)v j:1727"'7n; (186)
2) Jyuist BCiX 3HAYeHb (T,Y1,...,Yn) € G dopmynn (18.6) Bu-
3HauaroTh Taki 3uadenus Cp, Cy, ..., C), s SKUX CyKYIHICTb

dbyukuiit (18.5) € poss’s3kom cucremu (18.2).

Posp’st30k cucremu (18.2), y KOXKHIH TOYI $IKOTO BUKOHYE-
ThCA yMOBa €JIMHOCTI pO3B’d3Ky 3aj@adi Ko, nHazmBaioTh wwa-
CMUHHUM. 3 O3HAYEHHST 3araJIbHOIO PO3B’si3Ky BUILIMBAE, 1110 BCI
PO3B’A3KH, AKi yTBOPIOIOTHCHA 3 HBOI'O Il KOHKPETHUX 3HAYEHb
crasiux C1, Cy, ..., C), € vactunaumu. Po3B’d30K cucremu, y Ko-
JKHIN TOYI SKOT'O IOPYIIYETHCS yMOBA €JIMHOCTI PO3B’A3KY 3a/1adi
Ko gist 11i€l cucreMn, Ha3UBaOThL 0COOAUBUM.

Henepepsro mudepenniiioay byHKIio ¥(x, y1,Y2, - - - Yn),
TOTOYXKHO BiAMIHHY BiZl cTajol, HA3UBAIOTDL THME2PAAOM CUCTEMU
(18.2), SIKIIIO BOHA TOTOYKHO HEPETBOPIOETHCST Y CTALY B3IIOBXK JI0-
BIJIBHOT'O YaCTUHHOTO po3B’sizky 1€l cucremu. Tomi dyp = 0 BHa-
cainok cucremu (18.2), To6TO
"tﬂ oy 9y

d 4+ —dy; + ...+ —dy, =

0
di) =
V= B B
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0 0
wd —i——d}fld TF —l——d}fndmzo.
" Oz OYn
Pipuicts ¢(z,y1,Y2,...,Yyn) = C, ne C — nosiibHa crasia, Ha-

3UBaIOTh Nepwum ithmezpanom cucremu (18.2). Hanpukias, Ko-
’KHa 3 piBHOCTeil (18.6) € nepmmm inTerpasom cucremu (18.2).
CyxkymuHictb n nepmmx inrerpaJis cucremu (18.2)

1/}j(1?73/17y27---7yn):0j, j:1,2,...,n,

Ha3UBAIOTh 3A2GAbHUM THME2PAAOM ITIET CUCTEMU, SIKIIO iHTe-

rpaiu Y1, Yo, ..., ¥y € HE3AAEHCHUMU, TOOTO MK U1, P2, ...,
Yy, He icuye cuiBBignomenus surisiny F (1, 12,...,10,) = 0 s
KoHOT yHKIHT F. 3 MareMaTHIHOTO aHAJI3y BiJIOMO, IO JJIst
He3aJIeXKHOCTI B obstacti G DyHKIH 91, Vs, . ., 1y, sKi MAIOTH Ya-
CTUHHI TOX1JTHI a—lyp;, 7,k =1,2,...,n, HeoOXiaHO i TOCTATHBO, 1100
B obnacti G

oY1 . O

oY1 6yn

e £ 0.

L a%

oy1 OYn

Mozxna mokasaru, 1o HOPMAJILHA CUCTEMA N PIBHAHDb HE MOYKE
MaTH Oliible, HIXK N He3aJIeXKHUX iHTerpasis cucremn (18.2).

Bynb-sixi n meprmux iHTErpasiiB Ha3WBAIOTH HE3AAEHCHUMU,
SIKIIO BiAOBIIHI M iHTerpasm Hesasexkui. OT:ke, 3a1a4da 100y 10BU
3araJibHOrO IHTEerpaJja CucTeMu Oy/ie pO3B’sI3aHOI0, SIKINO 3HANIEHO
7 HE3aJIEKHUX TEPITNX IHTErpaJIiB.

3arajgbHOTO CIOCO0y 3HAXO/KEHHS NEPIINX IHTErpaJiB He
icaye. OHak y 6araThoX BHITAJKAX BIIAE€THCS 3HANTH Iepriuil iH-
TerpaJl MUIsIXOM JIedKUX ITePeTBOPEHD CUCTEMU, Y PE3YJIbTaTi Y0ro
OTPUMYETHCH JndpepeHItiagbie PIBHIHHS, TKe JIeTKO IHTEeIPYEThCS.
Koxkne Take piBHsIHHS HA3WBAIOTh THME2POBHO KOMOIHAUL-
er0. Koxknaa inrerposna KoMOiHAINS TOPOKYE HEPIIUl IHTErPAI.
OjiHak cepell HUX MOXKYTb BHSIBUTUCH 1 3aJI€2KHI IHTErpaJjiu, a To-
My, OJEPXKYIOUN HOBWIl HEpINuil inTerpaJi, mOoTPiOHO IepeBipuTH,
qu OyJie BiJl HE3aIe2KHIM 3 PaHilie OTPUMAHUMU.
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Ilpukiazn 1. 3inmezpysamu cucmemyl)

{y’ = z(y — 2)72,
Z=yly—2)"2

Pozs’azannsa. [logiueimm nepiie piBHIHHS CHCTEMH HA JPYyTe,
0JIEP’KYEMO IHTEIPOBHY KOMOIHAIIIIO Z—ZZ/ = 5, 3BLJIKM, BIJJOKPEMJIIO-

1091 3MiHHI, 3HAXOIUMO

d z
4 = ydy—zdz=0 =
dz vy
2 2

Yy — 2z =Ch. (18.7)
Bignimatoun Bij apyroro piBHSHHSI 3aJaHOI CUCTEMU IIepIIle,
OJIEP’KUMO IIe OJHY IHTErPOBHY KOMOIHAIIIIO % = %, 3BIJIKT
(z—y)? =224 C,. (18.8)

Kozkne i3 cniBignomens (18.7), (18.8) € mepmmm inTerpasom,
a OCKIJIbKM BOHU € He3aJIeKHUMU (y IIbOMY IPOIOHYEMO II€PEKO-
HATHCS CAMOCTIIHO), TO iX CYKYIHICTH € 3arajbHUM IHTErpajoM
CUCTEMU.
Bionosidwv: y> — 2> = Oy, (2 — y)? = =2z + Cs.

2. MexanidyHe TiiyMadeHHsI HOpMaJIbHOI cucTeMmu Ta 11
po3B’s3kiB. Hopmasbhiit cucremi (18.2) ta 1T po3s’sskaM MOXKHA
Ha/IaTH IIPOCTOro MexaHigHOro 3Micry. Posrisaemo cucremy

x’l = fl(t,xl,xg, 000 ,xn),
:I:/Q = f2(t7$17$27 800 7$n)7
(18.9)
.’E;L - fn(tal.l;wQ: cee 71.77,)7
ne t — 4ac, £y, X2, ..., Ty — KOOPAUHATH TOYKH N-BUMIPHOTO ITPO-

cropy. lleit npoctip HazupaioTh pazosum. g n = 1 dbazosum
IIPOCTOPOM € Bich t (pazosa npsama), s n = 2 — wiomuna (¢, x),
JKy Ha3WBaIOTh (Pa306010.

g dAxmo y cucremi aBi HeBimomi dyHKIT, TO mO3HATATHMEMO X Yepes y, 2.
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Kozxkunii po3s’si3ok (iHTErpajibHa Kpusa)
ry =x1(t), w2=wxa(t), ..., xn=1xn(t) (18.10)

cucremu (18.9) Bupazxkae 3aK0oH pYxy TOUKN y Ha3z0BOMY IIPOCTO-
pi. Tomy poss’sizok (18.10) HABHBATHMEMO PYTOM Y N-BUMIPHOMY
npocropi R™, Busnauenum cucremoro (18.9), a KpuBy, siKy omnucye
pyxoMa TO4YKa y (pa30BOMY IIPOCTOPi, — MPAEKMOPIEIO PYLY abO
Paszosor0 mpaexmonpiero.

JliBi wactunn cucremnu (18.9) € ckiagoBuMu (3a OCSIMU KOOD/IH-
HAT) MIBUJIKOCTI PYXy TOYKH, TOMY KayKyTh, IO I CUCTEMA 3a1a€
[oJIe MBUJIKOCTEH PyXiB, TOOTO TOYKA MOXKE MIPOXOIUTH Y MOMEHT
Jacy t yepes NOJIOKeHHs (L1, X2, . .., Ty) TUIBKH 3 33JIQHO0 [IBUJI-
KICTIO.

AKIMO MBUAKICTD, 3 KOO TOYKA MPOXOIUTH Yepe3 IMOJI0KeH-
us (1,2, ...,%y), HE 3AJIE2KUTD BiJl MOMEHTY Yacy IIPOXOJIZKEHHS,
To6TO cucrema (18.9) mae BurJIsi

acl1 = fl(xhx?? ce 733”)’
wh = fow1, w3, .., ), (18.11)
x;L = fn($17$27 cet ’x")’

TO i1 HA3UBAIOTH ABMOHOMHOW (CMAUIOHAPHOI0), a PYX, IO
OIHUCYIOThCA TAKOIO CHCTEMOIO, — YCMAAEHUM.

Axmo y mesikiit Touni (x19, a0, ..., Tpo) NPaBl YACTUHH CH-
cremu (18.11) mOpiBHIOIOTH HYJIIO Jjisi BCiX 3HAUEHb 4acy t, TOO-
to fj(t,x10,%20,...,%n0) =0, 7 =1,2,...,n, TO I cUCTeMa Ma€
PO3B’ 130K

T1 = T10, T2 = T2, ..., Tpn = Tno, (18.12)

ajpKe, mijcrasisoun iforo B (18.9), ogepkumo toroxkHocTi. Pyx
(18.12) HasuBaOTh CMAHOM CTNOKO0. TPAEKTOPIEIO IIBOTO PYXY €
TouKa (X10, 220, - - -, Tno), AKY HA3UBATUMEMO MOYKOIO CNOKOMW.

3adawa Kowi st cucremu (18.9) mossirae y 3HaxXomKeHHI
pyxy (18.10), sikuii 3a/10BOJIbHSIE TOYATKOBI yMOBU

z1(to) = x10, z2(to) = 20, ..., Tn(to) = Tno,
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e to, T10, 20, ..., Tpo — 38JaHl Ynciaa (nowamkosi damui),
T00TO mIyKaeTbesi Takuii pyx (18.10), mpu sikOMy pyxoMa TOYKa
BHAXOAUTHCS Y 3ajaHiii Touni (Z19, a0, ..,Tno) $as’oBOro mIpo-
cropy y 3aganuit MomenT uacy t. Ilpu mpomy (x19, 20, - .-, Tno)
HA3UBAIOTh NO4amKosor mouwkor pyxy (18.10). Baysaxumo,
0 $IKINO MOYATKOBOIO TOYKOKW pyxy (18.10) € Touka crokorwo
(10,20, - -+ ,Tno), TO OAHUM 3 po3B’si3KiB 3ajaui Komii Gyme cran
criokoio (18.12).

Cucremu judepeHIiajlbHUX PIBHAHBb € MOJIESMHU PI3HOMAaHi-
THUX TPUKJIQIHAX 3a/1a9. PO3I/ISTHEMO OHY 3 HUX.

Bamaga 1. Busnavumu mpaekmopito pyry 2apmamiozo CHa-
PAJY, AKUL SUAIMAE 3 NOYAMKOSON WEUIKICMI Vg Nid KYmom «
do zopuszonmy. Onip nosimpsa nponopuiinut wWweudkocms pyy.
Poseg’sazarnsn. Criajgemo gudepeHIiaJbHy MOIeb Iel 3aa-
4gi. 3a MOYATOK KOODJMHAT Bi3bMEMO TOYKY BUJIBOTY CHAapsia
(puc. 18.1). Ha cHapsiy jie cuia Baru P = mg, CKIaJ0Ba sIKOI Ha
oci x mopiBHIOE HY/I0, 00 cuja mnmepreHIuKyagapHa 10 1iel oci. To-
i udepeHIiabHUMUA PIBHIHHSIME PYXYy B3J0B2K KOODMHATHUX
oceil €

Pr_ e dy
oz T T Mg T T T M
yA
U
mg
[0
0 i«
Puc. 18.1

AKImo 3HEXTYBATH OIMOPOM TOBITPsI, TO I1i PIBHSAHHS IIC/IsT CKO-
POYEHHS Ha M MATUMYTh BUIVISII:
d?x d?y
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Omxke, 3ajada 3Bejacs JO IHTerpyBaHHSI CHUCTEMH JIBOX JIU-
dbepenrianbuux piBHAHL. [HTErpyIOUN KOXKHE DIBHSIHHS CHCTEMH
(18.13), oxepxkyemo:

dx dy
Vp=—=01, vy,=—=—gt+Cy 18.14
T odt YT At ’ ( )
JIe Uz, Uy — CKJIQJIOBI MIBUJKOCTI ¥ = v(x,y) Ha ocsx. Y HoUaTKOBUIL
MOMeHT 4acy tg = 0 KOMIOHEHTaMH IIBUIKOCTI € U, = ¥y COS v,
vy = vpsina, a orxe, C1 = vgcosa, Cy = vpsin . Bpaxosytoun

i bopmyin, 3 (18.14) 3HAxXOAUMO
z=uvptcosa+Cs, y=—gt?/2+votsina + Cy,
aste ockinbku z(0) = y(0) = 0, ro C3 = Cy = 0. OcTaTouHO MaEMO
T =wptcosa, y=—gt?/2+ votsina.

Bukimrogaroau 3Bincu ¢, 01epKyeMO TPAEKTOPII0 PyXy — mapabosry

2
LQ_‘_xtga.

Yy=-
21)(2) COS“ (v

JlapHicTh 1 MOILOTY CHApsa 3Haii1eMo 3 piBusanng y = (:

2 2
qzr vg sin 2«
=0 = ="

rtga — ———— =
& 20 cos?a g

MaxcrMaJIbHOIO JaJIbHICTE TOJILOTY OyJie Tol, Kou sin 2a = 1,
3BIIKM 3HAXO/MMO BiIHOBimHUIT KyT BuaboTy o = /4. B

3. 3Benenus AudepeHIiaJIbHOro PiBHIHHS N-T0 IIOPSs/I-
Ky /10 HOPMAaJIbHOI cucTeMu ii obepHeHa 3aja4a. ludepen-
HiaJibHE PIBHAHHS 1-T'O HOPSJIKY

y™ = f (x,y,y’, - ,y(”’”) (18.15)

3aBXK/IM MOYKHA 3BECTH JI0 HOPMAJIBHOI cUCTeMU N JiudpepeHtiaib-
HUX piBHAHB. J1g MO0 O3HATIIMO

(n—1)

y=y1, ¥=vy2, ¥V =ys3, ..., ¥y = Yn.
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Tomi
vi=y =v vh=v"=ys -, Yho1=y"V =y,
o=y = (@ 91,92, Yn),
106TO DYHKIUT Y1, Y2, - - -, Yn 33JTOBOJIBHIIOTH HOPMAJIbHY CUCTEMY

JdepeHIiaibHIX PIBHSAHB

yll = Y2,
Ys = Y3,

(18.16)
y;w—l = Yn,

I
Yn = f(:l;?yl?y% 0og 7yn)

3BejIeHHsT OJIHOTO JIM(DEPEHIHAIBHOTO DPIBHSHHS N-TO HOPSKY
(18.15), po3B’s13aHOIO BiIHOCHO CTAPIIOI MOXIIHOI, /10 PIBHOCUIIb-
HOT HOpMaJibHOI cucremu (18.16) y GaraThboX BHIIAIKAX CIPOIILYE
3a/1a4y 3HAXOJZKEHHS 3arajibHOIN0 PO3B’3KY ab0 PO3B’S3KY 3a/adi
Kormi.

Posrisimemo obepreny 3ajsady, TOOTO 3ajady PO 3BEIECHHS
HopMasibHOI cucremn (18.2), y skiit f; — (n — 1) pasis mudepen-
nitoBai yHKINI, 10 omHOrOo JaudepeHIiajabuoro piBusanns. s
IIBOrO TIOC/II0BHO 31udepenIioemMo (n — 1) pasis ojHe 3 piBHSIHb
cucremu (18.2) (Hanpukiaj, mepiie), 3aMiHIOIOYN IC/AsS KOKHO-

ro judepeHnitoBal s MOXiHI Y1, Yh, . .., Y, BUpA3aMu JJIsl HUX 3
cucremu (18.2), i BUKJIIOYMMO 3 HEPUIOTO PIBHSHHSI II€T cUCTEMH i
orpuManux (n—1)-ro piBasiHHS QYHKIIT Y2, Y3, - - . , Ypn. LIpH 1IBOMY

JJIsT 3HAXOJZKEHHsT (DYHKITT 4] OJIEPzKUMO PIBHSIHHS N-TO MOPSIKY

BUTJIA LY
-1
ygn) = f(mvylvylla s 7y§n ))7

1 9KIO BJIACTbCS 3HANTH Oro 3arajbHUNl PO3B’HA30K, TO (DYHKINT
Y2, Y3, - - -, Yn HARTYTHCH O€3 KBaJIPATyP.

Metoj1 po3B’st3yBaHHsT HOPMAJIBHOI CUCTEMU DIBHSHBL 3BEJIE€H-
HAM 11 10 OJHOTO AudepeHIiaJbHOr0 PiBHSIHHS, PO3B’SI3aHOTO Bil-
HOCHO CTapIIOl MOXIIHOI, HA3UBAIOTH MEMOJOM BUKAIOYEHHS.
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V IesaKux BUIIQIKAX 3BEJIEHHsT HOPMAaJIbHOI CHCTEMHI IO OTHOTO
PIBHSIHHS MOYKHa 3JIICHIOBATH 3 BIJIXWJIEHHSM BiJl ONUCAHOl 3a-
raJibHOI CXEMU.

Ilpukiazn 2. 3inmezpysamu cucmemy
y=y+z,
2 =3z—y.

Pose’azarns. 3 1epiioro piBHSHHS BUPA3UMO z Uepe3 ¥y 1 mij-
CTaBUMO y JIpyre PIBHAHHS CUCTEMU:

/
z=y' -y = (Y -y =3@H'-y) -y =
y//_4y/+4y:0 - y20162x—|—021‘62x.

Tenep, BpaxoBytoun, mo z = y — y, 3Hax0AuMO (PYHKILIO 2:

g = (Cle% + C’gwe%)/ — (0162”” + 02336290) =
= (Cl + 02)62x + 021:62x.
Biodnoeidv: y = C1e?* + Coze?®®, 2 = (O1 + Cp)e®® + Cywe?®,
Ilpukiazn 3. 3iwmezpysamu cucmemy
Y1 = Y1+ 2y2 + 23,

Yy = —y2 — 2y3,
ys = y2 + Y3

Pose’azarns. 3udepeHIinemMo nepiie piBHIHHS CUCTEMU 1 T
CTABUMO 3aMICTb Y}, Y5, Y4 BLIIOBLIHI BUpa3u i3 3a/IaHOI CHCTEMU:

Y =11 +2y5+2y5 = y1 + 202+ 2ys +
+ 2(—y2 — 2y3) + 2(y2 + y3) = y1 + 2.
Hudepenriioloan orpuMaHe CIIBBiIHONIEHHS i 3HOBY BUKOPHCTO-

BYIOUM PIBHSIHHS CUCTEMH, OJIEPXKYEMO CIIiBBITHOIIEHH S

"

Yl = Y1+ 2uh = y1 + 2y + 2y3 + 2(—y2 — 2y3) = y1 — 2y3.
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Temep i3 cucremn

vl = y1 + 2y2 + 2ys,
vl =11 + 2ya,

"

Y1 =y - 2y3
BUKJIIOYTUMO Yo 1 Y3. 3 IPYTOTO 1 TPETHOTO PIBHSIHBL 3HAXOITMO

]‘ ]‘ "

Y2 = 5(91’ - 3/1)7 Ys = 5(3/1 — Y )-

[Mincrapisioun o6uaBa BUpa3y y HepIiie PIBHAHHS CHCTEMHE, OJep-
Kyemo judepennianbie pisasanus v’ — yi + y) —y1 = 0, 3aramub-
HUM pO3B’si3KOM sikoro € y1 = C1e® + Cy cosx+ Cysinx. Toxi yo =
= —Cycos z—Cysinz, y3 = 3 (Ca(cos z—sinz)+C5(cos z+sinz)).
Bionosidv: y; = Cre® + Cycosx + Csgsinx, yo = —Cycosx —
— Cysinz, y3 = 5(Co(cos z — sinz) + C3(cos z + sinz)).

[TorpibHo MaTu Ha yBa3i, 10 IpU PO3B’si3yBaHHI cucreM (siK 1
PIBHSIHB) Bi/IOBiIb MOXKe OyTH 3amucana y pisuiit popmi, npuaomy
11 MOXKHa 3BECTHU BiJl OJHOTO JIO 1HIIIOTO BUTJISLY TTEPETTO3HaAdeHHIM
CTaJIuX.

4. JliniitHi omHOpPiAHI cuctemu. JItHITHOMO CHCTEMOO M-
depeHIiagIbHIX PIBHSIHD [IEPIIOrO MOPSAAKY HA3UBAIOTH CUCTEMY

yi = p11(96)y1 —|—p12(x)y2 S coa Tr pln(w)yn + fl(x)7
Yo = p2(2)y1 + p2a(2)y2 + - - + Pon(@)yn + fo(2), (18.17)

yh = Pl (@)y1 + Pa2(T)y2 + - - . + Prn(®)yn + fulx),

SIKY CKOPOYEHO MOYKHA 3aIlMCATH Y BULJISI
n
=1

BpazkaTumenmo, mo Bci dynxnil pyj(z) (xoediuienmu cucme-
Mmu), a TakoK fi(z) HenepepBHi Ha sesikomy iHTepBadi (a,b). To-
1l 3rigao 3 Teopemoro Komi (m. 1) cucrema (18.17) mae enunmii
posB’s30K (18.3), sikuit 3a/10B0sIbHSIE TI0UaTKOBI ymMoBH (18.4). Lleit
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po3B’s130K Oyjie BusHaueHuii Ha JesikoMy BiIpisky [a1,b1] C (a,b).
OcobimBux po3s’si3kis cucrema (18.17) He Mae.

fAxmo wa inrepsasi (a,b) Bei fi(z) = 0, To cucremy (18.17)
Ha3WBAIOTH ATHIUHON 00HOPIOHOM0. BoHa Mae BUTIIST

n
Ve = prj(@)y;, k=12...,n (18.18)
7j=1

Axmo y cucremi (18.17) ne Bel dyHKIGT fi(2) TOTOXKHO TOpIBHIO-
I0TH HYJII0, TO 11 HA3UBAIOTH ATHIUHOIN0 HeOIHOPIOHO10.

OueBuiHO, JIiHIHA OMHOPIIHA CHCTEMa Ma€ HYJIbOBHIl PO3B’si-
30Kk Y1 =0, yo =0, ..., y, = 0, dKuii HABUBAIOTH MPUBLAALHUM.

Pose’si3ku stiHifiHOT ofHOpinHOT cucremu (18.18) maoTh Jeski
XapaKTepHI BJACTUBOCTI, $KI aHAJOTIYHI IO BIIIOBIIHUX BJIACTH-
BOCTEl PO3B’sI3KiB JIHITHOTO OJIHOPIIHOTO PIBHSIHHS N-TO HOPSIIKY
(nmekmist 12, m. 2).

Baacrusicts 1. fSdxwo y1 = ¢1(x), y2 = @a(x), ..., Yn =
= pn(x) — pose’azox 0dnopidnoi cucmemu (18.18), mo
y1=Cp1(x), y2=Cp2(x), ..., yn=Con(x),
de C' — dosinvHa cmaia, maxosc € po36 A3KOM Uici cucmemu.

Buaacrusicrs 2. fkxwo 3adaro m pose’askie cucmemu (18.18):

(% 7 .
1-1 po38°A30%K © Y11, Y125 - - - » Ylns
(% 7 .
2-1 po36’a30% . Y21, Y22, - - - Yon,
o 2 .
m-Uu Po36°A30K :  Yml, Ym2, - - - Ymn,
mo ix ATHITHG KoMbIHauisa 3 dosinvrumu cmasumu Cp, Co, ... Cp,

y1 = Cry11 + Coyar + ... + Cruyma,
y2 = Cry12 + Coyaz + ... + Cruyma,

Yn = Clyln + CQan T coo I Cmymna

ab0, CKOPOUEHO,

m
ve =Y Citir, k=1,2,...,n, (18.19)
i=1
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maxootc € poss’azkom cucmemuy (18.18).
Losedernas. Ilincrassioan (18.19) B (18.18), ogepkyemo

m / n m
> Ciyir | = @) D> Cayiy | =
i=1 =1 i=1

m m n
Zciy;k = Zci Zpkj(x)yij, k=1,2,...,n.
i=1 =1 j=1

JloBeientst BJIACTUBOCTI BUILINBAE 3 TOTOXKHOCTEI

n

Yip = Zpkj(x)yij(x), k=1,2,....,n, i=12,...,m,
j=1

SIKI OJIEPZKYEMO, IIJICTABIISIIOUN i-i PO3B’s130K y cucremy (18.18). »

Pexomendosana aimepamypa: |1, c. 115 — 118, 134 — 135],
[5, c. 322 — 340], [7, c. 93 — 99, 164 — 179], [13, c. 109 — 112, 131 —
152], [16, c. 18 — 22, 65 — 70, 91 — 92].

IIutannga go gekirii 18

1. dxwmit 3araabHIIT BUTTIST Ma€ CUCTEMa, 3BUUIAHIX audepeniiaib-
HUX piBHSIHB repioro nopsiaky? [1lo HasuBatoTh PO3B’sI3KOM IIi€l cucTe-
MU Ha JIeTKOMY iHTepBaJIi?

2. dxwuit Bur/IsA M Ma€ HOpMaJIbHA cUCTEeMA MudePeHIiaIbHIX PIBHIHD
meprroro mopsiaky? Ak dopmymoerses 3amada Kol myrs Takol cucremn?
HA3MBAIOTh ABTOHOMHOIO?

3. dkuit MexaHIYHUI 3MICT Ma€ HOpMaAJIbHA CUCTEMa Ta 11 PO3B 30K 7
IIIo Take daszoBuii mpoctip, daszosa IoMMUHA, (da3oBa npama’ K mo-
B’s13aHi MiK CODO0IO PyX, SIKIIl OIUCYETHCS CUCTEMOIO TDEPEHITIATbHITX
pIBHSIHB, Ta HOro TpaekTopig?! fAKuil pyX HA3WBAIOTH CTAHOM CIIOKOIO,
SIKOIO € 10ro TpaeKTopisi?

4. fx dpopmymoerhes Teopema Korrri ipo joctaTHi yMOBH iCHYBaHHS
Ta €IMHOCT] HETIEPEPBHO JINDEPEHITIIOBHOTO PO3B’ 3Ky 3aaaxi Kot st
HOPMAJILHOI CUCTEMU AupePeHIaIbHIX PIBHAHD !

5. Mo HasuBaioTh 3arajbHUM PO3B’sa3KOM (IHTErpaoM) HOPMAaJib-
HOI cucremu audepeHIiaJbHnX PIBHAHD ¥ JesdKiil 0bs1acTi icHyBaHHs Ta
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eauHoCTi po3B’s3kiB 3asadi Komri? [lo Ha3suBarOTh YACTHHHUM Ta OCO-
OJIMBUM PO3B’sI3KAMU HOPMAaJIbHOI CHCTEMU JUQEPEHIIAJIbHUX PIBHSIHB !
¢Sk BOHU 10B’si3aHi 3 3arajbHUM PO3B’SI3KOM CUCTEMMU !

6. ITlo Take inTerpoBHi KOMOIHAIIT 1 IK BOHN BUKOPUCTOBYIOTHCS JJIsI
3HAXO/ZKEHHS 3arajIbHOTO iHTerpasa’

7. dx mudepenriianbae piBHAHHS 1-1'0 TOPSIIKY, PO3B’si3aHe BiTHOCHO
CTapIIol MOXITHOT, MOYKHA 3BECTH JI0 PIBHOCUJIBHOI HTOMY HOPMAaJILHOI CH-
creMu JTupepeHIiaJIbHIX PIBHIHB? Y YOMY IIOJISITAE METOJ] BUKJIFOUEHHSI
PO3B’sI3yBaHHSA HOPMAJIBHOI CUCTEMU !

8. dAxwuit BurisAn Mae JiHifHA crcrema qudepeHIiajIbHIX PiBHAHD !
YumMm BizmpisHgeThes JiHifHA HEOIHOPiaHA crucTeMa Bix omHOopimHol? Ki
BJIACTUBOCTI MAIOTh PO3B’SI3KM JIHIAHOT OMHOPIAHOT cucTeMu?

Bopasu go jekiii 18

1. Binrerpyiite cucremMu, BUKOPUCTOBYIOYH iHTErPOBHI KOMOIHAIIIT:

y' = 2(y? + 2?)x, y' = siny cos z,
a) 47, 0) .
2 = dyzx; 2! = cosysin z.

2. 3iaTerpyiiTe CHCTEMI METOJOM BUKJIIOUEHHSI:

a) JU=vt2s o ¥ =y—2z+ae,
"= —2y+6z; 2 =by—z—(x+1)e%

S
|

Y1 = 3y1 — y2 + 3ys,
B) { ¥p = 3Y1 — y2 + 2y3,
Y5 = —2y1 + 2y2 — 3ys.
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Jlekmia 19. Jliniiini ogHOpiaHI cucTeMu 3BUYaHUX
audepeHIliaIbHUX PiBHAHb

Ilan

1. Jliniifino 3aJiexkHi Ta JHHINHO He3a/eKHI CYKYIHOCTI (DyH-
KITIi.

2. ®opmysa Ocrporpajicbkoro — fKkobi.

3. OcHOBHa TeopeMa.

4. Jliniitai ogHOpigHi cucreMu 31 crajauMu Koedimienramu. Me-
Tox Eitnepa.

1. JliniitHo 3aJjIekHi Ta JiHIiiHO He3aJIe>kKHi CYKYITHOCTI
dyukmiii. Hexait 3agano m cykynHocreil gpyHKIIi

Y1, Y12, - -5 Yin,
Y21, Y22, -+, Y2n, (191)
Yml, Ym2; -- -5 Ymn,

y KOXKHIl 3 aKkuxX n (QyHKIH, BUBHAYEHNX 1 HEIEPEPBHUX HA Ie-
sikoMmy iHTepBadi (a, b). Cykynuocri dynkuiii (19.1) nHazusarors Ji-
HIUHO He3anedHcHuMU Ha iHTepBai (a,b), SIKIIO TOTOXKHOCTI

o1y11 + ooyl + ... + apYm1 =0,
a1y12 + aoyao + ...+ amYma = 0,

1Y1n + Q2Yon + ...+ A Ymn = 0,

e o1, @2, ..., Quy — CTaJi, BUKOHYIOTHCS TIJbKU TOJi, KOJU
] =a9 = ... = qp, = 0. B inmomy Bumajky cykynHocti yHKITiT
(19.1) HasUBAIOTH AIHIUHO 3aaedHcHUMUY Ha iHTepBaJi (a,b).
BeranoBumo HEOOXiHY yMOBY JIHIITHOT 3a/1€2KHOCTI JOBLIBHIX

n cykymHocreil pyHkiiit. OTxke, Hexail MAEMO 1. CYKYITHOCTeH (yH-
KITiii

Y11, Y12, --- 5 Yin,

Y215 Y22, --- 5 Y2n, (19.2)

Ynly Yn2y -+ 5 Ynn-
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Busnaunurxom Bponcvroz20 abo 8pOHCKIAHOM CYKYyIIHO-
creit dyukiit (19.2) Ha3UBAIOTH BU3HAYTHIK

Y11 Y12 o Ylin
Wy=| ¥ 2 e (19.3)
Ynl Yn2 *°° Ynn

Teopema 1 (HeoGximHa yMoBa JiHIMHOT 3aJIEXKHOCTI T
cyKynHocrei QyHKIii). drwo n cykynnocmet gymnryit (19.2)
MHITHO 3anedrcri na twmepsani (a,b), mo W (z) = 0 na yvomy in-
MEPBANT.

Losedenns. Ockinbku n cykynsocreii dyskiiii (19.2) siniitao
3aJIe2KH1, TO 38 O3HAYEHHSIM

n
Zaiyikzo, k=1,2,....,n, a<z<b, (19.4)
i=1

IpUYOMY He BCi o JopiBHIOIOTH Hymmo. Postusmaroun (19.4) sk
OJIHODIJIHY JIiHIHY cucTeMy ajareOpUIHUX PiBHsIHb BIJIHOCHO
Qg, ..., Oy, DAIIMO, IO BOHA MA€ HEHY/IHLOBUI PO3B’SI30K, a TOMY
BU3HAYHUK CHUCTEMU JOPIiBHIOE HyJo. [luM BU3HAYHUKOM € BPOH-
ckian, orxe W(x) = 0 B ycix Toukax inrepsany (a,b). »

Teopemy 1 morkHa chopMyIIOBATH i 1HAKIIE: AKUO BPOHCKIGH
n cykynnocmetd gynkyitd (19.2) na deaxomy inmepsani (a,b) 6io-
MIHHUT 610 HYAA, MO Ul CYKYNHOCTVE GYHKUIT ATHITHO HE3ANCHCHT
HA UbOMY THMEPBAANL.

Hexait Teniep koxkHa 3 cykynnocreil dyHxiii (19.2) € po3s’ss-
KOM JIIHIfTHOI OJTHOPIJTHOI CUCTEMU

n

y,ﬁz:Zpkj(z:)yj, k=1,2,...,n, (19.5)
j=1
koedinientu py;j(x), k, j = 1,2,...,n, Kol HellepepBHi Ha JIESIKOMY

inrepsadi (a,b).
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Teopema 2 (HeobOximHa ymMoBa JiHIHHOT HE3aIEKHOCTI N
PO3B’3KiB JIiHITHOT OHOPiHOT cucTeMU . PIBHSAHB). SKu40
n poss’askis (19.2) cucmemu (19.5) ainitno nesanescni wa inmep-
sani (a,b), mo ix 6poHcKian He NEPEMBOPIOEMBCA 8 HYAb Y HCOOHIT
MOYYTL Ub020 THMEPBANY.

Jlosederns Teopemu mpoBesieMo Biji cynporuBHoro. Hexait st
Jiestkol TouKu T € (a,b) maemo W (zg) = 0. Ckuazemo cucremy n
AJINeOPUIHUX DIBHSIHB

Zciyik(xo) =0, k=1,2,...,n. (19.6)
i=1

OckiibKN BU3HAYHUK OMHOPiAHOI cucremu (19.6) mopiBHIOE HyIIO

(mmm € W(zg)), To BoHa Mae HeHy/IbOBHI po3B’s30Kk Cf = Cfo) ,
Cy = 02(0) 5 ooap O = ,20) . [lobymyemo po3B’st30K
n
0
= Cu, k=12 n (19.7)

i=1

Ockinbknu CZ.(O)
(19.7) mae HyJIbOBI 1IOYATKOBI 3HAUEHHsI y TOYI & = T, TOOTO
y1(x0) =0, ya(xo) =0, ..., yn(xo) = 0. Ane ni cami movaTkosi

YMOBU 33JI0BOJIbHSIE TAKOYXK TPUBIAJIBHUN PO3B’SI30K, TOMY 3TiHO 3

3a/10BOJIBHAIOTE cucTeMy (19.6), TO po3B’s30K

reopemoto Kol (sekuist 18, 1. 1) 1i po3s’sisku 36iratoTbest, T06TO

n
S0 =0, k=12...n,
=1

Je He BCi C’i(o) JopiBHIOIOTE Hys10. OTpumasu, 1o po3s’si3ku (19.2)
JiHifiHo 3asexHi Ha (a,b), M0 cynepednTsh yMOBI Teopemu. b

3 reopem 11 2 ButuBae: 044 mozo, wob n po3e’a3Ki6 CuCmeM
(19.5) 6yau ainitno nesaresrchumu va iwmepsani (a,b), Heobxi-
01O © docmamHvo, w00 iT POHCKIGH HE NEPETEOPIOBABCH 6 HYAD
Y HCOOHIT MONUT UbO20 THMEPEANY.
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2. ®opmyaa Ocrporpaacbkoro — fkobi. g dpopmyna mo-
3BOJISIE 3 TOYHICTIO JIO CTAJON0 MHOYXKHHMKA BUPA3UTU BPOHCKiaH
PO3B’sI3KiB JiiHiiHOT o/HOpPiAHOT cucremu (19.5) wepes piaroHasibHi
KoeiIlieHTH I[i€l CUCTEMU, a caMe

@

J (pr1@)4p22 (@) 4. Apnn (@) da
W(z) = W(xo) - €0 : (19.8)

Jie © = T — JoBlIbHA TO4YKa iHTepBasy (a,b). Popmyny (19.8) na-
3uBalOTh gopmyaoro Ocmpoepadcvrozo — HAxobi. st nopee-
uus (19.8) sHaiizemo noxinHy Bij Bponckiana (19.3), nudepeniiiro-
0N Oro 3a CTOBHIAME. Y IIHOMY BUITQJKY ITOXI1IHA BiJ| BUSHATHU-
Ka M-TO TOPSJIKY JIOPIBHIOE CyMi 1 BU3HAYHUKIB, SIKI OTPUMYIOTH
3 HBOI'O IMOYEPrOBOI0 3aMIHOIO eJIEMEHTIB IEPINOro, JAPYroro, ...,
N-Tr0 CTOBIIIIS X HOXITHUME, TOOTO

n Yyir Y12 o Yl k-1 y{k Yik+1  Yin
W’(:c) _ Z Y21 Y22 0 Y2k—1 yék Y2,k+1 - Yon
Ynl Yn2 ° Unk—1 Ypr Ynk+1 “~°° Ynn
BaMiHuMO TOXIHI Y, Yhrs - - - » Yl 1X Bupasamu 3 (19.5). Toxni
n
Yyir Y12 o Yik-1 Zpkjylj Ylk+1 ° Yin
=1
JTL
- Y21 Y22 - Y2 k—1 Zpkﬂ/Qj Y2,k+1 " Y2n
W'(z)= ’ j=1 ’
k=1
n
Ynl Yn2 - Ynk—1 Zpk:jynj Ynk+1 - Ynn
=1

AKIo po3KIACTH KOXKEH 3 BU3HAYHUKIB CIIPaBa Ha CYMY 1 BU3HA-
YHUKIB, TO BCl BOHU JIOPIBHIOBATHMYTbH HYyJIIO (KOXKEH 3 HUX Ma-
TUMe JiBa [POIOPIiiHI CTOBMIN), KpIM BU3HAYHHUKA, SIKUH BiJIIO-
Bimae j = k. Y npoMmy Bumajky k-ii BUBHAYHUK CIIPABa JIOPIBHIOE
n
/ . .
prk(2)W(x), a Tomy W'(z) = Y prr(z)W(x), 3Bigku, interpyio-
k=1
uu, orpumyemo dbopmyiy (19.8).
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3. OcHoBHa Teopema. CyKkymHICTH T PO3B’a3KIB JIHIHHOT
onHopiHOl cucremu (19.5), Bu3HAYeHHX 1 JIIHIHO He3aI€KHUX HA
inrepBaii (a,b), Ha3UBaAIOTL HYHOAMEHMAADBHONW CUCTEMOIO
P038°A3K16 HA ILOMY iHTEpBaJI.

3 1. 1, 2 jleKIil BUILIUBAE, IO CYKYNHICMS N PO36 A3KIE NIHIT-
Hot 0dnopionot cucmemu (19.5) 6yde dyndamenmanvroro cucme-
MO10 P036°A3Ki6 Ha thmepsani (a,b) modi i misvku modi, Koru
BPOHCKIAH YUT PO36’°A3KIG GIOMINHUL 610 HYAL TOY 6 00WIT, MOUUT
inmepsany (a,b).

3 HACTYIIHOIO TBEp/KeHHsI BUILINBAE, 10 3HAHHs (DYHIAMEH-
TaJIbHOI CHCTEMH PO3B’sI3KiB JiiHiiHOI oHOpiAHOI cuctemu (19.5)
JIa€ MOXKJIMBICTD 1TOOY/IyBaTH 3arajibHUI PO3B’S30K €] CUCTEMH.

Teopema 3. drxwo cyxynnocmi gynxyit (19.2) ymeoproromo
PpyrdamenmarvHy cucmemy po3s’Askie NHITHOT 00HOPIOHOT cu-
cmemu (19.5) na inmepsani (a,b), mo gopmyau

y1 = Ciyi1 + Coyo1 + ... + Cpyna,
y2 = Cry12 + Cayaz + ... + Cpyna, (19.9)
Yn = Clyln + 023/2n P 000 TP Cnynna

de C1, Cy, ..., C, — 006iabHI caAL, BUHAMAIOMD 3020A0HUL PO3-
6’A30%K uiei cucmemu 6 ycit it obaacmi 3adarti.

Losedenns. Cucremy (19.9) MozkHa PO3B’I3aTH BIJHOCHO CTAIMX
Cy, Cy, ..., Cy, 60 BOHA € JiHIIHOI, IpuvIoMYy 11 BU3SHAYHUK BiJI-
minnwii Bij Hysst (Hum € W (x)). Kpim roro, cykynnicrs dbyHKIiii
(19.9) € posp’sizkom cucremu (19.5) st BCiX 3HAUEHDb JOBLIBHUX
cramux Cy, Co, ..., C, (Bnacrusicrs 2 3 n. 4 jekuii 18). Tomy
3ri/IHO 3 O3HAYEHHSIM 3ara/IbHOTO PO3B’d3Ky HOPMAaJbHOI CHCTEMU
nudepeHIiaJbHuX PiBHSIHL CyKynHicTh dyHKIii (19.9) € 3araib-
HUM po3B’st3koM cucremu (19.5). »

4. JIiniitai ogHopigHi cucremu 3i ctanumMu koedilieHTa-
mu. Meron Eitnepa. Posrisgremo inifiny ogHopiany cucremy
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Y1 = anyr + ay2 + . .. + ainYn,
yé = a21Y1 + a2y2 + ... + a2nYn, (19 10)

Yh = an1y1 + an2y2 + - .. + annYn,

zne agj, t,j = 1,2,...,n, — gliical craji, 1 nMoKaxKemo, 1o 11 3aB-
JKJIM MOYKHA 3IHTerpyBaTH y CKiHUYEeHHOMY BHUIVIAI] (TOOTO depes
eslemeHTapHi DYHKIHT a60 y KBaJIpaTypax).

3riIHO 3 TeOpeMOIO 3 JIJIst TIOOYI0BH 3arajlbHOIO PO3B’sI3KY CH-
cremu (19.10) mocurb 3HaiiTH xXoua 6 oxHy 11 dyHIAMEHTAIbHY
cucreMmy posB’sikiB. Yacruuuuii po3s’sizok cucremu (19.10) rry-
Ka€MO y BUIVISIL

Y1 =me",  yo =12, L, oy = et (19.11)

e Y1, V2, ---, Yn 1 k — medxi craji, npmwaomy yi, Y2, ..., Yp HE
JIOPIBHIOIOTH OJIHOYACHO HYJIIO (IHAKIIE MATUMEMO OYEeBUHUIN TPU-
BlaJIbHUI PO3B’S30K, sIKWil HE MOYKe HaJjieKaTu (pyH1aMeHTaIbHIi
cucremi po3s’si3kiB). fkmio migcrasuru (19.11) B cucremy (19.10),
ckoporutH €F? i mepenecTy yci J0MAHKH y JIBY 9ACTHHY, TO OJ€p-

2KYEMO OTHOPIAHY CHCTEMY aJTreOpUIHUX PIBHSIHD

(@11 — k)1 +a2v2 + ... + a1y =0,

a21v1 + (CI?Q - k)rYQ + 2 P a2nYn = 07 (1912)

a1 + an2y2 + -« + (ann — k)yn = 0.

HenyspoBuit po3s’sizok cucremn (19.12) icuye smmre Toni, kou it
BU3HAYHIK JI0piBHIOE HyJm0. [losHauusimu iforo vepe3 A(k), maemo

ain —k  ap e a1n
A =| @It o o)
an1 An2 o Qpp — k

Pigusmns (19.13) Ha3uBAIOTH TAPAKMEPUCNUYHUM DPIBHAH-
Ham cucremu (19.10), fioro Kopeni — xapaxmepucmuyHuMU
yucaamu, a A(k) — xapaxmepucmusHuM BUIHAYHUKOM.
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Hexait yci xapakrepuctuani aucia ki, ko, ..., k, upocti. Tosmi,
K Bigomo 3 anrebpu, A(k;) =0, A'(k;) #0, 7 =1,2,...,n.
[Tokazkemo, 110 paHT MATPHUIL

a1 — kj a2 soc ain
a ag —k; - a
A= 21 22 9 2n 7
anl an2 Tt Opn — kj

CKJIaJIeHOT 3 KoedilieHTiB cucreMu, siKy ojepKyemo 3 (19.12) mi-
cig 3aminm y niit k na kj, nopismioe n — 1. [lna nporo 3naiigemMo
A’(k), BUKOpUCTOBYI0UYH NPABWIO AU ePEeHIIIOBAHHS BUSHAUHUKA,

sIKe 3aCTOCOBYBAJIOCH [yIst oBeeHHs dhopmyn OcTporpajicbKoro-
Akobi (crop. 242):

1 ap ain
Al(k) = 0 ap—Fk --- aon n
0 an2 e Qpn — k
ain—k 0 ain
n as1 =]l a2n 4.
anl 0 Ann — k
a1 —k  ai 0
4 a1 aso — k 0 _
an1 apny o —1
= —Aq1(k) — Ap(k) — ... — App(k), (19.14)

ne Aj;(k) — anrebpudne JOIMOBHEHHS €IeMEHTa ¢j; — k BU3HAUHUKA
A(k). Ockinbku A'(k;) # 0, j = 1,2,...,n, 10 3 (19.14) BuNIIKBAE,
110 Xo4a 6 onuH 3 BusHaYHUKIB Aj;(k;) (a e BusHaunuku (n—1)-ro
HOPsIJIKY ), BiaMinauit Big nysas. Orxke, panr marpuni A J0piBHIOE
n — 1, a Tomy ozne 3 piBusHb cucremu (19.12) e nacsiggom iHmux
i s cucreMa Mae HEHyJILOBUI PO3B'SA30K, KU BU3HAYAETHCS 3
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TOYHICTIO JI0 JOBLILHOIO MHOXKHUKA, F;:

Yi1 = Bimi1, 2 = Pimga, ooy Yin = P, 1=1,2,...,n.

(19.15)
Axkmo y dbopmynax (19.15) s3adikcyBaru MHOKHUK Pj, TO ozep-
JKIMO KOHKpeTHHi po3B’si3ok cucremu (19.12). IMixcrasisioun y
(19.11) 3amicTb k mocsioBHO XapakTepucTudni yncia ki, kg, ...,
kyn, a 3aMicTb Y1, Y2, - .., Yn — BLANOBiIHI M PO3B’'s3KM cuCTEeMU
(19.12), Busnaueni dbopmyaamu (19.15) npu dbikcoBaHUX MHOKHU-
kax P;, onep:xxyemo n po3s’sizkiB cucremu (19.10)

Y11 = M1€%, Y12 = 112", L, yin = YinetnT,
Yo1 = 121" Yoo = Y022 L yon = yonefn?, (19.16)
Ynl = 'Ynleklxy Yn2 = 'Yn26k2xa ey Ynn = ’Vnneknx-

Jlerko mokKazaTu, IO I PO3B'S3KH JIHIKHO HE3aJeXKHI Ha
(—o0,+00). dkmo npu npomy Bei uncaa ki, kg, ..., ky JiiicHi,
10 po3B’st3ku (19.16) Takox OymyThb aificHUMU.

Takum anHOM, JJId IPOCTUX JICHUX XaPAKTEPUCTUIHUX YNUCES
cucrema (19.10) mae n aificHEX JHHIAHO He3aJIEXKHUX YACTHHHUX
pos’saskiB Buriisy (19.16). Tomy 3rigso 3 Teopemoro 3 dhopmysin

== leyueklx + Cg’yglekzx + ...+ Cn’ynlek”x,
ya = Cr7126"7 + Covyoael?™ + . + Cpyyoefn?,

Yn = Cl’ﬂneklx + CQ'YQnekzx + ...+ Cn'Ynneknx

BU3HAYAIOTDH 3arajbHuil po3s’s3ok cucremnu (19.10).

[Tpumnycrumo, 1o xapakrepuctuddi ducia ki, ko, ..., k, mpo-
cTi, aje cepen HEUX € KomiuiekcHi. Hexait a + ib i a — ib — napa
KOMIIJIEKCHO-CIIPSI?)KEHUX XapaKTepUuCcTuIHux quces. duciy a + ib
srigao 3 (19.11) Bigmosinae po3s’si30k

(a+ib)z

(a—&—ib)x, -y Yn = In€ 3

(a+ib)x
)

Y1 = me Y2 = 7Y2€

e Y1, Y2, - - -, Yn — KoMIuzekcui yucia. [lokmanaioun

Y1 =711+ 21, Y2 =Y12 + Y22, -5 Yn = Yin + Y2n,
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OJIEPYKYEMO KOMILIEKCHUN PO3B’ 130K

y1 = (1 +i921)el 7, s = (312 + inag)el T,

Yn = (’Yln + i’an)e(a+ib)x.

Bigokpemitiooun y nb0My po3B’S3Ky JificH] Ta ysBHI 4acTUHU, Mae-
MO JiBa JIHIHO He3aJsexkHi Ha iHTepBai (—o0, +00) aificHi po3s’s3-
KU:

y11 = €% (11 cos bx — 1 sin bz,

y12 = e (712 cos bx — g sinbz), ...,

Y1n = € (71p, cos bx — 7oy, sin bx)

Yo1 = € (711 8in bx + 721 cos bx),
Y22 = e (712 8in bx + g9 cos bx), ...,
Yon = €% (y1p Sin bx + 72y, cos bx).

OueBuIHO, MO CIIPSXKEHUN KOPiHb @ — b HE MOPOJXKYE HOBUX
JificHUX JIHIAHO He3a/IeKHUX JaCTUHHUX PO3B I3KiB.

Ilpukiazn 1. 3iwmezpysamu cucmemy

y' =4y + 5z,
2 =4y + 3z.

Pose’azarns. Po3p’s3yr0oun XxapakTepUCTUIHE PIBHSAHHS

4—k 5
4 3—k

’:0 = kK -Tk-8=0,

3HaXOAMMO XapakTepucTudsi ynciaa kp = —11 ko = 8.
Ckya1eMo cucTeMy JIJisl 3HAXOMKEHHs THcel Yy 1 Yo, AKi Bij-
noBimaoTs ducay ki. Marpumo koedillieHTIB Ii€l CucTeMu OTpHU-

MYEMO 3 MaTPHITL
4—k 5
4 3—k
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3amiHo0 k Ha k1. OTKe, IIYKAHOIO CHCTEMOIO €

511 + 9572 =0,

4’)/1 + 472 = 07
3BIJIKM BHUILIUBaE, 1m0 Yy = —7vy2. Hexait v = 1, Toai 72 = —1.
TakuMm YMHOM, XapaKTePUCTHYHOMY 4uciay k1 = —1 Bimmnosinae
pPO3B’sI30K Y1 = e~ %, 21 = —e "

AmnaJorivHo, po3B’A3yI0TN CHCTEMY

{—471 + 572 =0,
4y =572 =0,
gka Bimmosizae ko = 8, 3Haxomumo, mo 4y, = 5o, fAKino B3s-
™ 71 = 5, TO 72 = 4, a ToMy uuncjiay ko BiIIOBija€ po3B’d30K
Yo = 5¢8% 2o = 467,

3arajbHUl PO3B’SA30K 3aIUCYEMO 3ITHO 3 TEOPEMOIO 3:

y=Cre ®+5C2e%%, z2=—Cre ®+4C5e%*. B

Ilpukiazn 2. 3iwmezpysamu cucmemy

y =2y — z,
2 =y+ 2z

Pose’sazanns. XapakrepucTuine piBHSIHHSI

2-k -1 )

=0 = k*—-4k+5=0

‘ 1 Q—k‘ *

Ma€ KOMILJIEKCHO-CIIPsizKeH] KopeHi k1 = 2 + 4, ko = 2 — 1. Po3B’s-

30K, sIKHil Bijnosinae ki, Mae Burisyy y = y,e210% | 2 = 4pe(F)z
Jie GG 7Y, Yo 3HARIEMO 3 CHCTEMU

Y

—im — 72 =0,

71 —iy2 =0.
[Toknasatoun y; = 1, 3HAXOAUMO 7o = — ¢, a TOMY NIYKAHUM
posp’sizroM € y = e2t)? z = — (292 Bijokpemowun y mpo-

My PpO3B’sI3Ky [ifiCHI Ta ysBHI YaCTHUHU, OJEPKYEMO JIBa [Iili-
CcHI pO3B’SI3KI: 1 = €2 2

= —e?® cos x. 11i po3B’sI3KH yTBOPIOIOTH (BYH/IAMEHTAILHY CHCTEMY

Teosx, 21 = e2®sinz i yo = e?®sinz, 29 =
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PO3B’s3KiB, & TOMY 3arajbHUM PO3B’SI3KOM €

y = e**(Crcosx + Cysinz), z=e**(Cysinz —Cycosz). M

Aximmo cepeji KOpeHiB XapaKTEPUCTUIHOIO PIBHSIHHS € KPaTHi,
TO METOJI, BUKJIQJIEHUIT BUIIE, 3aCTOCOBYBAaTH He MOyKHa. OJIHAK 1y
[BOMY BUIAJIKY BJAETHCs 1100y 1yBaTu (DYHIAMEHTAJBHY CUCTEMY
PO3B’SI3KIB depe3 ejleMeHTapH] (DYHKINI. 3ayBaXKIMO IIEPIIT 3a BCe,
o AKIIO k1 — IPOCTe XapaKTepUCTHIHE YUCJI0, TO, HE3AJEXKHO BiJT
TOrO, Uu Oy/IyTh CEPEel IHIMX XaPAKTEePUCTUIHUX UUCEJ 3YCTPi-
JaTuCcd KpaTHI uM Hi, HOMY 3aBXK/IM BIJINOBI/IA€ OAWH YACTUHHUN
PO3B’SI30K BUIIALY Y1 = Y1€M1%, yo = Y0eF1%, .y, = 7,7, ne
Y1y Y25 - --y Yo — J€dKl CTaJl, gKI BU3HAYAIOTHCSA 3 TOYHICTIO JIO
CTaJIOT0 MHOXKHUKA.

TakuMm 9uHOM, TOTPIOHO 3HANTH YACTHHHI PO3B’sI3KU, AKi Bil-
MOBI/IAIOTH KPATHOMY XapaKTEePUCTHIHOMY ducay. lIpu nbomy Bu-
ABJISIETHCH, 10 TaK CaMO, K 1 JUIs JIHIMHOI'O OJHOPIIHOIO PiBHsI-
HHs N-TO TOPSJIKY, XaPAKTEPUCTHIHOMY HUHC/IY KPATHOCTI S BiIO-
Bifae s JIHINHO HE3AIEXKHUX JACTHHHUX PO3B I3KiB.

Teopema 4. Hxwpo k1 — xapaxmepucmusre wucao KpamHocms
s, mo tomy eidnosidac pose’asox cucmemu (19.10)

Y1 = Pl ($>€k1$’ Y2 = P2($>€k1$’ ceey Yn = Pn($>€k1x’ (1917)

de Pi(x), Py(z), ..., Py(x) — mHo2ouaenu cmenens ne 6uui02o,
Hiote s — 1, AKI Mar0OMb Y CYyKYynHocmi § J0BIANLHULT KOePIiuieHMis.

HoBesieHnsi 1€l TeopeMu MOXKHA 3HANTH, HANPUKIAI, B |3,
c. 196 — 207].

Ha mpaxtuili po3B’si30K, M0 BiJIIIOBIIA€ XapaKTEPUCTUTHOMY
aucisy ki, norpibuo mykaru y suriisii (19.17), sBaxatoun Pj(x),
Py(z), ..., Py(z) maorounenamu (s — 1)-ro crenenst 3 HeBU3HAMe-
HuMu KoedinienTamu i, nizcrasisioun 1x B (19.10), Bupasutu Bci
KoedIIieHTH Yepe3 § 3 HUX, K1 3aJIMIAI0ThCs JoBlibHUME. [TokTa-
JAIOUN MO Uep3i OaWH 3 IUX JOBIIBHUX KOedIIieHTiB piBHUM OI1-
HUIIl, a perrTa pIBHUMU HYJIIO, TOOY/IyEMO § JIHINHO HE3AJIEKHUX
PO3B’sI3KiB, Kl BiIIOBIIAIOTL XapaKTEPUCTUIHOMY duciay ki. Yci
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i JacTHHHI PO3B’E3KM GyayTh yTBOpeHi 3 106yTKIB byHKII eF1T
Ha MHOTOYJIEHU BiJl T, CTEIeH] IKUX He IePEBUIILYIOTh § — 1. AKino
muorounenu Py (x), Po(x), ..., Py(z) y dopmyuni (19.17) Bupomxy-
IOTBCS Y CTaJi, TO OIEPKUMO S JIHINHO He3aJIeKHUX TACTUHHUX
PO3B’A3KIB TAKOT'O K BHIVISJLY, fK 1 JIJIs BUIIAJKY IIPOCTOIO Xapa-
KTEPUCTUIHOIO TUCTA.

Axmo ky — aificne xapakKTepUCTHIHE YHUCIO0, TO HOOYIOBaHI S
JIHIHO HE3AJIE2KHUX PO3B’sA3KiB OYIyTh JHCHIMU.

Ao cucrema (19.10) Mae KOMIUIEKCHE XapaKTEPUCTUYHE |-
¢70 a + bi KpaTHOCTI $§, TO BOHA Ma€ TAKOXK CIPS?KEHE XapaKTe-
puctuydne 4ucyio a — bi Tiel xx kparnocti. [lobymayBaBmu s JiiHiii-
HO He3aJIe’KHIX KOMILIEKCHUX PO3B’s3KiB, SIKi BiAIOBIIAIOTH TUCTY
a—+ bi, i BIIOKpeMuBIIM B HUX JICHI Ta ysSIBHI YACTHHU, OIEPXKIMO
2s pificHuX JHIAHO He3a/IeKHUX TaCTUHHUX PO3B I3KiB.

Ilpukiazn 3. 3inmezpysamu cucmemy

y' =6y + 2z
z = —16y — 2z.

Poses’azarns. Jlerko mepeKoHATHUCS, IO XapPAKTEPUCTUIHI TUCTIA
€ mgificui 1 kpatHi: k1 = ko = 2. 3rigHo 3 Teopemoio 4 3araJbHUi
PO3B’FI30K IIIYKAEMO y BUTJISIII

y = (Az + B)e*®, z = (Cz + D)e*.

Ockinbkn y = (2Ax + 2B + A)e?®, 2/ = (2Cx + 2D + C)e**,
TO, TJCTABISIIONN 1X V 3aJaHy CHCTEMY, JJIsl 3HAXOJI?KEHHST HEBU-
3HaYEHUX KOEMIIIEHTIB OAEPKYEMO CHCTEMY:

{(QAJ: + 2B + A)e?® = 6(Az + B)e*® + (Cx + D)e?®, N

(2Cx + 2D + C)e*® = —16(Az + B)e?® — 2(Cz + D)e*®
4A+C)x—A+4B+D =0,
(16A +4C)z + 16B+4D +C =0

4A+C =0,
~A+4B+ D=0,
16A + 4C = 0,
168 + 4D + C = 0.

=
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B omeprkamniit cucremi € auie aBa JIHITHO He3aIEKHIX PiBHSI-
HHsI, HaIIpUKJIaJl, Tepire i gpyre. BraxkaTumeMo y HUX BLIbHUMU
HeBigomumu, npumipom, A, B 1 HajgamMo IM JOBLILHUX 3HAYEHD:
A=C1, B=Cs Toui C = —4C1, D = (1 — 4C5, a 3arajabuum
pos’szroM € y = (Crx + C2)e?®, z = (—4C1x + C1 — 4C5)e?**. B

Ilpukiazn 4. 3iwmezpysamu cucmemy
Y1 = Y1+ 2y2 + 2y3,

Yy = 2y1 + Y2 + 23,
yh = 2y1 + 2y2 + ys.

Po3se’azarrs. 3HaX0IUMO XapaKTEPUCTUYUHI YNUCIA CUCTEMU:

1-k 2 2
2 1-k 2 =0 = sk k‘g’g:—l.
2 2 1-k

Yucay ki = b BiguoBijgae cucrema JBOX PiBHSIHBb (Tpere € Ha-
CJILZIKOM JIBOX TIEPIINX ):

27+ 25 = 0,
27y —4dy2 + 273 =0.

. 1
Opuu 3 11 po3B’a3kiB 71 = 1, v =1, 73 = 1. Tomy yg ) = G=,
1 .
yé ) = ¢be , y:(,) ) = ¢ g PO3B’SI3KOM 3aJIaHOI CUCTEMHU.
XapaxrepucTuinuM dncjiaMm kg 3 = —1 Bijnosigae ojHe pisHA-

HHs (Jpyre i Tpere 36iraloThest 3 HuM ): 271 +27v2 4273 = 0. Bubepe-
MO JIBa JIHIINHO He3aJIeXKHI PO3B’SI3KH IIHOTO PiBHSIHHS, HAITPUKJIAT,
=17 =0, 73——1171—0 Y2 = —1, 3 = 1. Koxnomy
2 _ 0, y (2) -z

2
3 HUX BimmoBinae p03B 'A30K ¥, e, Yy —e
g ) = 0, é ) = e , yé )= e * BimmosiHO.
OckiJIbKM BPOHCKIaH 3HAJIEHNX TPhOX DPO3B’SI3KIB BiIMIHHUIT
Big myns (W (z) = —3e3%), To Bonn yTBOpIOIOTH hyHIAMEHTATLHY

CUCTEMY PO3B’si3KiB, & 3arajibHIM PO3B’sI3KOM €

1

= 016590 + Cge_x, Yo = 01€5x — Cge_x,
S C'16590 —Coe™ " +Cse". 1
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Pexomendosana aimepamypa: |3, c. 134 — 144, 191 — 209],
[4, c. 477 — 485, 494 — 502], [5, c. 341 — 356], [7, c. 198 — 205, 210 —
214, 222 — 227], [16, c. 91 — 102, 109 — 128].

ITutannga go gekirii 19

1. dki cykynHocTi dyHKIIN HA3MBAIOTH JiHIHO He3amexkHUMHA (J1i-
HIHO 3aJIeKHUMU) Ha jeskoMy iHTepsasi? HapesiTh npukiaam Takux
CyKymHOCTEeN (PYHKITIf.

2. IITo Take BpOHCKiaH PO3B’S3KiB JHHIIHOI OIHOPIAHOI cucTeMU N
piBHgHB? ZIK 3a IOMOMOTOIO BpOHCKiaHA BU3HAYUTH, UM € 3aJaHi 1 Cy-
KymHOCTel DyHKII JIHITHO He3aIeKHUMA !

3. dx dopmystoeTsess HEOOXiTHA yMOBa JIHIHOI HE3AJIEZKHOCTI N
PO3B’SI3KIB JIHIAHOT OIHOPIIHOT crucTeMu n upepeHIiaJlbHuX PIBHIHD?
CdopmysmioiiTe HEOOXiMHY 1 TOCTATHIO YMOBY JIHINHOI HE3a/I€2KHOCTI Ha,
inrepsaii (a,b) n Po3B’ga3KiB JIHIHOI OIHOPITHOT CUCTEMH.

4. dxwit Bursag mae dopmyna Ocrporpazcskoro — Axobi? Aki Bia-
CTUBOCTI BUILIMBAIOTH 3 1€l (bopmysu?

5. ITlo nazuBaoTh MyHIAMEHTAILHOIO CUCTEMOTIO PO3B’I3KiB JIiHIfTHOT
OJTHOPIZIHOT cucTeMu Ha JiesskoMy iHTepBasii? ka 11 posib y 1mo6y10Bi
3araJbHOTO PO3B 3Ky JIHIIHOI 0HOPiAHOT crucTemu?

6. dxwuit BurISI Mae JTiHiifiHA OTHOPiAHA crcTeMa andepeHIiaTbHuX
piBHSHB i3 cTasmvu koedirienramu? [1lo HAZNBAIOTH XaPAKTEPUCTUIHAM
BU3HATHUKOM, XapPAKTEPUCTUIHUM PIBHAHHIM, XapaKTEPUCTHIHUMU M-
CJIAMM TaKOl CUCTEMHU !

7. Y gomy mossrae meron Eitepa iHTerpyBaHHs JIHITHIX OTHOPII-
HUX crucTeM 3i crajaumu Koedimientamu? K 3a/1eKuThb CTPYKTypa hyH-
JTAMEHTAJIbHOI CHCTEMHU PO3B’sI3KiB TAKOI CHCTEMU Bl BUIJIALY XapaKTe-
PUCTHIHUX YUCEJT!

Bopasu go jexiii 19
1. Binrerpyiite cucremu meronom Eitmepa:

r_ _ I B
a) {y = 10y — 6z, ) {y 5y — 4z,

Z/ =18y — 11z; 2/ =10y + Tz;
Y =Y1 — Y2 — Y3, Y1 = Y1 + 2y2 + 3ys,
B) S Y5 = —2y1 +2y2 +y3, T) 1 yp=2y1+ 4y2+ 6ys,

yh = 4y1 + 2y + 3ys; y5 = 3y1 + 6y2 + 9ys.
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Jlekriga 20. JIiHiiitHi HeoAHOPiAHI cUcTeMU 3BUYATHUX
audepeHIliaIbHUX PiBHAHb

Ilan

1. CrpykTypa 3arajbHOrO pO3B’SI3KY JIHIAHOI HEOIHOPITHOT
CUCTEMH.

2. Meroa Bapiamil JOBLIFHIX CTAJIUX.

3. Meron HeBu3HaYEHUX KOEMIIIEHTIB.

4. Merou /I’ Astambepa.

1. CTpyKTypa 3arajibHOTO pPO3B’A3KY JIiHilTHOI HEOTHO-
pizHOl cucremu. PosryistHemo JiiHIHY HEOIHOPIMHY cucTeMy

yp = pu(@)y1 + pr2(@)y2 + ... + prn(@)yn + f1(x),
yh = p21(2)y1 + p22(T)y2 + . .. + pan(T)yn + fo(z), (20.1)

y;L = pnl(:l:)yl + pn2($)y2 P ooc +pnn(x)yn + fn(x)

abo0, y CKOPOYEHOMY 3alluCi:
dyk B
Zpkj o)y + folx), k=1,2,...,n. (20.2)

[Tpunycrumo, mo naMm BioMuii Jesdknuil YaCTUHHUN PO3B 30K
1€l cucreMu
_ @ _ @ _
V=Y 2 =Us s s Yn =05,

a OTIKe,
d
y’“ me yO ¥ fu@), k=120 (203)

Beegemo HOBI HeBigomi dyHKuil 21 = 21(z), 22 = 2z2(x), ...,
zn = zp(x) 3a dopmynamu

we=yP +z, k=12 n (20.4)
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[Migcrasisioan dyuxuil (20.4) B cucremy (20.1), ogepkyemo

dy,) | dok
dx de

= Zpkj(x)yj(mrzpkj(x)zj+fk(x), k=1,2,...,n. (20.5)
j=1 j=1

Bpaxosytoun (20.3), 3 (20.5) mis 3Haxo/KeHHst QyHKIiH 27,
22, ..., Zn, OTPUMYEMO JIHIWHY OJHOPIIHY CHCTeMY

n

dzy,
E:;pkj(x)zj, k=1,2,...,n. (20.6)

Opuopinny cucremy (20.6) HasuBaIOTL 610M0610HO10 HEOOHODI-
onit cucmems (20.2).

Brigno 3 reopemoro 3 (yrekiis 19) 3araabHuil po3B’siB0K cHCTe-
mu (20.6) BusHAUAETHCH POPMYIIOO

n
Zk:ZCijk, k:1,2,...,n, (20.7)

j=1
ne zjp = zjk(x), j,k = 1,2,...,n, — geska byHIaMeHTAIbHA CH-
crema po3s’sizkis cucremu (20.6), a Cj, j = 1,2,...,n, — noBinbHi

cTaJl.
[Migcrasmsitoun (20.7) y (20.4), onepxkyemo dbopmyiry

n
we=y + > Cizn, k=1,2,...,n, (20.8)
j=1

sIKa BH3HA4YaE 3araibHuil po3s’s3ok cucremu (20.1) B yciit obacti
11 3aJIaHHSI.

TakuM 9UHOM, O0AA BHATLOOHCEHHA 302AN0H020 PO36 A3KY HEO-
cmunHutl pose’azor i dodamu do Hb020 3a2a00HUT PO36 A30%K 6I0-
1061010t 00nopidnoi cucmemu (20.6).
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2. Meton Bapiariii goBisibHUX cTanux. s inrerpyBanss
JIIHIITHOT HEOIHOPIHOI CUCTEMU Y BUIAJIKY, KOJIM BIAETHCI 31HTeE-
rpyBaTH BIAIOBIIHY OMHOPIHY CHCTEMY, JaCTO BHUKOPHUCTOBYIOTH
Mmemod eapiayit dosinvHuxr cmaaur (memod Jlazpanotca).

Posp’si30k stiHifiHOT HeopHopigHoi cucremu (20.1) mykaemo y
BUTJISII1

n
Y = ZCj(x)zjk, k=1,2,...,n, (20.9)
ne zjp = zj(x), j,k=1,2,...,n, — nedka dyHIaMeHTAIbHA
cucreMa po3B’si3kiB oxHOpimmHol cucremn (20.6), a Cj(z), j =
=1,2,...,n, — JesKi HermepepBHO JuepeHIiiioBai yHKIII.

Butepemo y (20.9) dbynknii Cj(x) Tak, mob s dbopmyna Bu-
sHadasa po3s’s3ok cucremu (20.1). IMigcrasmsioun (20.9) B (20.1),
OJIEPKYEMO:

> Ci@)zk + Y Cila)zly, =
~ ~

—Zplcl Zc D)+ ful@), k=1,2,....n, =

Z Ci(@)zjm + Y Ci@)2y,
P =

= fu(z), k= 1,2,...,n. (20.10)

Ockinbkn zj;, — dyHnzaMeHTaabHa CHCTeMa PO3B A3KiB OIHODIIHOI
cucremu (20.6), To Bupas y ayzxkkax y dopmysi (20.10) mgopishioe
HYJIIO, a ToMy JIst 3Haxomkenust dbynkuiit Cj(z), j = 1,2,...,n
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Ma€MO CHUCTEMY:
n
> Ci@)zin = fu(z), k=1,2,...,n. (20.11)

Busnaunuk cucremu (20.11) BiaMmiHHMA Big Hysst s BCix

€ (a,b) (mum e Bporckian W (z)), a ToMy BOHA Ma€ €IUMHUIA PO3-

B'SI30K, sIKMiI MOYKHA 3HAWTH, HAIPUK/IaMI, 3a dopmyaamu Kpame-
pa:

Ci(z) = S Wi;(2)

J W (x)

ful@), j=1,2,...,n, (20.12)
k=1

nae Wi;(z) — anrebpudne JIONOBHEHHSI €JIEMEHTA Zj; BPOHCKiaHa
W (x). Inrerpyioun (20.12), 3HaxomumMo

W,
Z/ k(@ z)dz+Cj, j=1,2,...,n,

ne Cj — noBinbHi crai, a xg — noBlabHA TOYKa 3 iHTepBasy (a,b).
Iincrapisoun 3uaiineni supasu jyuis Cj(x) y dopmyiy (20.9),
OJIEPIKYEMO

k:ZijZ/ Wj(ac) fs(z:)dq:—i—ZCjzjk, k=1,2,...,n
g=1  s=1j j=1
(20.13)

Axmo B (20.13) migcraputu Cp = Co = ... = C), =0, 10 MaeMo
YACTUHHUII pO3B 30K

. n n xWS‘ JZ’)
y,i ) = szkZ/ WJ((x) fs(x)de, k=1,2,...,n,
j=1  s=1j

a oMy (20.13) moxna 3ammcarn y suriasg (20.8). Orxke, po3s’s-
30K, BusHaueHuil popmysiono (20.13), € 3arajbHUM PO3B’SI3KOM Jii-
uiitrol HeoxHoOpiHOI cucremu (20.1).
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Ilpukiazm 1. 3a donomozoro memody sapianii Ao8INGHULT cMa-
AUT 3THME2PYCAMU CUCTEMY

y =2y — z,
2= —y+ 2z + 4ze”®.

Pozs’sazannsa. Binnosinny omHOpimHY cucTeMy 3IHTEIPYEMO Me-
TOIOM BHKJIIOUEHHS (JIeKIis 18):

y =2y-z,
2= —y+2z

= y=2z—-2,
22 =" =2022-2)—2 = ' -4+32=0.
Ockinbku xapakrepuctTuaHuMu unciamu € ky = 1, ko = 3, 1o
20 =C1e® + Cre®® = yo= 2(Cre” 4+ Cgegx) —
— (C1e® + 30263””) = yo = C1e® — Cae™.
Po3p’s130K 3a1aH01 HEOHOPIIHOT CUCTEMU TIIYKAEMO Y BUTJISIII
y = C1(x)e® — Co(x)e>®, 2z = Ci(z)e® + Ca(x)e®®,  (20.14)
ne dyukuii C(x), Ca(x) 3Haiinemo 3 cucremu Burisiy (20.11):
{C{ (z)e® — Ch(x)e3® =0,
Cl(x)e® + Ch(x)e3® = 4xe®
Ci(z) =2z, Ch(z)=2ze?® =

1
Cy(z) = 2+ Ci, Co(z) = Cre 2 _ 56721 + O,

[Mincrasmsitoun 3uaiineni dyukuii Cp(z), Ca(x) y (20.14), onepxky-
€MO 3arajibHUI PO3B’A30K 3aJIaHOI CUCTEMMU:

y= (2> + C1)e* — (—ze > — 0,5e™%* + Cp)e™ =
= C1e" — C2e® + (2* + 2+ 0,5)¢”,

z=(2® + C1)e" + (—ze > — 0,5e %" + Cg)e?’x =
= C1€” + Coe™ + (22 — 2 — 0,5)e".
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[Ticast 3BemeHHsT TOMIOHUX MOMAHKIB 1 Meperno3HavdeHHsT CTasIol

(C1 :=Cy +0,5) maemo

y=Cre” — (e (332 + a:)ex,
2= C1e® + 0qe®® + (ac2 —z— l)ex. [ |

3. Meron HeBusHadeHUX KoedimieHTIB. Y 1. 1 1€l Jte-
KITil BCTAHOBJIEHO, TTO 1HTErPpYBaHHS JIHIHHOI HEOTHOPIIHOI CUCTe-
M T epenIiaabHuX PIBHIHD 3BOAUTHCA 0 HEOOXiTHOCTI MO0y 10~
B (hyHIaMEHTAIbLHOI CUCTEMH PO3B’SI3KIB BiIIIOBIIHOI OJHOPIIHOT
cucremu. Tomy ocobsMBHUil iHTEpeC CTAHOBJIATH TaKi JiHIAHI Heo-
JIHODPiHI cucremu, y gKuX (pyHIAMEHTaIbHA CHCTEMa PO3B’si3KiB
BI/IITOBIJIHOI OJIHOPITHOI CUCTEMHU BUPAKAEThCs Yepes3 ejleMeHTapHi
dyukii. o Takux cucTeM BiIHOCATBCH, MMEPEIOBCIM, CHCTEMH 3i
crasyimmu KoedirieHTaMu.

Posrisinemo iniitny #HeogHOpigHY cucremy udepeHIiaabHIX
piBH#AHB 31 cTajiuMu KoedimienTamu

yll =any1 + a2y2 + ... + apyn + f1(2),
yé = a91y1 + a22Y2 + ... + a2nYp + f2($)7

Yh = an1y1 + an2ya + . .. + annYn + fu()

abo0, y CKOPOYEHOMY 3aIluCi:
dyy
= Zakjyj + fu(z), k=1,2,...,n. (20.15)
j=1

Axmo dyukuil fi(x) y cucremi (20.15) ckiagarorbes 3 cyM i
1100y TKiB MHOTOWIEHIB P, () = po+p12+. ..+ pmz™ Ta dyHKIii
e*  cos fx, sin Sx, To 11 PO3B’SI30K MOXKHA IIYKATH MeEmodom
He8U3HAUEHUT Koediuternmia. lle poOUTHCs 3a TAKIMUI 2K IIPa-
BUJIAMH, 1110 1 JIjI OJHOIO JHHIAHOrO AudepeHIiaJbHOr0 PiBHSIHHSI
31 cranmumu Koedinjentamu (srexiist 14), aje 3 MeBHIMHU 3MiHAMM.
3okpema, SIKIIO

fk(m) - Pmk (x)eaxv
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ae P, (x) — MHOTOWIEH CTeIeHs My, TO YaCTHHHUI PO3B’S30K CH-
cremu (20.15) morpibro niykarn He y BUNIsAl 2°Qp, (z)e™”
6yJ10 Jist JTHIAHOTO PIBHSIHHS), a K

(sik 1E

yi= QY. (m)e™, i=1,2,...,m, (20.16)

e QT(:L)JFS(JJ), 1 =1,2,...,n, — MHOTOYJIEHU CTeIleHd M + § 3 HEBI-
joMumu Koedinienramu, m = max(my, ma, ..., mg); s = 0, gKI10
Q. — He € XapaKTePUCTUIHUM YHUCJIOM, 1 S JIOPIBHIOE KPATHOCTI ITHO-
ro YUCJIa, SKIIO (¢ € XaPAKTEPUCTUIHUM YUCJIOM (SIKIIO TOYHIIIe,
9HUCJIO M + S Ha M OJUHUIL OLIbINE HANBHUIIOIO 31 CTEIIEHIB MHO-
TOYJICHIB, HA sIKi MHOXKATHCSI €KCIIOHEHTH €™’ y 3arajbHOMY PO3-
B’SI3KY BIJIIOBLJHOI OJIHOPIIHOT crCTEMN ).

()
m+s
NPUPIBHIOBAHHSIM KOeMIIIeHTIB 6111 BIANOBIIHAX HOJAHKIB IIiC/IsT
uigcrasisiaas (20.16) y cucremy (20.15).

Hesinomi koedinientn muorowrenis @,/ () Bu3HAYAIOTH

AHAJIONIYHO BU3HAYAIOTHCST CTEMEHI MHOTOYJIEHIB Y BHUIIAIKAX,
ko Gyl fi(z) y cucremi (20.15) mictsars dyskuil e** cos Sz
i e sin fx, a uncio o + 51 € abo He € XapaKTEPUCTUIHUM.

ITpuknasmg 2. 3inmezpysamu cucmemy Memodom HEGUIHAYE-
HUT KoePiuieHmie:

Yy = 4y + 82 + 30e%,
2 =3y —z+1le %=,

Pose’azanns. Bukopucrosyrouu meros Eitsepa (sexitis 19), 3na-
fJIeMO CIIOYaTKY 3arajbHUil PO3B’SI30K BIJIOBIAHOI OJHOPIIHOI CH-
cTeMn

y' =4y + 8z,

2 =3y —z.

XapaKTepUCTUIHE PIBHIHHSI

4—k 8

3 _—1-% |0
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Mae kopeni ky = 7, ko = — 4. Xapakrepucruaaomy uuciy ki =7
BIJIIIOBiTa€ cucTema,

{_3’)/1 + 8’)/2 - 07

311 — 872 =0,
3BifKU, HAIPUKIAT, V1 = 8, Y2 = 3. Uuciay ky = —4 Bignosinae
crcTeMa
{8’)/1 + 872 - 07
311+ 372 =0,
3BiIKK 71 = 1, 72 = —1. O1Ke, 3araJibHUM PO3B’SI3KOM OJTHOPIIHOT
CHCTEMU €:

yo = 8C1e™ + Coe ™, 25 = 3C1e™® — Che™*.
Bpaxoyioun surisayn byukiii fi(z) = e* i fo(r) = e 4, ga-
CTUHHUI PO3B’SI30K Y1, 2] HEOJHOPIAHOI CUCTEMM Yepe3 HEBU3HA-
“eHi KoeilieHTH 3aIUIIeMO y BUIJIsII

y1 = Ae® + (Bx + C)e™, 21 = De® + (Ex + F)e™**. (20.17)
[Migcrasmsitoun (20.17) y 3agany cucTeMmy, 0J1epKYyEMO:

Ae® —4(Bx + C)e ™ 4 Be™1® =

= 4Ae® + 4(Bx + C)e ™1 + 8De® + 8(Ex + F)e™1® + 30¢%,
De® —4(Ex + F)e ™ 4 Be 1 =

= 3A4¢e® + 3(Bz + C)e 1 — De® — (Ex 4 F)e ™ 4 1172,

4z 4z

1 ze *' B obox 4ga-

CTUHAX TIUX TOTOYKHOCTEH, OJEepKYEMO BiJIIIOBIIHO:

. .. . P
[TpupiButoroun koedirientu Oins €*, e

e | A=4A+ 8D + 30, e |D=3A-D,
e |B—-4C =4C +8F, e |E—4F =3C - F+11,
ze 4%| —4B = 4B + 8FE, ze 4*| —4E =3B — E.

Orpumana cucremMa Ma€ JIUIIE 1 ATh JIHIITHO He3aJIe?KHUX PIBHSHb.
Posw’azyioun i1, orpumyemo

A=-2 B=-8 C+F=-1, D=-3, E=38.
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[Toknamemo, nanpukiax, C =0, romi F' = —1, a ToMy YaCTHHHUM
PO3B’SI3KOM HEOIHOPIIHOI CHCTEMU €

Y1 = —2e% — 8z, 2z = —3e® 4 (8z — 1)e ™7,
a 3araJbHUM PO3B’sI3KOM —

y= 8C1e™ + Cae ™ — 2¢% — 8re™47,
2 =301 — Coe™® —3e" 4+ (8z — 1)e™**. m

ITpuknang 3. Sanucamu wacmunnull po3e’a3ok 3 HesU3HAME-
HuMu Koediuienmamu (He wykaowu i) cucmemu

{y’:4y—z+xe3‘”+e3“sinx, (20.18)

2 =y + 2z + ze¥* cos .

Pose’sazannsa. 3HaiiieMo XapaKTepUCTUYHI YHC/a  BiAIOBIIHOT
OJTHOPITHOI CUCTEMU:

'4—k -1

_ 2 _ _ e
1 Q_k‘_o = k°—6k+9=0 = k =ky=3.

3x 3

V cucremi (20.18) s dbynxmiit ze3%, 3% sinz, xe3* cosz um-
ciaa « + (i BinmosigHO MOpiBHIOIOTH 3, 3 + 4, 3 + 7. ToMy okpemo

3HaI7I,H,€‘MO JaCTUHHI pO3B7H3KI/I CHUCTEM

/ 3x
y =4y — z + ze’?,
{z/ =y+2z (20.19)
: / 3
y =4y — z+ e’Tsinz,
{z’ =y +2z+ ze3® cosz. i)

Host cucremu (20.19) a+ i = k1 = ko =3, s =2, m = 1. 3ri-
JHO 3 (20.16) 11 yacTUHHMI PO3B 130K HOTPIOHO HIYKATH y BUIJIsLI

y1 = (az® + bx? + cx + d)e?,
21 = (fz® + g2 + hx + p)e3®.
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Hnst cucremn (20.20) o+ fi =3 +1 # k12, s =0, m=1,a
ToMy 1T YaCTHHHUII PO3B’I30K MAa€ BUIJISII

y2 = (Az + B)e3*sinz + (Cz 4+ D)e*® cos
2 = (Ex + F)e* sinz + (Gx + H)e3 cos z.
Tozi wacTuHHMiT po3B’s130K cucteMu (20.18) 3amumiersest y BUIVISIL:

Yy =1vy1+ Y2, z=21+ 2. N

4. Meton I’Anambepa. Posrisgnemo iHifiny HeogHOPIIHY
cucreMy JIBOX judepeHIiajbHuX PiBHsIHb 31 cTajuMmu KoediiieH-
TaMu

(20.21)

Yy =any+ a2z + fi(x),
2 = any + agz + fa(z).

[TomHOXKUMO JipyTe PIBHSIHHS IET CHCTEMU Ha JedAKe 9UCao \ i
J0/TaMO TIOWJIEHHO JIO TEePIIOTO PIBHAHHS:
(y + A2)" = (a11 + A1)y + (a12 + Aaga) 2 + fi(z) + A fa(z) =

) T F1(2) + Mal@).
(20.22)

a1z + Aag

+2z)' = (a11 + A +
(y Z) (an a21)<y B o N

Kopucrytouuces mgoBijibHiCTIO Yncia A, BuOepeMo HOro TakmM,

1100
aig + Aaga

ail + Aagy

TOOTO
a21)\2 + (CLH = a22))\ — a2 = 0. (2023)

Toni piBusnHEs (20.22) 3anmIemMo y BATVISI:

(y + A2)" = (@11 + Aag1)(y + A2) + fi(z) + Afa(z).  (20.24)

Pisusianst (20.24) e siniitauMm gudepeniiaibHuM PIBHSIHHAM
MIEPIIIOTO MOPSIKY 3 MIyKaHOIO (PYHKINE Yy + Az. [HTerpyroun itoro
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(dopmyma (4.6) 3 ekl 4), oxepKyeMo:

Y+ Az = e(a11+>‘a21)x (/(fl (x) + )\fg(aj))e_(all""/\a?l)xdaj + C).

(20.25)
Axmo xopeni A\; i Ao kBajgparHoro pisusmus (20.23) pismi i
JICHI, TO MAEMO CUCTEMY

Y+ Az = elonthiez)e (/(f1($)+)\1f2(1‘))6(all+/\la21)xd1?+01>,

Yt Aoz = e(a11—i-/\2az1):v (/(fl (x) +ofa (x))e—(au-i-/\zazl)xdx + CQ),

PO3B’SA3yIOUN AKY BIJIHOCHO Yy i 2, 3HAl/IeMO 3arajbHUIl iHTerpaJ
cucremn (20.21).

Axmo kopeni piBustaHs (20.23) kpaTHi, TO6TO A7 = A9 = A, TO
3 (20.25) ozepKy€eMO TLIbKK OJiHe PIBHSIHHSI:

Y+ Az = elantraz)e </(f1(3:)+)\f2(3:))e_(““““21)xdx + C>,

ajle y 1bOMY BHIQJIKY, IIJCTABIAIOYN BUPa3 I Y, 3HailjaeHuil
3BiJicH, y apyre piBasHHs cuctemu (20.21), onep:kumo JiHifiHe piB-
HSHHSA TIEPIIOTo IOPSJIKY 3 HEBLIOMOIO (DYHKIIIE 2.

Pexomendosana aimepamypa: |3, c. 144 — 146, 209 — 214],
[5, ¢. 370 — 385], [7, c. 206 — 210], [16, c. 103 — 107, 138 — 144], [17,
c. 436 — 455, 495 — 528|.

ITutannga go gekirii 20

1. dk 3maiiTu 3arajapHUil PO3B’A30K JIHIITHOI HEOMHOPIIHOT CHCTEMU,
HOI OJTHOPIiIHOT cucTeMu?

2. Y doMy ToJIsira€ METOJI Bapiallil JOBIIbHUX CTAJINX 3HAXOPKEHHS
3arajIbHOTO PO3B’SI3KY JIHIHOI HEOIHOPIIHOT cucTeMu?!

3. Y gomy moJsisira€ METOJ HeBH3HAYEHUX KOeDIIi€HTIB IHTerpyBaH-
H JIHITHIX HeOIHOPIIHUX crucTeM 31 cramnmu Koedirmiearamu? Y mst
KOZKHOI JIIHIHHOT cHCTeMH HOTO MOXKHA BUKOPUCTATH!

4. Y gyomy nossirae meroj /I’ Asambepa inTerpyBaHHs JIHINHUX CH-
creM 3i crajauMu KoedinieHramu?
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Bopasu go gsexkiiii 20
1. BinTerpyiite cucreMu METOIOM Bapiariil JOBUIBHUX CTAJIIX:
2) y =4y — 82 + 2tg4x, 6) y =3y — 2z,
2 =4y — 4z; 2 =2y — z + 2\/xe”.
2. 3imTerpyiite CUCTEMH METOJOM HEBU3HAUEHUX KOEMIIieHTIiB:
y =2y -z, Y =3y+2z+e”,
a) 7, _ " Lo Oasy T e
z'= -2y 4+ z — 3x; z' = -3y — 2z — 2€%;

5) y =5y —z+ 5sinz,
2 =4y + z+ 2cosx.

3. 3inrerpyiire cucremu merojom I’ Asambepa:

2) Yy =—2y—z+ 10z, 6) Yy =by+4z + e,
2= —4y — 5z; 2 =4y +5z+1.

Honarok 3.
3acTocyBaHHsI MaTeMaTu4dHoOro 1makera Maple

JJis iIHTerpyBaHHS CHCTEM 3BHUYATHUX
andepeHIliaIbHUX PiBHAHDb

st po3B’sa3yBaHHs CUCTEM 3BUYANHUX JndepeHIiaJIbHuX PiB-
HsHb BUKOPHCTOBYIOTH KOoMaHy dsolve y dopmari

dsolve ({piBugnusl, piBusanna?, . . .},{uesimomal, HeBimoma2, . . .}).

Ilpukiaz 1. 3iaTerpyBaru JiHIIHY OJHOPIIHY CUCTEMY 31 CTa-
JmMu KoedirienTamMmu
y=y+z
{z’ =3z — .
(upukiaz 2 sieknii 18, crop. 234):
> dsolve({D(y) (x)=y(x)+z(x),D(z) (x)=3*z(x)-y(x)},
{yx),z(x)1);

{y(z) =*%(_C1+_C2x— _C2), 2(z) =e**(_C1+_C2x)}.
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[Tepenoznauenusiv cramux ( C1 := C; + Cy, C2 = (Cb)
el pO3B’SI30K 3BOJIUTHCS JI0 PO3B’si3KY, OTPUMAHOIO Y IPUKJIA 2
Jgexiil 18.

Ilpukiazm 2. 3iaTerpyBaru cucreMmy

y =4y + 52,
2 =4y + 32

(upukiag 1 seknii 19, crop. 247):
> dsolve ({D(y) (x)=4*y (x)+5*z(x) ,D(z) (x)=4*y (x)+3*z(x)},
{yx),z(x)1);

4
{y(x) = Cle®4 _(C2e%%, z2(z)=—-_Cle %+ 5_02 egx}.

ITpuknasn 3. Sinterpysatn cucremy
y =2y -2
Z=y+2z

(upukiiag 2 seknii 19, crop. 248):
> dsolve ({D(y) (x)=2*y(x) -z(x) ,D(z) (x)=y(x)+2*z(x)},
{yx),z(x)1);
{y(z) = ** (_C1 cos(z) — _C2sin(z)),
z(z) = e** (_C1sin(z) + _C2cos(z))}.

ITpuknasm 4. SinTerpysatn cucremy

y =6y +z,
2= —16y — 22

(mpukiaz 3 siekrii 19, crop. 250):
> dsolve ({D(y) (x)=6*y (x)+z(x),D(2) (x)=-16*y(x) -2*z(x)},
{yx),z(x)1);

1
{y(m) = —Eezx(él_C] +4 C2z+ C2),

2(zx) =e**(_C1+ _C2 x)}
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IlpukJiaz 5. 3iHTerpyBaTy JiHIIHY OJHOPIIHY CUCTEMY 31 CTa-
JimMu KoedirieHnTaMmu

Yi = y1+ 2y2 + 2y3,
Yy = —Y2 — 2y3,
yh = Yy2 + y3.

(mpukias 3 siekrii 18, crop. 234):

> dsolve ({D(y1) (x)=y1(x)+2*xy2(x)+2*y3(x),D(y2) (x)=
-y2(x) -2xy3(x) ,D(y3) (x)=y2(x)+y3(x) },{y1(x),y2(x),
y3(x)}H);

{y1(z) = _C1¢e*— C2cos(x)+ _C2sin(x)+ _C3cos(x) +
+ CO3sin(z), y2(z)= _C2cos(z) — C3sin(x) —
— (2sin(z) —  C8cos(z), y3(z) = C2sin(z) + C83cos(z)}.

[Mepenosnauennsm cramux (_ C1 :=Cy, C2:= (Cs — (Cy)/2,
(03 := (Cy + (C3)/2) neit po3B’si30K 3BOAUTHCS 10 PO3B’SI3KY,
OTPUMAHOTO Yy MPUKJIaJI 3 Jiekil 18.

Ilpuksazm 6. 3iaTerpyBaru cucreMmy

Yl = y1 + 2y2 + 2y3,
yh = 2y1 + y2 + 2ys,
ys = 2y1 +2y2 + y3

(mpukias 4 siexrii 19, crop. 251):

> dsolve({D(y1) (x)=y1(x)+2xy2(x)+2*y3(x),D(y2) (x)=
2xy1(x)+y2(x)+2xy3(x) ,D(y3) (x)=2*y1(x)+2*xy2(x)+
y3(x)},{y1(x),y2(x),y3(x)});

{yl1(z)=_C2 T -2 (08¢ ®— (Cle™@,
y2(x) = _C2e°%+ (C3e*+ Cle @,
ys(z) = _C2e°"+ _C8e "}
[Tepenosnavyennsim cranux (_C1 = Cy — 2C5, C2 := (4,

(8 := (5 — C9) 1ieit po3B’si30K 3BOJAUTHCS JI0 PO3B’sI3KY, OTPH-
MaHOTO y npukaami 4 jekrii 19.
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ITpuknasn 7. Sinrerpysarn JiHIHHY HEOTHOPITHY CHCTEMY

y =2y—z
2= —y+ 2z + 4xe®

(mpukias 1 srexrii 20, crop. 257):
> dsolve ({D(y) (x)=2*y(x)-z(x),D(z) (x)=-y(x)+2*z(x)+
4xx¥xexp(x)},{y(x),z(x)});
{y(z) =**_C2+ _C1 " + ze” + 2%e”,

2(z) = —e*?_C2+ _C1e" — ze” — & + 22" }.

Ilpukiazm 8. 3inTerpyBaru JiHIIHY HEOJHOPI/IHY CHCTEMY

Yy = 4y + 82 + 30e”,
Z=3y—z+1le ¥

(mpukitaz 2 sekrii 20, crop. 259):

> dsolve ({D(y) (x)=4*y (x)+8*z(x)+30%exp(x) ,D(z) (x)=
3xy (x)-z(x)+11xexp(-4*x) },{y(x) ,z(x) 1) ;

8
{y(:z:) =e'® C2+e 1 C1 - o e 1% —2e" —8e 17y,

E 3
2(z) = ge”_Cg el AN C 3t = ﬁefu +864“:1:}.

[TepenosHadeHHsIM CTaJMX el PO3B’SI30K 3BOJUTHCS JIO PO3-
B'{13KY, OTPUMAHOrO y npukjas 2 jekiil 20.
ITpuknasm 9. interpysatn cucremy
Yy =4y — z+ 2e3® + e sing,
2 =y+ 22+ xe3® cosx
(mpukias 3 sexrii 20, crop. 261):
> dsolve ({D(y) (x)=4*y(x)-z(x)+x*exp(3*x)*sin(x),
D(z) (x)=y (x) +2*z (x) +x*exp (3*x) *cos(x) },{y (x) ,z(x)});
{y(z) = —e**(—_C2 — x_C1 +sin(z) + 2cos(z) + zsin(z)),
z(z) =e**(_C2+z_C1— _C1—2sin(z) —cos(z) + zcos(z))}.
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IlpukJsazma 10. 3uaiiTn po3s’si30K 3ama4ui Ko

d’x B d?y B
ar =~ AT Y
z(0) =0, 2'(0) =wvgcosa, y(0) =0, 3 (0) =wvpsina

(samaua 1 jekuii 18, crop. 231):

> dsolve ({(D0@2) (x) (t)=0, (DO@2) (y) (t)=-g,x(0)=0,y(0)=0,
D(x) (0)=vO*cos(alpha),D(y) (0)=vO*sin(alpha)},{x(t),
y()1);

2
{a:(t) = v0 cos(a)t, y(t)= —% + v0 sin(a)t}.

Inmi npukIaam 3acTocyBaHHsSI MareMaTHdHOro makera Maple
JUIsI IHTErpyBaHHsI CUCTEM 3BUYAHHUX JU(DEPeHIiaJlbHUX PIBHIHD
MOKHa 3Haijitu B [9, 12, 18].
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Pozain 4.
JINPEPEHIIIAJIbBHI PIBHAHHA 3
YACTVMHHUMMU ITOXIIHNMN
ITEPIITIOT'O ITIOPAIAKY

Jlekiiig 21. JliHiiiHi omHOpiAHI piBHSIHHSA 3
YACTUHHUMMU MOXiTHUMHU MEPINOro MOPSAKY

Il1an

1. 3B’s130K JIHITHOIO OJHOPIAHOTO PIBHSIHHSI 3 YACTUHHUMU 110-
XIIHIMU TIEePIIOTO MOPSAKY 3 BiANOBIIHOIO CUCTEMOIO XapaKTepu-
CTUK.

2. IlobymoBa 3arajbHOTO PO3B’A3KY JIHINHOTO OJHOPIIHOTO PiB-
HSIHHS.

3. Bagaqa Ko mgist iHIRHONO OJHOPIIHOTNO PIBHSITHHS.

1. 3B’430K JIiHITHOTO OMHOPIJHOTO PIBHAHHSA 3 YaCTUH-
HUMH MOX1JTHUMU NEePHIOTO NOPSAKY 3 Bi/IMOBiIHOIO cucTe-
MOIO XapaKTepPUCTUK. BaraTto Mojesieil pisHOMAHITHUX ITPOIECIB
1 gBUI TeXHIKK Ta MareMaTHYHO! (Di3uku (KOJMBAHHS CTPYHU i
MeMOpaHnu, Terionepeiada, audysis, razoBa JuHaMIKa Ta iHII)
HPUBOJIATE 10 JinDEPEHIaIbHIX PIBHIHD 3 YACTUHHUMHE [TOX1THU-
M.

Mu obMeKUMOCs BUKJIAJOM HANUIPOCTIIIMX BioMOcTell Teopil
PIBHSAHDb 3 YaCTHHHUMU IOXITHUMU IIEPIIOTO TMOPSIKY, MAlO4und 3a
MeTy IOKa3aTu 3B’S30K TAKUX PIBHAHb 3 CUCTEMaMU 3BUYAHUX
udepeHIiajibHuX PIBHAHL 1 HABECTU METOJH IOOYI0BU 3ara/ib-
HOT'O PO3B’g3Ky Ta po3B’s3Ky 3asadi Ko, siki IPyHTYIOTbCS Ha
nbOMy 3B’s13Ky. PiBHsIHHS 3 YaCTHHHUME IOXIJIHUMHI JIPYTOro Ta
BUIIUX TOPSJIKIB IHTErPYIOTHCS IHITUMUA METOJIaMU, sIK1 BUBYATH-
MyTbCd V Kypci «PiBagnnsg marematunanol dizukms.

ZludepenuiasbrHum pPIiBHAHHAM 3 UACTNUHHUMY TOLi-
JHUMUY Ha3UBAIOTH CIIBBIIHOIIEHHSI, sIke MICTUTH HEBiZOMY (DyH-
KI[IO BiJI J€KIJIbKOX 3MIHHUX, He3aJIexKHI 3MiHHI Ta YaCTUHHI 110Xi-
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JHi HeBimoMol byHKIIT 3a He3aaekuuMu 3minaumu. [lopsaok crap-
1101 YaCTUHHOI MOXI/THOI, K& BXOJIUTH y PIBHAHHS, HA3UBAIOTH 10~
psadkom pisusinns. Hanpukinas, nudepeniiajibie pIBHIHHS 3 da-
CTUHHUMH TIOX1THUMHE TIEPIIIOro MOPSIJKY MA€ TaKUil 3araibHUil BU-
TSI

ou Ou ou
Oz, 20,...,p, Uy, —, —,...,— | =0 21.1
( 3 3 ymy Uy 81’1 ) 81‘2 3 3 8l'n ) ( )
_ _ g Ju  Ou ou_ e
e u = u(xy,x,...,T,) — HyKaHa QyHKIIs, Bor) Bagr 1 oo 11

qactunni noxigai, ® — zajana #HenepepsHo audepeniiitoBua GyH-
Kiisg B jeskiit obnacti G C R?"L npudomy B pisnsmnsa (21.1)
NpUHARMHI OJHA YaCTUHHA I[TOXIi/IHA BXOIUTH 00O0OB’sI3KOBO.

Bararo dizuaHux sBUIIL ONUCYIOTHCsT PIBHAHHSIME 3 YaCTUHHU-
MU TOXITHUME TEPINOro nopsaky. Hampukian, y ra3oBiit gunami-
i BaXKJMBY POJIb Bifirpae piBuarasg Xorda % + u% = 0, ne
u=u(t,r), & B ONTHI BUBYAETHCs DIBHSIHHS

2 2 2
() () + () s

e u = u(x,y,z), sKe ONUCY€E MOIIMPEHHST CBITJIOBUX MIPOMEHIB y
HEOJIHOPI/IHOMY CEDPEJIOBUIII 3 MOKA3HUKOM 3aJoMieHHs f(z,y, 2).

Pose’szrxom piBusinns (21.1) HasuBaoTh HenepepBHO Judbe-
penuiifioBuy dyukuito u = u(zy,za,...,T,), sKa IEPETBOPIOE PiB-
HsaHHs (21.1) y TOTOKHICTB /17151 KO?KHOI TOUKH (T1, T2, ..., Tpn) C G.

Axmo v = u(xy,x2,...,T,) — po3B’sa30K piBHsgHHs (21.1), TO
fioro rpadik — moBepxHio u = u(r1,x, ..., Ty) y upocropi (n+1)-1
3MIHHOI X'1,T9,...,Tn, U — HA3UBAIOTD THIME2PAABHONO NOBEPT-
Hero piBHsHHs (21.1).

PosriisinemMo JieKijibKa, MPOCTUX TPUKJIAJIB BiIIIyKAHHS DPO3-
B’s13KiB piBHsiHHs (21.1).

Hpukman 1. Bidwykamu gynruyito z = z(x,y) — po3e’azox
DIEHAHHA % =2rx+4+y—1
Pose’sazamrms. Inrerpyroun obusi 4acTUHE 3a 3MIHHOIO T, OJep-
JKYEMO

Z=/(2x+y—1)dfc=$2+fcy—m+s@(y),
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ne o(y) — noslibHa qudepenniiosra GyHKiisg 3mingol y. W

0 . 92
Ilpukiazn 2. 3inmezpysamu pienarHA 80555?; = Il

Pose’azarns. larerpyodn 3a 3MiHHOIO X, MAEMO g—; =z + ¢(y),

ne ¢(y) — nosinbHa nudepeniiiiopna Gynkuis. [arerpyoun remnep
OCTaHHIO PIBHICTH 3a 3MIHHOIO ¥, OJIEPKYEMO

7= /(a:+ e(y))dy = 2y + p1(y) + p2(2),

ne o1(y) = [(y)dy, pa(x) — nosinbHi qudepenuiiiosri dbynkuii. B

3 HaBeleHNX MPUKJIIAIB BUILINBAE, IO PO3B’I3KN TNQEPEHTIi-
aJIbHOIO PIBHAHHSA 3 YACTUHHUME ITOXITHUMU IEPIIOrO MOPSIKY
MOXKYTb 3aJI2KaTH Bi ofHiel M0BlIbHOI (DYHKIIT, & PO3B’sI3KM PiB-
HSIHHSI JIDYTOT'O MOPSiJIKY — BiJl ABOX jloBUIbHUX dyHKIii. [1izHine
Oy/le moKa3aHo, MO Po3B’si3ku piBHsiHHS (21.1) MOXKYTH 3ajiexKaTn
Bif oxHiel HenepepBHO AudepeHIiiioBHol MyHKIIl, KiTbKICTh apry-
MeHTIB sikol (n — 1).

ko y piBusinni (21.1) dyukiia ® 3anexxkurs Jiniiino Bij da-
CTUHHHUX ITOX1THUX ITyKaHol (PYHKIII, TO HOro Ha3uBalOTh ALHLT-
Hum. Jliniiine piBHAHHS MOXKHA 3alUCATH Y BULJISI

0 0
fl(xl,xg,...,a:n,u)a—;l + fa(x1, e, . .. ,acn,u)a—;2 +...
ou
coot+ fo(zr, 20,0 T, w) = R(x1,z9,...,Tp,u). (21.2)

d,

fxmio npasa yactuHa piHsHHS (21.2) TOTOXKHO JIOPIBHIOE HY-
Jito, a koedimientu f1, fa, ..., fn He 3ajexKaTh Bij mykaHol yH-
KITil %, TO MAEMO PIBHAHHS

ou ou
fl(l‘l,l‘g, L. ,:L‘n)a—wl + fQ(l‘l,l‘Q, - ,l‘n)a—xQ +
ou

dKe HA3UBAIOTH AIHITUHUM O00HOPIOHUM DPIBHAHHAM 3 Ha-
CMUHHUMU TOLIOHUMU NEePUL020 Nopadky. Bpaxkaemo, 110
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KoeIIieHTH ITHOr0 PIBHSIHHSI BU3HAYEH] Ta HellepepBHi pa3oM 3 1Ta-
CTUHHUMU MOXIJIHUMU 38 3MIHHUMU T, L2, . . ., Ly Y JAEIKOMY OKOJI
3a1aHOT TOYKHU (10, L20, - - -, Tno) 1 IO y Ii#i TOUIN BOHU OJHOYACHO
He TIePETBOPIOIOTHCS Y HYJIb, HAIPUKIA, frn(X10, T20, - - -, Tno) 7 0.
OueBnjno, 1o piBHsiHHA (21.3) Mae PO3B’sA30K u = ¢, Je ¢ — Jo-
BlIbHA CTaJIa.

OzHouacHo 3 piBHsiHHSM (21.3) pO3IVISLIATUMEMO CHCTEMY 3BH-
YaltHNX JudEepeHIiaJlbHIX PIBHIHD

dxq dxo dx,

fl(l’l,l’Q,...,{L‘n) fQ(l'l,l’Q,--.,{L‘n) ‘ fn($17x27~~~7xn)
(21.4)

sIKa, CKJIa1a€Thest 3 (n—1)-ro piBasausA. Cucremy (21.4) Ha3UBAIOTH
CUCTEMOI0 TAPAKMEPUCTIUEK (TAPAKMEPUCTIUYHOI0 cUucme-
M010). CucTeMy XapaKTEPUCTUK MOXKHA 3AIIICATH TAKOXK y BUIJIs-

i

)

oy _ A dm_ fo dtp—1 _ fa- (2L5)

da fn7 da fn7 ’ da fn

JloBesiemo JiBi TeOpeMu, sSIKi BCTAHOBJIIOIOTH 3B’SI30K MiK PiB-
aauusaM (21.3) 1 BignosigHoO crcreMoio Xapakrepuctuk (21.4).

Teopema 1. Kootcnut inmeepan cucmemu (21.4) € poss’askom
pienanna (21.3).
Losedenns. Hexaii ¢(x1,x9,...,x,) — inTerpan cucremu (21.4),
BU3HAYEHUH y JIESIKOMY OKOJI TOYKH (Z10, %20, .- -, Lno). LOMI 3ri-
JIHO 3 O3HauYeHHsIM iHTerpasa (ekmis 18, . 1) nosuuii qudepent-
a1 byHKIT 1) BHACTIIOK cucteMu (21.4) TOTOXKHO JOPIBHIOE HYJIIO,

TOOTO
81[} oY 81[}
d dx dx dr, =0,
V= B T T Gy T T gy WS
ne aucpepennianu dxy, dxsy, ..., dr,_1 TOTPIOHO 3aMIHUTH BHpa-
3aMu, sIKi BUILUIMBaOTH 3 (21.5):
dr1 = fl dx,, dry = f2 dxy,, , dxp_1 = Jna dzx,,.

fn f o f
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Takum anHOM,

o fi W fo oY _
311} 31/} o _
3BIJIKM OTPUMYEMO, IIIO (byHKLus{ u = Y(x1,22,...,Ty) € PO3B’sI3-

KoM piBustaus (21.3). »

Teopema 2. Koowchuli pose’ssox pienannsa (21.3) e inmezpa-
aom cucmemuy (21.4).

Joeedenns. Hexait u = 1p(x1,x9,...,T,) — PO3B’SI30K DIBHSIHHS
(21.3), mpuaomy u # const. Toxi
o o o
S A A AT A 21.
h 0z 2 0x9 + /n oxy, =0 (21.6)
Buaiigemo nudepeniian dbyHkii 1 BHACTIOK cucremu (21.4):
1/J o o _
dy = d + o 2d 2+ ...+ 8xnd =
o f 1, W fo oY
=—"+—"+...+=— |do, =
<6x1 Jo "m0 )

=7, <f1 09 +f2 81/} -+fn§7¢;>d$na

3BIJIKHM, BPAXOBYIOUYH (21.6), Ma€eMO TOTOXKHICTE dp = 0, ToOTO 9 €
inrerpasom cucremu (21.4). »

Posristnemo, Hampukiam, piBHSIHHS 3 YACTUHHUMA TTOX1THUMEI

ou ou ou

T— +2y——32-—=0
or Vo 9
PIOMy BIJIITOBiIa€ cHCTEMA XapaKTEPUCTHK
dr _dy  dz

x 2y =3z
dKa Mae iHTerpamm ) = x5z, g = x/\/@ Omrxke, dyHKIT
u =232, up = T /\/Q € PO3B’sI3KaMM HABeJIeHOI'O DIBHSHHS 3 Ja-
CTUHHUMHY TIOXITHUME, ¥ YOMY MOYKHA MEPEKOHATHCH, BUKOHABIIIH
IIepEBIPKY.
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2. IlobynoBa 3arajbHOrO pPO3B’fA3KY JIiHIITHOrO OJHOPI-
AHOTO piBHAHHS. HacTymHa Teopema BU3HAYAE CIIOCIH TTOOY/TOBH
3araJIbHOrO PO3B’$I3KY JHHIAHOTO OHOpiAHOrO piBHsIHHS (21.3).

Teopema 3. Hexat

Y1(z1, 2, ..y Zn), Y2(T1,22, .., Zn), ooy Yn_1(T1,Z2,...,Zp)

€ nesanesrcrumu thmezpanamu cucmemy (21.4). Todi pose’askom
pisnanna (21.3) e dgyrryisn

—¢(¢17¢2,---7¢n—1)7 (217)

de ® — dosiavha GYHKULA, AKG MGE HENEPEPSHT NOTIOHT 3G 3MiH-
HUMU Y1, Yo, -y Yp_1.
Losedenns. Ilincrapisiioun (21.7) y piBusinns (21.3) i Gepyun

10 yBaru, mo (GyHKIl Y1, Pa, ..., Yp_1 € PO3B’I3KaAMU PIBHIHHS
(21.3), orpumyemo:

o o o
fla—a;l+f28—a:2+ f”axn =
—1 9d dy; 0D Y, 0D O,
:flzT fQZawm f”zawxn_

s 31/& ;i
=0,
Z 5o, < + fo A+ g
a 1e i osHavae, 1o byHKig (21.7) € po3B’s3KOM pIBHSHHS
(21.3). »

Dopmyiy (21.7) HABUBAIOTH 3G2AABHUM PO38°A3KOM DiBHSI-
uus (21.3). 3Bepraemo yBary, 1o 3arajibHUl PO3B’sI30K PiBHSIH-
He 3 YaCTUHHUMU TTOX1THUMU TEPITOTO MOPSIKY MICTUTD JTOBLIBHY
dyHKIII0, a He JOBLIbHI cTaJ, dK 11e OyJIo i 3BudaiiHux aude-
peHIliaIbHUX PIBHAHD.

Ilpukiazn 3. 3inmezpysamu pieHAHHA

mau+ @—Fz@—()
ox y@y oz
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Poss’azanmsa. CKrageMo BiIMOBIIHY CHCTEMY XapaKTEPUCTHK

dr dy dz
r oy oz
i sinrerpyemo ii: y/x = Cq, z/z = Ca, a TOMy iHTerpajamMu €

Y1 =y/x, P2 = z/x. Briguo 3 (21.7) 3araabHUM PO3B’SI3KOM 3a1a-
HOT'O PIBHAHHS €
z
u = q) (ga _>7
xx

e ® — nosinbHa HemepepsHO judepentiiioBHa (GyHKIA Bix Ta-
CTOK Y/ 1 z/x, TO6TO U € JOBIIBHOI HEIEPEPBHO JUDEPEHIIHOB-
HOIO OJIHOPI/IHOI0 (DYHKINEI0 HYJILOBOI'O BUMIPY 3MIHHUX T, Y, 2.
Hampukiaj, po3s’s3kaMu 3aJJaHOTO PiBHSIHHS € PYHKIIT

2 z
Uy ==, us = — + —, U3=<g) , Uq = COS —, ug = 2%/%.
T T T

Bionosidv: u =P (y/z, z/x).

3 TeopeMu 3 BUILIMBAE, IO 3aJa9a PO HOOYIOBY 3arajbHOIO
po3B’s3Ky piBHsiHHs (21.3) piBHOCHIIBHA 3aja4i 1IPO BiIIyKaHHSI
n — 1 He3aJIe’KHUX IHTerpaJliB BIIIIOBITHOI IOMY CUCTEMHU XapaKTe-
pucruk (21.4).

Y BHIQJIKYy JBOX He3aJIEKHUX 3MIHHUX, MO3HAYUBIIU ITyKAHY
dbyuKIio vepes z(x,y), MAEMO piBHSIHHS

0z 0z

f1<$7y)£+f2(x7y)a_y:0 (218)

Binmosinna cucrema xapakTepUCTHK BUPOIKYETHCS B OJHE qude-
peHIiajabHe PIBHAHHSA

de dy
fl(:l:?y) f2(1:7y)
Axmo ¢ (x,y) — inrerpan piBusuus (21.9), o z = @ (YP(z,y)), ne

® (1)) — noslibHa HenepepBHO judepeniiiioBHa dyHKIIis B 3MiH-
HOT 1), Oy/le 3arajbHUM PO3B’si3KOM piBHsiHHs (21.8).

(21.9)

Ilpukiazn 4. 3inmezpysamu pieHAHHA yg—; — :r:g—z =0.
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Pozs’sazannsa. Binnosinna cucremMa XapakKTEePUCTHK BUPOIKYE-

ThCel Y PIBHAHHS 3 BIJOKPEMJIIOBAHUMH 3MIHHUMU: d‘?x = f—zc, 1H-
TerpaJsioM sikoro € 1) = 22 + y2. Brigno 3 Teopemoo 3 3arasbHmil

PO3B’SI30K 3a/]aHOI0 PIBHSIHHS M€ BUIVISLI
2., 2
z=®(x" +y°).

3 reoMeTpUIHOI TOYKH 30PY MaeMO CiM'I0 MOBEPXOHb OOEpTaHHS
3 Biccio obepranng Oz. Takum dmHOM, 3a1aHe PIBHAHHA € qude-
PEHIaJIbHIM PIBHSHHSIM yCIiX IOBEPXOHBb OOEpPTaHHS 3 BiCCIO 06ep-
tams Oz. OKpemMuMH BHIaJKaMu moBepxoHb z = ®(22 4 y?) €
z = 22 + y? (mapabosoin obepranns), z = /R2 — 22 — y2 (uis-
cdepa), z = /22 + y? (konyc), z = ¢ (WwiomuHa).

Bidnoeidv: z = ®(x? + y?).

3. Bamauya Ko majis jgiHifiHOro ogHOPiAHOrO piBHSIH-
usi. 3adavwa Kowsi nins pisasnus (21.3) mossirae y 3HAXOKEHH]
po3B’si3Ky u = u(1,x2,...,%y), AKuil 11 (HIKCOBAHOIO 3HAUEH-
Hel OJHI€T 3 He3aJI€2KHUX 3MIHHUX, HAIIPUKJIA]] Ly, IEPETBOPIOETHCS
y 3aJlaiy HelepepBHO audepeHniiiosny GyHKINO PemTH 3MiHHUX,
TOOTO 33JI0BOJILHSE NOYAMEKOEY YMOEY:

“|xn:xno =p(z1,22,...,Tn-1) (21.10)

VY BunaJIKy, KouIu nykasa OyHKIIIS 3a1e2KUTh BiJl IBOX He3aJle-
JKHUX 3MIHHUX, TOOTO Jyist piBHsAHHS (21.8), 3amata Komi mossrae
y BiaurykaHnui Takoro poss’sisky z = f(x,y), sAKuil 3a/0BOJIbHSIE
[IOYATKOBY yMOBY

2|y gy = (Y,

e p(y) — sazana dyskuis. [eomerpuvno ne osHadae, IO Ce-
pej1 ycixX 1HTerpajbHUX [IOBEPXOHD, $K1 BU3HAYAIOTHCHA PIBHAHHAM
(21.8), mykaerbcsi Taka 1oBepxHst 2z = f(x,y), siKa IPOXOJUTD He-
pe3 3ajaHy KpuBy z = @(y) y miomuHi £ = xg (us IUIONUHA
napaJiesibHa j10 o Oyz).

Brigao 3 Teopemoro 3 3arajbHUNl PO3B’s30K piBHsiHHS (21.3)
3as1aeTbest bopmynoro (21.7), Tobro

u=®(Y1,v2,...,%p_1).
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[Migcrasasiroun mo dysxiio B (21.10), 6aunmo, 1110 po3B’a30K 3a-
jaai Komri (21.3), (21.10) 3BoguThCs 0 BU3HAUEHHS BUIVIsLY (DYH-
Kiil ®, sika 3a/10BOJIbHSE YMOBY

(I)(wla’lﬂ% 000 7wn—1)’xn:xn0 = Qp(xhx?? 000 7xn—1)~

TaxuM YHHOM, OIEPKYEMO NPABUAO PO38’°A3YBAHHS 3a0anL
Kowi (21.3), (21.10):

1) ckaacmu 6i0nosiodny cucmemy rapaxmepucmur i 3natimu, i
n — 1 mesasesrchux thmezpanis:

Y1(x1, T2, ..., Tn), Yo(T1,22,...,%n), .., Yn_1(T1,T2,...,Tn);

2) saminumu Y 3Hat0enuT iHMe2paiar He3aNeHcHy 3MIHHY Ty
11 NOYaAMKOBUM 3HAMEHHAM Ly = Tpo:

P1(x1, T2, . Tno1, Tno) = ¥1,
wQ(l‘laxQ?""xn*l’an) :11&2’ (21 11)
VYn-1(21, 22, - -+, Tn-1, Tno) = PYn—1

i pose’azamu cucmemy (21.11) 6idnocno x1, Ta, ..., Tp—_1, MOOMO

3Hatmu

1 =wi(¥1,¥2, ..., Vn-1), T2 =w2(¥1,%2,...,Yn-1), ...,
Tpn—1 = anl(zzjlaq;% cee a@z_}nfl);

3) nobydysamu dyrryito

= (w1 (1,2, ..., Y1), w2(1,%2, ..., Pn-1), - .-,
wn—1<w1;/¢)27 <o 7wn—1))7

axa 1 6yde pose’asrkom 3adayi Kows.

Ilpukaazn 5. Snatimu poszs’asox zadaui Kowwi

@4_ 8u+ ou _0 | _ .z
Yor TVoy T, T Ye=2TV T3
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Poses’sazarns. Inrerpasamn BiamoBiIHOT cicTeMH XapaKTEePUCTUK
€ Y1 =y/x, Py = z/x (mus. npukiax 3). OckiabKn

z

5

w1’x22 - 1[)1 = g w2|x=2 - 1[)2 - 9

2 )
TO Y = 2101, z = 213, & TOMY IIYKAHHM PO3B’SI3KOM €

2 2(3y —
w2 — 2y = =232 g
3 3x

Ilpukiang 6. Busnawumu tHmeepasony nogeprHio PIeHAHHA

0z 0z
(2® +1) == +2y— =0,

ox oy
AKa Nporodums vepes kpuey z = y> y naowuni x = 0.
Pozs’azannsa. Binnosinna cucrema XapakKTEePUCTUK BUPOIKYE-
ThCdl y PIBHAHHS 3 BLIOKPEMJIIOBAHUMM 3MIHHUMUA xglﬁl = %’ 1H-

: - 3 T — —

TerpajoM AKOro € dbyuxiis ¥ (z,y) = T Tomi ¥ = ¢Y|,_g = .
3Bigcn y = 1, a TOMY HIYKAHOIO IHTErPATLHOIO MTOBEPXHEIO €

y2

_ 2 _

z=vY(z,y) = =z 21

Pexomendosana aimepamypa: |1, c. 325 — 328|, [3, c. 377 —
383), [5, c. 458 — 463], [7, c. 247 — 281], [16, c. 275 — 280].

ITutaunga go gekirii 21

1. Ilo masuBaoTh gudepeHIiaIbHIM PIBHIHHAM 3 YACTUHHUMHA I10-
xXigaumu? K BU3HAYUTU TOPSIIOK TAKOTO PIBHSTHHS !

2. [lTo Ha3UBaIOTH PO3B’SI3KOM PIBHSIHHS 3 YACTHHHUME [TOXITHUMMA !
fxuit reoMeTpPUUIHMNE 3MICT MAa€ PO3B’SI30K PIiBHAHHS 3 JIBOMA He3aJe-
KHUMY 3MIHHUMU !

3. ke piBHAHHS HA3UBAIOTH JIHITHIM DIBHAHHIM 3 YACTHHHIME 10~
XITHUMA TIepIIoro HMOpsiaKy? ¥ sKOMY BHUIAJIKy HOTO HA3WBAIOTH OJIHO-
pigHIM?

4. dxuit BUTTISIT Ma€ CUCTeMa XapaKTEPUCTUK I JIHIHHOTO OJTHO-
PIIHOTO DIBHSHHS 3 YACTHHHUME MOXITHUMUI MIE€PIIOr0 TMOPSAKY! Sxmit



Jexitia 21. Jliniiini ogHOpiAHI PIBHAHHS 3 YACTUHHUMU IIOXITHUMA 279

3B’$130K MixK JIHITHUM OJTHOPITHUM PIBHAHHSIM 3 YaCTUHHUMH ITOX1THUMEI
[IEPIIIOrO MOPSIJIKY Ta BiIOBIIHOI CHCTEMOK XapaKTEPUCTUK !

5. dx dopmymoerhea 3amada Kot i piBHAHHS 3 9acTHHHUME
MOXIHUME TIEPITOTO MOPAAKY! fKuit TeoMeTpUIHIi 3MIiCT BOHA Ma€ y
BUIAQIKY ABOX HE3AJEXKHUX 3MIHHUX !

6. {x mobymyBaTu 3arajabHUil PO3B’ 30K JIHIIHOTO OJHOPIIHOTO PiB-
HSIHHSI 3 YACTUHHUMU TOXITHUMU TIEPIIOTO MOPSAKY ! K po3B’si3yeThest
saga4da Ko 151 boro piBHsAHHSA?

BrpasBu go gekirii 21

1. IlepeBipre, unm € BKa3aHi GpyHKINI pO3B’ I3KaMU 3aJaHUX PiBHIHD
3 YACTUHHUMU [TOX1THUMMU:

a)2\/5%fyg—5:0, z=+/r+Iny;
6) (2% +y?) 3% + 22y 2w —|—xz > =0, UZZQ;yQ—i—?);

2% ou ou ou __ _z
B) (:L'Jrg or 205, +25: =0, u=
2. 3iaTerpyiiTe OMHOPIAHI PIBHAHHS 3 YACTUHHUME [TOX1THAMUA:

a) (I+2y)%*yg—§:0' 6) £ 22 4 yz8 =0,
B) (z?y — 22y*) % +y B + G4 — 0.

3. Posp’skiTh 3amadai Korri:

a) xg; - yg—z =0, 2|,; =22 6) 3 gu —|— T 2 =0, ul,_; =yz.



280 Posgin 4. PIBHAHHS 3 YACTUHHUMU ITOXIIHUMUN

Jlekuisa 22. KBazisiniiini Ta HeiHiliHI piBHAHHA
3 YaCTUHHUMHU MOXiTHUMHW MEPINOoro MOpsSaKy

Il1an

1. ITobyoBa 3arajbHONO PO3B’SI3KY KBa3LIiHIHHONO piBHSAHHS
IIEPITIOTO TTOPSIKY.

2. Bamaqi Ko jy1s kBas3imiHITHOTO PIBHSHHS TEPIIOTO MOPSi/I-
KY.

3. Henimiiini piBHAHHS 3 YaCTUHHUMU MOX1THIUMU TIEPIIOTO I10-
PAIKY.

4. Pigusaus Idpadda.

1. ITo6GynoBa 3arajbHOro po3B’sI3Ky KBa3iJIiHIMHOTO piB-
HSIHHSI [IePINOro MOPsiaiKy. PiBHSHHS BULJISIILY

ou ou
fl(xl,xg,. .. ,l’n,u)a—xl + fg(l'l,l'g, .. ,xn,u)a—m + ...
ou
coot fo(zr, 22, .. T, U) = F(z1,29,...,%n,u) (22.1)

Oz,

Ha3UBAIOTH ATHITUHUM HEOOHOPLOHUM PLBHAHHAM 3 YACTNUH-
HUMU NMOTIOHUMU NEPUL020 NOPAIKY abo KEaA3TATHITHUM

pienanHam. 1o 1poro x tumy OygemMo BigHOCHTH i pIBHSHHS,
y akux =0, ase xoua 6 onun 3 KoedilienTiB f; 3a/1€KUTh BiJ

u. BBakaemo, mo dyukuil fi, fo, ..., fn, F #HemepepBHo maude-
PEHIIIOBHI B JIeSIKOMY OKOJI 33JIaHOT TOUKH (X10, 20, - - - , Lns U0)-
Hexaii, kpim Toro, fn(z10,220,- - -, Tno, o) 7 0.

Posp’si30k piBHsiHHs (22.1) mIyKaeMO y HESIBHOMY BUIJISI:
V(z1,22,...,2n,u) =0, (22.2)

ne dyukiisgs V' Mae HemepepBHI YACTHUHHI MOXiJTHI 3a ycima ap-
ryMeHTaMU TpUHARMHI B JledKiii obsacTi 3MiHU X1, T2, ..., Tn, U,
upuiaomy V) (x10, %20, - - -, Tno,ug) # 0 (e rapamrye Te, mo B
1iii obsiacti piBHsiHHs (22.2) BU3HAYAE U K HesIBHY (DYHKIIO BiJ
T1,X2y .- - ,l’n).
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Baudepenniopasim (22.2) 3a 3MIHHOIO T, sIKA BXOJUTH Y
(22.2) siBHO 1 HestBHO 4epe3 (DYHKILIO U, OJEPIKYEMO:

ov. 9V Ou
=2 = = k=1,2,...
oxy, + ou Oxy, 0 St =
ou ov oVt
_—— — . — == 1 2 oo . 22
al'k 8xk <8U) ) k RS T ( 3)

[TiicraBiasodn BUpa3u Jijisd YacTUHHAX TTOX1THUX g—;c 3(22.3)y
(22.1), mic/s npocTUX EpeTBOPEHb BiTHOCHO HeBijoMol dyHkIii V/
0JIEP2KYy€EMO JIiHIITHE OJIHOPITHE PIBHAHHS 3 HACTUHHUMU ITOX1JIHUMUA

f1($17$27---7xn7u)8—$1 + fa(@1, 22, . .. ,xn,u)g—x‘; +...
ov oV
...—l—fn(xl,xg,...,mn,u)a—% + F(x1,x9,... ,mn,u)% =0. (22.4)

106 sinTerpyBaru piBHsiHHs (22.4), yTBOPUMO BiIAIIOBLIHY CU-
cmemy xapaxmepucmux (n. 1 jsexmii 21):

dry  dry _dxzy, d_u

T—E—...—W—F

1 IpUIIycTUMO, O HaM BJIAJIOCS BIJNTYKATH 7N He3aJeXKHUX 1HTe-

(22.5)

rpaJiiB IIi€l cucTeMu:
1/)1 - wl(xlal.Q: cee 7$n7u)7 wQ = wQ(xth? LRI 7xn7u)7
wn - wn(l.l:l?? o 7xn7u)'

3riJIHO 3 TEOPEMOIO 3 MTOTIEPE/IHBOT JIEKIIIT 3arajabHUN PO3B’ 30K PiB-
HsiHHs (22.4) MOXKHA 3aIlMCaTH Y BULJIS

V:(I)(djlad}% ~~'7’¢}n)7 (226)

ne ® — poBibHa HenepepBHO JaudepenIiiioBaa GyHKIS CBOIX ap-
T'YMEHTIB.

BpaxoBytoun (22.2), 0/iepKy€eMO IIyKaHUi PO3B’sI30K PIBHSAHHSI
(22.1) y HesiBHOMY BHIVIsA]

@ (Y1, Y2, -+ ¥n) =0. (22.7)
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Cuiesignomennst (22.7), ne ® — J0BUIbHA HEIEPEPBHO [IHi-
depenriiioBia (yHKIA, HA3UBAIOTH 3A2GAbLHUM PO38°A3KOM
piBusians (22.1). fkmo (22.7) Bracrbest posp’sizaTd BIHOCHO
U, TO OJEPXKUMO 3arajibHUil PO3B’SI30K y SBHOMY BUIVISIL: U =
= u(z1,22,...,2y,), e u — HellepepBHO JudepeHIiioBHa dyHKIIs.

Cucremy (22.5) HA3MBalOTh CUCMEMOIN TAPAKMEPUCTIUK
KBasliiniiinoro piBusHus (22.1).

Takum 9UHOM, 0AA 3HATOOHCEWHA 302AA6H020 PO3E A3KY Pi6-
Hanns (22.1) nompibro ymseopumu 6idnosidny cucmemy rapaxme-
PUCTUK, 3HATMU N HE3AAEHCHUT THME2PANLE ULEL CUCTEMU T TPU-
pieHaAMU 00 HYAs D0GIALHY Jupepenitiosny GyrKyito yux inme-
epanie. Ompumana npu ybomy piericms euzaady (22.7) byde 3a-
2a1vHUM P36 A3KoM pieHanna (22.1) y neasromy eueandi. druwo
(22.7) mootcra po3e’sazamu I0HOCHO U, MO MATNUMEMO 342aNbHUT
D036’ A30K Y ABHOMY 6UAAD.

Ilpukian 1. 3inmezpysamu pieHAHHA CL‘ —|— y —|— 262 = u.
Poses’azanns. CkaageMo BianoBigmy CI/ICTeMy XapaKTepI/ICTI/IK.
de _ dy dz _ du : -

- = 2% i smaitziemo 1i inrerpamu: 1 = y/x, Y2 = z/x,
g = u/ 5 3F1):LH0 3 (22.7) 3araJbHUM PO3B’SI3KOM €

(18- =

.8) BIIHOCHO u/x, OJIepKyEMO:

(22
L 22) = umes(t)

T 33@' xx

Posp’sizytoun

se [ — moBiibHa (DYHKINsA, & OT2KE, PO3B’SI3KOM 3aJI[AHOI'0 PiBHSTH-
Hsl € JIOBLIbHA OJHOPiAHA HerepepBHO udepentiiioBHa yHKITis
BuMipy 1. B

Ilpuknan 2. 3inmezpysamu pienanma e 5= 8Z + 92 g?j = ye®.

Pose’azarrs. 3anmineMo BiIOBIIHY CHCTeMy XapaKTePUCTHUK:

dr dy dz
er y2 yex'
PIBHANHA ¢ = 3 (e piBHsSIHHSI 3 BIJIOKDEMJICHUMH 3MiHHN

1 —x

MM) 3HAXOAUMO mepruuii interpan y - — e * = (1, a 3 piBHsAHHS
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d >
y—é’ = ;Ti’ BPaxoByIoud, 1o e* = %, Ma€MO IIIe OJIUH IIEePIINit

: Injy|—x
inTerpai z — —*=—1 =

— =r = CQ. TaKI/IM YMHOM, 3alraJIbHUM iHTeraJIOM
e~T—y 1 I

—z Inly|—x

3a/IAHOTO PIBHSIHHSI € @(% —e % z— e_ffy_1> = 0, a 3arajgpbHuM

PO3B’SI3KOM —

2. Bagaqui Koriri aj1a KkBasijiiHIMHOrO piBHSIHHS IIE€PIIIO-
ro nopsiaky. 3adawa Kowsi nyist kBasininifinoro piBasHHs (22.1),
TaK caMo, gK 1 Jijidd JIHIHOrO OJHOPIIHOIO PIBHAHHS, IIOJISATA€ Y
3HAXOJPKEHHI TAKOIO PO3B’sI3Ky U = u(x1,T2,. .. ,Ty) OO PIBHSI-
HHsI, SIKWIT 33JI0BOJIbHSIE NOYGMEKO8Y YMOBY:

U|xn:xn0 = (,0(1‘1, o, . .. ,l‘n,1)7 (229)

Je ¢ — 3aJlaHa HerepepBHO mudepentiiioBaa Oy HKITiS.

[Tokaxkemo, sk 3HaiiTH PO3B’si30K 3asatdi Kol st piBHSHHS
(22.1), 3ratoun iioro 3arajbHuil po3B’s30K (22.7). 7K i jyist ouOpi-
JIHOT'O DIBHSIHHS, BCE 3BOJAUTHCH JI0 BU3HAYEHHS BUIJIALY (DYHKIIT
. fkmio 3anucaru moyaTrkoBy ymMoBy (22.9) y Burssizi

U(l‘l,l‘Q, cee 7xn7171:n0) - 90(1"171’?7 cee 7xn71) =0

i mopiBusTH 11 3 (22.7), T0 6avunmo, mo dyukuio ¢ norpibHo BU-
OpaTu Tax, 1moo

(I)(leﬂ/_}% coo ,7[}”71) — U(.’L‘l,l‘Q, oo 7xn7171:n0) -
— (%1, %2, . . - s Tn-1), (22.10)

ze gepes P, Yo, . . ., P, MO3HAYEHO PYHKINIT, SIKI OTPUMYEMO 3 1HTE-
rpajis cucremu (22.5) 3aMIHOIO Ty, 11 HIOYATKOBUM 3HAYEHHSM Tp(,
TOOTO

’(Z}j = 7/}]'(1:171:27 Do g axnflaxn()au)v ] = 1727 N (2211)
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Posp’sizyroun cucremy (22.11) BiHOCHO X1, T2, ..., Tp_1, U,
OJIEPKYEMO:
x] :wj<1;171/;27"' 7'&71)7 j:1727"'7n_ 17
u = w(/(Z}l:'lE?? e 71[}77,)

Aximo Terep B sikocTi dyuKIl @ B3gTH DYyHKITIO

(I)Opl;w?: v 71/)71) = w(d}l?w??' .. 71/)71) -
- 90((")1(’(/)171/}27' .. 7’¢)n)7 ) anl(i/}lﬂ/)% s 7’(/)714))7

o ymoBa (22.10), oueBuHO, cupaBRKyeTbesi. Orike, dhbopMmya

W(¢1a¢2»---»¢n)—
— @(w1<w17¢27---7wn)7 ey wn_l(i/}l,lﬂg,... ,”Lﬂn)) = 0 (2212)

BU3HAYAE PO3B’si30K 3ajadi Komi (22.1), (22.9) y HesiBHOMY BH-
risiii. ko (22.12) MoxKHa PO3B’si3aTi BITHOCHO U, TO OJIEPIKUMO
posB’sa30K u = u(r1, Ta,. .., xy,) 3ama4i Kol y ssBHOMY BUIJIsi.

Takum 9MHOM, HPUXOIUMO JI0 TAKOI'O NPABUAA PO38’°A3Y8a-
HHa 3adawi Kows s kBasininiiinoro pisasabs (22.1):

1) ymeopumu 6idnosiony cucmemy Tapaxmepucmur i sHatmu
N 1% HE3ANENHCHUT THIME2PANIE:

Yi(x1, 22, .. T, Tn,u), J=1,...,n; (22.13)

2) saminumu 6 inmezparax (22.13) Hesanescny 3minny Tp i
3a00HUM ZHAUEHHAM Ty = Tpo:

w1($17$27 R axnfla 'ITLOa U) — 11?1’
w2($17$27---;$n—1;$n0;u):wQa (22 14)
wn—1($1; L2y .-+, Tn—1,Tn0, u) = &n—l

i posé’azamu cucmemy (22.14) sidnocno x1, T, ..., Tp_1, U:

$] :w]‘(iﬁl,'lﬁg,...,wn), ]: 17"'7n; U:W(iﬁlﬂﬁza---ﬂﬁn);
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3) ymsopumu cnissioHoweH A

w(qvblqub%"'awn)_
_80(W1(¢17¢2a~~~a¢n); ~~~7Wn—1(¢1a¢27--- ﬂbn)) = 07 (2215)

AKxe U eusnauamume wykenul po3s’asox sadaui Kowi (22.1),
(22.9) y neasnomy sueandi. dxwo (22.15) moocha poss’sazamu, 6io-
HOCHO U, MO MAMUMEMO 342GAbHUT PO3E A30K Y AGHOMY 6U2AA0L.

Ilpukiang 3. 3natimu inmezpaiviy NOGEPTHIO PIGHANHA

AKG NPOToOUMD wepes ainito y = 2, z = 2.

Po3s’azanmsa. 3ammiemMo BiIOBIIHY CHCTEMY XapaKTePUCTUK:

d_x dy dz

r =2y - x2 +y?

[lepmmvu iHTerpamaMu 1€l cucreMn, sSIK JIETKO IePeBipuTH, €
me =C7 i x2/2 - y2/4 —z=0C,.

Orke, 3arajibHMIT IHTErpaJI PIBHSIHHSI MOYKHA 3aIlMCATH Y BUIJISI
@(me, x2/2 — y2/4 — z) = 0, a 3araJilbHUM PO3B’S3KOM €

z= x2/2—y2/4—|—<p(yz2). (22.16)

DyHKITS ( 3ri/HO 3 TOYATKOBOIO YMOBOIO 33/I0BOJIbHSIE PiBHS-
HHST

z? = 1:2/2 —1+p(z?) upu @(t) =t/2+1.

Omxe, p(yx?) = ym2/2 + 1, a 3 (22.16) 3HAXOAUMO PO3B’A30K
3ajan0l 3ajaqi Kormi:

2 2 2
T y yx
=——-—>4+47—+1. 1
z 5 4—|—2 +
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3. Heuniniiini piBHIHHA 3 YaCTUHHUMHU NOXIJTHUMU IIEep-
OI0To HNOPSAAKY. Po3rignemo Hesiniiine piBHAHHS 3 YACTUHHUMEI
MTOX1THIMU TIEPIIOTO MOPSIAKY 3 IBOMa HE3AJIEXKHUMU 3MIHHUMEA. Y
3araJbHOMY BUIQJIKY TaKe DIBHAHHSI MOYKHA 3aIllUCATU y BUTJISIII

F(z,y,2,p,9) =0, (22.17)

ne z = z(x,y) — mykana OyHKIs, p = %, qg= g—;, F — 3ajana He-

nepepBHO judepeniiiioBHa PYHKIlSI CBOIX apr'yMEHTIB y JIeIKOMY
OKOJII [TOYATKOBOI TOUYKHU (X, Yo, 205 P0, 0 ), KA 3AJIEKUTH B P 1 ¢
HeJTHIHO.

Bugasnsgernbed, mo 3ajada iHTerpyBaHHs OJIHOTO PIBHIHHS BU-
rsy (22.17) e ckiraHinmow, HiXK IHTerpyBaHHsI CUCTEMH J[BOX Cy-
MicHUX DiBHSAHB BuIIsity (22.17).

Pozrisinemo cucremy

{F(fc,y,z,p, q) =0,
G(z,y,2,p,9) =0

i mpuiycTuMo, 1o y Jeskiit obsiacti 3MiHu &, Y, 2, P, ¢ IO CUCTEMY
MOYKHA PO3B’SI3aTH BiIHOCHO P i ¢, TOOTO

p= A<xay7 Z)?
{q = B ) (22.18)

Jie byHKIil A 1 B — HenlepepBHO MuDEPeHIIIOBHI B JESKOMY OKOJII
OYaTKOBOI TOYKU (0, Yo, 20)-

Buaiiiemo HeoOXijHy yMoBYy cymicHocTi cucremu (22.18). Ilpu-
[IyCTUMO, IO PO3B’s30K z = z(x,y) 1€l CUCTEeMU Ma€ Helepeps-
Hi YaCTUHHI TOXITHI %, g—;, 6(?1:2531’ 6‘226‘2 Yy JIeSKOMY OKOJII TOYKHU
(20, ¥o)-

Hudepenriirooun piBusinas cucremu (22.18) 3a 3MinauMM Y i =
BIJIITOBITHO, OJIEP2KYEMO:

b 04 oA 0: 0% _oa oA
oydxr Oy 0z Oy oydx Oy 0z

0% _8B 0B 0z 0% _8B 0B

=4+ 4 =—4+— A
Oxdy Oz * 0z Ox - oxdy Oz * 0z




Jlexnis 22. KBagzininiitni Ta HemiHilH]I pIBHAHHS 3 9YaCTUHHUMMU IOXIJTHUMUI 287

[TpupiBaioloun 0b6uaBa BUpA3W JJjisi JAPYrol MimraHol MOXigHOoT
(pesysbrar He 3aJIeXKUTh BiJ| MOPsJIKY JbEPEHIIOBAHHS), Oep-
KYEMO HEOOTIONY ymosy cymicrocmi cucmemu (22.18):

%—1—3%—8—3—146—3:0. (22.19)
oy 0z Oz 0z

PipnicTs (22.19) meperBopuThbCsi Y TOTOXKHICTH, SIKIINO 3aMiCTh
z migcraBuTH pPO3B’si30K z(7,y) cumcremn (22.18). ko ymosa
(22.19) He BUKOHYETHCSI TOTOXKHO, TO (22.19) — pIBHSHHS 3 TPBO-
Ma 3MIHHUMU T, Y, 2, K€ BHU3HAYA€ 2 #K (QyHKIi0 Big x i ¥,
z = z(x,y), 1 nonepeHi MipKyBaHHsI [MOKAa3yIOTh, IO PO3B’sI30K
cucremu (22.18), sKI1o BiH icHYE, HE MOXKe OyTH IHIINM, HiXK I[€I0
dbyukuiero. Yu € byukiis z = z(x,y) po3s’s3kom cucremu (22.18),
JIEFKO TI€PEBIPUTHU 3a JOIOMOIOIO I1i/ICTAHOBKH.

3’sicyemo, 3a sikux ymoB cucrema (22.18) mae 6e3miu po3s’si3-
KiB, TOOTO 4epe3 KOXKHY TOUKY (Zg,%o,20) JesAKoi obJjacti mpo-
CTOPY HPOXOIUTH IHTErpajbHa TOBEPXHS, siKa BiJIIIOBi/A€ MTEBHO-
My pO3B’'si3Ky. Y IpoMy Bumajaky ymoBa (22.19) moBuHHA BHKO-
HYBaTUCh Y KOXKHII TOYI 3raJlanol 00/1acTi, TOOTO TOTOXKHO JIJIst
(z,y,2).

Orzke, TOTOXKHE BUKOHAHHS yMOBH (22.19) HeoOXiHe st TO-
ro, mob cucrema (22.18) masia Gesyrid po3B’sI3KiB, sKi 3a/eKarhb
mpuHANMHI Bif ofHiel 10BIIBHOI cTasol. MoxKHa moKa3aTH, 1Mo TO-
TOXKHe BUKOHAHHs yMOBH (22.19) € Takox JocTaTHIM JIIst CyMiCHO-
cri cucremn (22.18), T0OTO 38 BUKOHAHHS II€] YMOBH 3HAXO/[?KEHHSI
CHiIbHUX PO3B’si3KiB cucremu (22.18) 3BoAUTHCS 10 IHTErPYBAHHS
JIBOX 3BUYANHUX JAudepeHIiaJIbHIX PiBHAHD.

Ilpukiazn 4. 3inmezpysamu cucmemy pieHAHY

0z N 0z 29
Lty = =2 zz.
Ox &% oy

Pose’sazarns. Bupas mist siisol wacrunn pisnocri (22.19):
0A 0A OB OB
92 pZE_ 28,98 _
oy * 0z Oz 0z
=24 (22 +222)(1+y) — 22 — (2 +y2) (22 + 22) = —2(1 + 2+ y2)
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He JIOPIBHIOE TOTOXKHO HyJi0. [IpupiBHIOIOUN fioro 10 HyJIst, O1ep-
KyeMo, o z = 01 z = —ﬁ. 3a JI0IIOMOI0IO ITiICTAHOBKH II€pe-
KOHYEMOCB, IO TiIbKH (GyHKIa z = 0 € PO3B’SI3KOM CUCTEMHU.

Bidnosidws: z = 0.

Ilpukiazn 5. 3inmezpysamu cucmemy pieHArs

0z o Oz 1 2z
gz 7 dy 2y '

Pose’sazarms. Ymosa cymicuocti (22.19) BUKOHYETBCS TOTOXKHO:

0A 0A 0B 0B 2
= e = Al O — = P =00
oy 0z Ox 0z & y g
Iarerpytoun nepie piBHAHHS 3aaHOI CHCTEMU 3a 3MIHHOIO T,
3HAXO/IUMO

= /deac = zy® + u(y), (22.20)

ne u(y) — moBinbHa qudepeHiiioBHa BDyHKIsS 3MIHHOL Y.
[ligcrapasioan B Apyre piBHSAHHS CUCTEMU, OJIEPIKYEMO:

1 2u
2xy+u/(y):y—2+2xy+?—y2 = Uy)-—=5-

Maemo sinifine piBHAHHS MEPIIOTO MOPSAKY BiHOCHO HEBiTOMOI
dyHKIT u. Moro sarajbHUM PO3B’'SI3KOM € U = —% — 3+ Cy?, ne
C — noBuibHa crasa. Iligcrasisiroun neii Bupas juist u y (22.20),

OJIEPZKYEMO 3araJbHuit pO3B7H30K CHUCTEMMU:

1
z:a:yQ—y3—£+Cy2. [ |

4. Piaauus Ildbadda. Pieuannam Ilpagpga naznpaorsb
piBHHHHH BUTJIALY

P(z,y,2)dz + Q(z,y,2)dy + R(z,y, z)dz = 0. (22.21)

Y piBusiHHg (22.21) 3MmiHHI Z, Y, 2 BXOJAATH PIBHOIIPABHO, & OTIKeE,
Oy/Ib-AIKy 3 HUX MOXKHA NPUIHATH 3a miykany yHkiio. [Tpumy-
cTuMo, 1o Koedinientn P, (), R Bu3HadeHl Ta HellepepBHI pasoM
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3 YACTUHHUME IOXIJHUMHU MEPHIIOro HOPAIKY B OKOJII ITOYATKOBOL
rouku (g, Yo, 20) 1 y il TOUNI OJHOUACHO HE IIEPETBOPIOIOTHCI B
HyJib. Hexaii, nanpukmnan, R(xo,yo,20) 7 0. Toxi piBasiausg (22.21)
MOYKH& 3aIlMCATH Y BUTJISJI

P Q
dz = ——=dx — =dy.
R R
Suaitiemo yMmoBy, 3a sikol piBusiHHg [ldadda mae cim’to
PO3B’sI3KiB (IHTErpaJbHUX [OBEPXOHD ), 3aJI€XKHY BiJI OJIHIET TOBLIb-
1ol crasiol. OCKUIbKY Ha KOXKHI iHTerpaﬂbHiI‘/’I HOBerHi z=2z(z,y)
CIPaBIZKYEThCA CIIBBIAHOMIEHHSA dz = az dx —|— dy, TO

0z 0z Q

——dr + —dy = ——dac— —d

o T oy T TRY T RY
3Bijicu, BpaxoByoun He3aJIeXKHICTh faudepen iaiis dx i dy, ogep-
2KYEMO, IO TIyKaHl IHTerpaJibHi MMOBEPXHi IMOBUHHI 38 10BOJBHATH
cucTeMy pPiBHSHBb

dr R 9y

0= P 0= @ (22.22)
R
Takum unuoM, pisasinns [Idadda (22.21) piBHOCHIBHE cucTeM]
(22.22) 1, oTKe, HEOOXITHO 3'sICYyBATU yMOBH IIOBHOI IHTErPOBHOCTI
i€l cucTeMu.
Bammcyroun ymoBy (22.19) mist cucremn (22.22), maeMmo:

10P P OR 10P P OR Q

_Ea_y+ﬁa_y+<_E$+R2az>(_E>:

:_1@+28_R+(_1@+28_R)<_£>
ROxr R?0x ROz R? 0z R)

Jomuozkyioun 06uisi uacTunn na R? i 3rpynyBaBIm J0aHKI
BijiHOCHO P, QQ i R, 0/1ep:KyeMO piBHICTH

R 0Q P OR 9Q 0P\
P(ay az>+Q($_a_x>+R(%_a_y>_0' (22.23)
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st 3pyasHocTi 3amam’aToByBaHHs PiBHICTH (22.23) MOXKHA 3a-
[HICATU y BUIVIAL yMOBHOI PIBHOCTI

P Q R
o 8 9 |_g
or OJdy 0z |
P Q R

SIKIIO BUBHAYHUK «PO3KJIACTU» 38 €JIEeMEHTaMU IEPIIOro PSJIKA.

Axmo ymosa (22.23) BUKOHYETHCSI TOTOXKHO, TO i1 HA3UBAIOTH
YMO08010 N08HOT tHmeeposrocmi pienarmsa Ilpagpgpa. 3a Bu-
KoHaHH 1€l ymoBu iHTerpyBanus piBusuus [Idadda 3Boaurbesa
1o inrerpyBanns cucremu (22.22). Ilpu npomy icuye cim’st po3B’si3-
KiB, K& MICTUTBH OJTHY JIOBLIBHY CTaJIy.

Ilpukiazn 6. 3inmezpysamu pienannsa [pagpa
(222 4 2x2 + 22y — 1)dx — 2ydy — dz = 0.

Poss’azamrms. Ockinbku ymoBa (22.23) m0BHOI iHTErpOBHOCTI BH-
KOHYETHCSI TOTOXKHO:

(22 + 2224 22y* —1)-(0—0)+(—2y) - (2x—0)+(—1)-(0—4zy) = 0,

TO 3a/laHe PIBHAHHSI Ma€ CiM’I0 iHTerpajJbHIX ITOBEPXOHD, 3AJIEKHY
Bij| JIOBUIBHOT crasiol. Bazkatoun mrykanowo GyHKIHEw 2z = z(z,y),
3aMIHUMO 3aJlaHe PIBHAHHS PIBHOCUJIBHOIO CHCTEMOIO

0z

= =222 4 22z + 21:y2 -1,
ox

— =2y (22.24)
i mepeBipuMo J1j1st HEl BUKOHAHHsI yMOBHU cyMicHocTti (22.19):

day + 22(—2y) — 0 —0- (222 + 222 + 229° — 1) = 0.

Omrxe, cucremy (22.24) moxkna sinrerpysaru. [lepie 3 piBHSHB
y (22.24) niniiire BigHOCHO 2 (siKIO 3adikcyBaru y). Inrerpyoun
fioro (3a dopmysow (4.6) 3 jekuil 4), 3HAXOUMO

7 =e* </(21:2 + 2y — 1)efx2d1: + C’(y)),
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ne C(y) — noslibHa audepenniiioaa dyHkiist 3MiHHOT Y. OCKiib-
K1

/(23:2 + 2z — l)e*’”Qdac = —y2612+/2x2612da¢ —/e’”de =

= —y2e % — e —|—/6_x2dl‘ —/e_deJ: =—(2+ x)e_xQ,

TO

2

z=e" (C(y) — (¥ + w)e_x2> = z2=C(y)e" —y? —=.

Bub6epemo renep C(y) Tak, mob OyHKIs 2 3a/(0BOJIbHSIA JIPyTe
piBusinHst 3 (22.24). dudepenniowun z = C’(y)e:"’2 —y? —z 3a

3MIHHOIO Y, MaEMO:

0z

oy C'lye” -2 = Cye”—2y=-2 =

Cly)y=C = 2=Ce” —y?—z. W

Pexomendosara aimepamypa: |3, c. 383 — 456, |5, c. 463 —
470], [7, c. 282 — 300, [13, c. 325 — 344], [16, c. 280 — 305).

IIutanaga go jgekirii 22

1. fIxe piBHAHHA 3 9ACTHHHUMY TTOXITHIMHA TEPIIOTO MOPSIKY HA3H-
BAIOTH KBa3lmiHIHIM?

2. dxuit BurIAn Mae cucreMa XapaKTEPUCTHK sl KBa3lIiHIHOTO
PIBHSIHHSI 3 YACTUHHUMHY [TOX1IHUMH HEPIIOrO HOPSIIKY !

3. dx mobyayBaTn 3araabHUil PO3B’I30K KBa3LTHITHOTO PIBHAHHS 3
YaCTUHHAMU MOXITHUMU TEPIITOTO MOPAIKY !

4. dx dbopmymoeTbes 3amada Ko st kBasisiHiitHOrO piBHAHHS 3
TJACTUHHUMY TTOXITHIMHI TIEPIIOTO MOPaKyY ! fIK 3HAWTH pO3B’A30K 3a1a-
gi Ko st kBazininiitHOro piBHSAHHS 3 YACTUHHUMH TOXITHUMU TIEP-
IIIOT'O TIOPSIKY !

5. dxwuit 3araJpHU BUTVIST Ma€ CUCTEMa HEJiHINHUX PIBHIHBL 3 1a-
CTUHHUMH TOXITHIMU MIEPIITOTO MOPSIKY 3 IBOMa He3aJeyKHIMHI 3MiHHM-
mu? K IHTErpyIoThcst Taka cucrema?

6. [lo nasuBarors piBasHEAM [Idadda? dAKiit cucremi piBHOCHIbHE
e piBHsHHA? KOO € yMOBa IOBHOI iHTerpoBHOCTI piBHsiHHs [Idadda?
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BrpasBu go gekirii 22
1. Binrerpyiite kBa3iTiHiiTHI piBHIHHA:

[e) 20z _ ..2. 30 30z _ ,.2,2
a) xyse —y o= =% 6) x2° 5= +yz &= =z’y"

2. BHaiijiTh iHTerpajbHI IMOBEPXHI PiBHSHDB, sIKi MIPOXOJSITh UYepe3
3aJIaH] JIHII:

20 9 2.
8) 22 tayd =z, =0, 2= 4%

6) x%+yg—;:zf:ﬁy,x:2,z:y2+l.
3. 3HaliIiTh MOBEPXHi, SIKi 3a/0BOJILHAIOTH piBHsHus [Idhadda:

a) (x —y)de + zdy —xdz =0; 6) 3yzdr+ 2xzdy + zydz = 0.

Homarok 4.

3acTocyBaHHsI MaTeMaTu4dHoro 1makera Maple
JJid iHTerpyBaHHS PiBHSHb 3 YaCTUHHUMM ITOX1THUMU
MEePIIOro MOPSIKY

Jnst imrerpyBanns jaudepeHIiaaTbHuX PiBHIHL 3 YaCTHHHUMU
noxijnumu B Maple BukopucroByeThest koMana pdsolve, mo/ibua
110 KoManu dsolve, aus. [9, 12, 18].

IlpukJiaz 1. 3iHTerpyBaTu piBHSIHHS 3 YaACTUHHUMU ITOX1THU-
MU IIEPIIOTO MOPSAKY % =2r+y—1, ne z = z(x,y) (mpukmiaz 1
aekiii 21, crop. 270):
> pdsolve(diff(z(x,y),x)=2*x+y-1);

z(z,y) = 2?4+ yr —x+ _F1(y).

IlpukJiaz 2. 3iHTerpyBaTu piBHSIHHS 3 YaCTUHHUMU ITOX1THU-
2
MU JIPYTOT'O TOPSAJIKY (%6’2 = 1 (mpuksas 2 jexrii 21, crop. 271):

> pdsolve(diff (z(x,y),y,x)=1);

z(z,y) = _F2(z) + _F1(y) + yz.

Ilpuksazm 3. 3iarerpysaru JiHiiiHe 0JHOPI/IHE PIBHSIHHS 3 Ua-
CTUHHUMH MTOX1THUMHA IIEPIIOTO TTOPIIKY y% —a:g—z = 0 (upukJaz 4
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aekii 21, crop. 275):
> pdsolve(y*diff(z(x,y),x)-x*diff(z(x,y),y)=0);

z(x,y) = F1 (fc2 + y2).

IlpukJjiazn 4. 3iaTerpyparu JiHiiiHe og:LHopi;LHe piBHS{HHH 3 Ja-
CTUHHEME NOXIHUMH IEpIIOro MOpsLKy 2% oy T y o z = (0
(upukiaz 3 sieknii 21, crop. 274):
> pdsolve(x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+

zxdiff (u(x,y,z),2)=0);

u(z,y,2) = F1 (y Z)

acx

Ilpuksazm 5. 3inrerpyBaTu KBazijiiHiiiHe PIBHSIHHS 3 YaCTUH-
HUMU TIOXITHAMHU TIEPIIOTO MOPIIKY 3:2—1; + yg—z + zg—g =u (an-
ka1 ekl 22, crop. 282):
> pdsolve (x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+

zxdiff (u(x,y,2),z)=ulx,y,2));

u(z,y,z) = _F1 (y Z)x.

ZL‘l‘

IlpukJjiaz 6. 3inrerpyBaTu KBasijiiHiiiHe PIBHsSIHHS 3 YaCTHH-
HUMU TOXITHUME TEPIIOr0 MOPIIKY

82 20z .

v Tty oy — O

(upukiiag 2 sieknii 22, crop. 282):

> pdsolve(exp(x)*diff (z(x,y) ,x)+y~2xdiff (z(x,y),y)=
yxexp(x)) assuming real;

yefe _yen(y™) o (y—et)e®
y—e” y—e - y '

Z(:Ea y) = -

Koncrpykiist assuming real Bxkuta i TOro, Iobd mporpama
3pobuiia JesKi CIPOIIEHHsT PO3B 3Ky B IIPUILYIICHH], 1110 BCi 3MiH-
Hi 1 yHKHT € aificHnMu. 3ayBasKeHHsI 00 BiICYTHOCTI MOJLYJIst
B aprymenTy Jiorapudma quB. Ha crop. 117 y npukiaami 12.
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IlpukJiaz 7. SuaiiTu iHTErpajbHy HOBEPXHIO JIHIHOIO OHO-
PiIHOrO pIBHSIHHSA 3 YACTUHHUME IOXITHUMHY IIEPIIOrO IMOPSIIKY

(@ + DG +ags =0,
sKa 1pu ¢ = 0 HPOXOIUTH 4Yepe3 KPHUBY 2z = y° (mpuksaz 6 Jie-
kil 21, crop. 278).
3a JI0IIOMOTOI0 MaTeMaTHIHOro makera Maple He MoKHa 3HA-

iiTn po3B’s30K 3aadi Kol s piBHAHHSA 3 YaCTUHHAMY ITOX1THI-
Mu B aHasiTuaHOMY Buryisii (y Buriasai dpopmysm). Ase komMaHia
PDEplot 3 nakera PDEtools j103BoJIst€ OOY/IyBATH Bi/IIIOBIIHY 1H-
TerpaJibHy HOBEPXHIO HAO/IMKEHUMU MeTojaMu (KOMaH/[a OluCaHa
y nomarky 6 Ha crop. 339):
> PDEtools[PDEplot] ((x~2+1)*diff (z(x,y) ,x)+

xxy*diff (z(x,y),y)=0,[0,t,t~2],t=-10..10,2z=0. .20,

x=-10..10,numchar=200,scaling=constrained) ;

u— [ ]
o (]
gty tp ety

!
—
bt
T
—
—
o

iy}

-10

12 10
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Yopua Jinisg ma puc. 1 — me mapabosia z = y2, nobynoBaHa

y wiomuui x = (. [Ipororyemo auragam camocriitHo o0y ryBaTu
rpadik dyHKmii 2 = x;/—il (po3B’si3ky npuksay 6 jekii 21) 3a j0-
IIOMOI'0I0 KoMaH/ i1 plot3d, onuc gKol € y J1oJaTKy 6 Ha cTop. 338.

IlpukJjiaza 8. BuaiiTu iHTErpajibHY HMOBEPXHIO KBa3lLIiHIHHOTO
piBHSHHS

fKa IIPH § = 2 HPOXOAUTH HYepe3 KPUBYy z = 2 (IpuKmai 3 Je-
Kl 22, crop. 285).
st o0y 108U 11yKaHOT iHTErpa/ibHOI TIOBEPXHI 3HOBY BUKOPH-
craemo komaHny PDEplot 3 makera PDEtools:
> PDEtools[PDEplot] (x*diff (z(x,y) ,x)-2*y*diff (z(x,y),y)
=x~2+y~2,[t,2,t°2],t=-3..3,y=1..10);

—
—_

[n3)

—_

20y

JEe]

L
=

Povaa v bvrn e by by g by

L
w

Puc. 2
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Yopua Jjiinist Ha puc. 2 — e KpuBa 3 MOYaTKOBUX YMOB, Uepe3
AKY IIPOXOJIUTH IHTEerpajbHa IIOBEPXHS.

IlpukJjana 9. 3iHTerpyBaTu CUCTEMY PIBHSIHb 3 UaCTHHHIMEI
MOXITHIMU TEPITIOTO TOPSIIKY

0z o 0z 2 9
—_— =7 z -_— =z Tz
Ox & oy
(mpukias 4 jiexii 22, crop. 287):
> pdsolve ({diff (z(x,y),x)=z(x,y)+y*z(x,y),
diff(z(x,y),y)=z(x,y) "2+2xx*z(x,y)}) ;

{z(z,y) = 0}.

Ilpuksazm 10. 3inrerpyBaTu cucTeMy PiBHSIHb 3 YaCTHHHUMEI

ITOX1THUMU
0z oy Oz 1 2z 9

oy Ty Y
(upukiag 5 sieknii 22, crop. 288):
> pdsolve({diff (z(x,y),x)=y"~2,diff (z(x,y),y)=1/y 2+
2xz(x,y)/y-y~21);

—1-3y*+@Bxz+3 C1)y?
(o) = Qo CUV,

Trmm HIPUKJIaJ 3aCTOCYBaHHA MaTEMaTHUYIHOI'O ITaKeTa Maple

s iHTerpyBaHis audepeHIliaJbHIX PIBHIHDb 3 YaCTHHHUME I10-
XiTHIME MOKHa 3HaiiTu B |9, 12, 18].
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Po3zmin 5.
EJIEMEHTU TEOPII CTIMKOCTI

Jlekiiis 23. OcHOBU Teopil CcTifiKOCTi PO3B’sA3KiB
andpepeHIliaIbHUX PiBHAHb

Ilan

1. OcHoBHI 03HaYEHHS T TTOHSTTS.

2. JloctimKennus Ha CTIKICTD TOYOK CIIOKOIO.

3. CrilikicTh 3a mepiuM HAOJNYKEHHSM.

4. Kpurepii Payca — I'ypsina, JI’enapa — [Mumapa.

1. OcHoBHI o3Ha4YeHHs U MOHATTsI. CTBOPIOIOYN TPUJIAIN
91 KOHCTPYKIIil, SIKi BIIITOBIIAIOTH IEBHUM yMOBaM, HEOOX1THO 3Ha~
TH, 9K BecTuMe cede 00’€KT IMPHU HEBEJUKUX IMePEPO3IOIiIaX CUJI
abo 1pu 3MiHI moYaTKOBUX YMOB. T0#l 00’€KT, eKCITyaTaliiiai ma-
paMeTpH SKOro He pearyioTh Ha Il 3MiHU, HA3UBAIOTH CTIHKWIM.

Bsarasi, crBopiorotun jindepeHiiaabHy MOJIEb IeAKOl IIPUKJIa-
JIHOI 3a/1adi, 3a3BUYail IMIKABISITHCA HE 3araJbHUM, a YaCTUHHUM
PO3B’gI3KOM TU(EPEHIIATLHOTO PIBHIHHS, TOOTO PO3B’I3KOM, KU
3aJI0BOJIBHSIE TI€BHI TIOYATKOBI ymMoBu. OcTanHi, K IPaBUIO, Oepy-
TBCS 3 JIOC/II/LY 91 €KCIIEPUMEHTY, & TOMY 3a IX aOCOJIIOTHY TOYHICTH
pydarucd He MoxkHa. Maroun 1ie Ha yBasi, JIeKOJIN MPUITYCKAIOTD,
0 HE3HAYHI 3MIHU MOYATKOBUX YMOB BHUKJ/IMKAIOTH HE3HAYHY 3Mi-
HY CaMOro PO3B’si3Ky, IHAKIIEe KaxKy'H, IO PO3B’A30K HEIEPEPBHO
3AJIEKUTD BiJl MOYATKOBAX YMOB. AJle 9acTO HE3HAYHI 3MIHM MO-
YATKOBUX YMOB 3yMOBJIIOIOTH iCTOTHI BinxujieHHs pPo3B’s3kiB. Ta-
Ki PO3B’I3KN HA3UBAIOTL HECTilikuMu. BoHU HaBITH HAOJIUKEHO He
OIKCYIOTh SIBUIIE UM IPOIEC, siKi Po3mIAmaioThest. OTKe, OINHUM
3 OCHOBHUX € MHUTAHHY PO TAaK 3BaHy CTIHKICTH PO3B’s3KIB M-
depeHIiabHUX PIBHIHD MO0 PI3HOINO POy 30ypeHb 1X BXiIHUX
JIAHUX, TOOTO HETOYHOCTEH 3ajaHHsl IUX JAHUX ([OYATKOBUX JIa-
HUX, IPABUX YaCTUH PIBHSHB TOIIO).

[Muranus crifikocTi po3B’g3KiB JudepeHIiaJbHIX DPIBHSIHb —
mpeaMeT meopit cmitikocmt pode’askie. Teopis crifikocti 3a-
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CTOCOBYETBLCS ¥ Dararbox 00JIACTSIX HAYKHU 1 MPUPOIO3HABCTBA, Ha-
MPUKJIAJL, MEXaHIIll, eKOJIoril, 610J10T11, EKOHOMIIII Ta, IHIINX HAayKaX.
[lepeiinemo 1o BUKJIAIEHHST OCHOBHHUX IIOHATH TEOPil CTIMKO-
cri 6ubmn crporo. ITosuauumo uepes y1 = y1(t), yo = ya(t), ...,
Yn = Yn(t) mificui dyHKIil, sKi XapaKTepU3y0Th CTaH MEXaHIIHOIO,
€JIEKTPOMEXaHITHOTO YU IHIIOrO siBUINa ado mporecy. Hanpukiia,
TaK MOYXKYTh IIO3HATATHUCI KOOP/MHATH, IMIBUIKOCTI, CUJIH CTPYMIB,
BEJIMUMHU HAIIPYT, TeMmiepaTypu abo pyHKIl 1ux sejguwaus. [Ipu-
IIYCTUMO, IO MPOIEC 3MIiHU BETUYUH Y1, Y2, - - -, Yn 3 YACOM t OIIH-
CYEThCsl HOPMAJIBHOIO CHCTEMOIO JIn(EpPEHIaJIbHUX PIBHIHDb

dy;
dt

3 [I09aTKOBUMUA YMOBaMM

:fj(t73/171/27~~-7yn)7 j:1727"'7n7 (231)

y1(to) = y10, y2(to) =20, --- 5 Yn(to) = Yno- (23.2)

Ao posrgiaaT yi, Y2, - - ., Yp 9K KOODJIUHATU PYXOMOI TO-
YKH, TO KOXKHHUiI po3B’si30K 3agaqi (23.1), (23.2) masuBarmmemo
pyITOM.

Axmo cucremy (23.1) posmisiiaTn HA CKIHYEHHOMY IIPOMIZKKY
|t —to| < T, To BigUOBiAL Ha IUTAHHS HPO BIUIMB MAJIHX 3MiH
IIOYATKOBUX YMOB (23.2) Ha BIAXHJIEHHS PO3B’SI3KIB CHCTEMH JA€
reopeMa 5 3 jieknil 8. Ajie y IPAKTUYHUX 3a/a9aX apryMeHT (HUM,
SIK [IPABUJIO, € Yac) MOXKe HeoOMexkeHO 3pocraru. Tomi st Teo-
peMa He TapaHTye HelePEePBHOI 3aJIe?KHOCTI pO3B’S3KiB Bij rmova-
TKOBUX yMOB, TOOTO HE3HA4HA 3MiHa IOYATKOBUX YMOB MOXKE BH-
KJINKATH iCTOTHI 3MIHU y TIOBEJIIHII PO3B’SI3KY IIPU HEOOMEXKEHOMY
3pocTtanHi 3nadennst aprymenTa. OTxke, HATAT BBAXKATIMEMO, 0
t € [T, +00), T06TO Yac MOXkKe HEOOMEXKEHO 3POCTATH.

Pose’s30k y; = ¢;(t), j =1,2,...,n, cucremn (23.1) Ha3uBa-
I0Tb CMIUKUM, KO s Oynb-gaxkux € > 0 1 tg =T icuye un-
cio 6 = 0(g) > 0 Take, 1m0 JOBiIBHMI iHIITHIT PO3B’A30K Y; = Y;(t),
Jj=1,2,...,n, niei )k cucremn, HoIaTKOBI 3HaUeHHS Y;(to) SKOTO
3a/I0BOJIBHAIOTH HEPIBHOCT1

ly;(to) — @i (to)| <6, j=1,2,...,m, (23.3)
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BU3HAYEHU JJIs BCIX ¢ 2> 1 1 CIpaB/RKYIOTHCS HEPIBHOCTI

Inmmavum cioBamu, poss’ssok y; = @;(t), j=1,2,...,n, cu-
cremu (23.1) € cTifiKuM, SKIIO KOXKHHI PO3B's30K Y; = y;(t),
j=1,2,...,n, cucremu (23.1) 3 HOYATKOBUME YMOBAMU 3 -OKOJIY
roukn @;(to), j = 1,2,...,n, npu tyg < t < 400 icHye i HE BUXO-
JIATH 3 €-OKOJTy Tpadika pos3s’sisky y; = ¢;(t), 7 =1,2,...,n.

Posp’szok y; = ¢;(t), j = 1,2,...,n, HA3UBAIOTH ACUMNMO-

MUYHO CMITUKUM, SIKIIIO:

1) Bin criiikui;

2) yci poss’sizku y; = y;(t), j = 1,2,...,n, cucremu (23.1) 3
JIOCTATHBO OJIM3LKUME TOYATKOBUMU YMOBAMH TIPU t — + 00 He-
obMerkeHO HabIIIZKAIOTECs 10 ¢;(t), j = 1,2,...,n, T06TO 3 HEpiB-
HocTi (23.3) BUILIMBAE, IO

tg+mw lyj(t) — i) =0, j=1,2,...,n. (23.5)

SayBaxkuMo, 10 yMOBH 1 1 2 IhOr0 O3HAYEHHsI HE3AJIEXKHI: 3

ymoBu 1 He Buiummsae ymoBa 2 (60 3 (23.4) He Buruusae (23.5)), a
3 YMOBH 2 O3HAYEHHsI HE 3aBK/[U BUILINBAE yMOBa 1.

Pose’sz0k y; = ¢;(t), j =1,2,...,n, cucremu (23.1) Ha3uBa-
I0Th HECMIUKUM, SIKIIO BiH He € criiikum. Lle ozHavae, 1mo icHye
Take € > 0, Mo 715 OYb-SKOrO sIK 3aBrOJHO MaJyioro 0 > 0 3Ha-
fineTbes poss’asok cucremu (23.1) y; = y;(t), j =1,2,...,n, g
SIKOIO IIPU BUKOHAHHI HepiBHOCTeil (23.3) npuHaitMHI JIsi 0JJHOTO
3HaYEHHA j MaTuMeMo, o |y;(t) — ¢;(t)| > € ana nesxoro t > t.

Ax mpaBumiio, I8 JOBEJIEHHSI HECTIKOCTI PO3B’SA3KYy KOPH-
CTYIOThCs HeoOMexkeHicTio pisnmii |y;(t) — ¢;(t)| ma imrepsai
[to, +00) abo TuM, 110 1151 PI3HUIIS CTA€ HECKIHUEHHO BEJIMKOIO, KOJIU
t — +00.

Posp’s130k (pyx), siKuil BiIOBiIa€ MOYATKOBUM JaHuM Lo, Y10,
Y20, - - -, Yn0, HABUBAIOTHL HE3O0YpeHuUM, a PO3B 30K 31 3MiHEHUMUI
MOYATKOBUMU JTAHUMH Lo, Y10, Y20, - - -, Yno — 30YPEHUM PO3B 13-
KOM (pyxoMm).
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Ilpukaazn 1. Jlocaidumu wa cmitikicms pose’asku 3adawi Ko-
- !/ i
wi y' = ky, y(to) = yo.
Pose’asannsa. SaraibuumM poss’sskom pisnanns € y(t) = Celt a
PO3B’sI3KOM 3aJIaHOI 3a0a9i —

y(t) = yoe="). (23.6)

Bagamo ixmry movarkoBy ymoBy §(tg) = go. Tomi poss’sizkom
niel 3a/1a4i (30ypeHuM pO3B’sI3KOM) €

j(t) = goe™ ). (23.7)
Ouinnmo pizHuIo po3s’si3kis (23.6) 1 (23.7):

ly(t) — §(t)] = |yoeFtt0) — goekltto)| = hlt=to) 10— 7o), (23.8)

Axmo k <0, To eklt=to) <1 st Beix t > tg. Orke, SIKIIO
lyo — go| < 0 = €, To 3 (23.8) maemo, mo

ly() = 9| < lyo = Gol <&,

TOOTO pPO3B’S30K CTIMKMIL. Y IHOMY BHIIAJKY PO3B 30K TAKOXK
ACUMITOTUYHO CTIHKWH, OCKIIHKI

li t)—gt)| = U — foleFt=t0) = 0.
Jim [y(t) —g(0)] = lm |y — gole

ko k> 0, To po3s’sizok (23.6) mecrifikuit, 60 kUM 61 He
6ys0 uucso tg, aust t = ty, Yo # Yo, pisHuIE po3s’sizkiB (23.6)
i (23.7) upm 3pocranni t crae HECKIHYEHHO BEJIMKON, OCKIJIbKU

i e k(tfto) — )
im0 = ol 00 = 00

Axmo k = 0, To po3B’d30K Yy = Yo CTiiKuii, ajie He aCUMIITOTH-
9HO CTiiiKuii, 60 BUpas |yo— Jo| He IpsiMye 110 HyJIst, KOJIHU t — + 00.
Bidnosidv: Po3p’s30k crifikuit, skmo k < 0, y ToMy 9ucii acum-
OTOTUYHO cTifikuil, gxmio k < 0, 1 necrifikmit, saxmo k > 0.
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2. ocaig»keHHs HA CTIAKICTh TOYOK CIIOKOO. Jlocmimke-
HHsI Ha CTIHKICTH 3ajaHOro po3s’sizky ¢1(t), ..., @n(t) cucremu
(23.1) MOXKHA 3BECTH JIO JIOCJIIJZKEHHSI Ha CTIHKICTH TPUBIAJIBHOIO
(HyZ1BOBOTO) PO3B’sI3KY JestKol 1Mol cucremu. st mporo y cucre-
mi (23.1) nepeiizemo 10 HOBUX HeBIOMUX (DYHKIIH

acj(t) = yj(t) — ng(t), j = 1,2, N (B (23.9)

Omzxe, mesigomi dbynkmii z;(t), j = 1,2,...,n, — He BiaxuieHHs
crapux HeBigoMux (byHKINH Bij pyHKIIH, Kl BXOIATD Y PO3B’A30K,
IO JOCJIKY€eThCs Ha crifikicrs. Bemwanan x(t), j = 1,2,...,n,
Ha3uBalOTh 36ypennamu. Ilincrassoan (23.9) B (23.1), maemo

yi(t) = z5(t) + (1) = fi(t,21(t) + p1(t), ., 2ult) + oult)) =
1:; = filt,x1 +1,...,Zn +0n) — fi(t, 01, .-, 0n), (23.10)

ne j=1,2,...,n. Piuauus (23.10) nasupators audepeniiaabHu-
MU piBHsIHHsIME 30ypeHoro pyxy. Koxknomy pyxosi cucremu (23.1)
BimoBiae yacruHHuil po3s’szok cucremu (23.10). Sokpema, He-
36ypeHoMy pyxosi cucremu (23.1) Bianosizae TpuBianbHuii poss’si-
30K

zj(t) =0, j=1,2,...,n, (23.11)

cucremu (23.10). Posp’s30k (23.11) xapakTepHHil THM, IO TOYKA
(x1(t),...,x,(t)) He pyxaeThest 31 3MIHOIO ¢, & 3HAXOIUTHCS Ha Mi-
cui. Tpusianpanuit pos3s’s3ok cucremu (23.10) i Touky (0,0, ...,0)
y IIbOMY BHIIAJIKY HA3HUBAIOTH NOAOHCEHHAM PI6HOBA2U CUCTEMI
(23.10) abo moukoto cnoxoio.

Orxke, 3ajaua JOCHIKEHHsT CTIiKOCT (aCHMITOTUYIHOT CTiii-
KoCTi, HecriiikocTi) Touku crokor cucremu (23.10) piBHOCHIBHA
3aj1a4l JIOCJIKeHHsT CTIHKOCT (aCHMITOTHYIHOT CTIHKOCTI, HeCTiii-
KocTi) po3B’si3ky cucremu (23.1). 3 ypaxyBaHHSIM I[bOIO O3HAYEH-
Hsl CTIHKOCTI Ta ACUMIITOTHIHOI CTIHKOCTI MOYXKeMO CHOPMYJTIOBATH

iHaKIITe.
Hexait y cucremi (23.1) f;(¢,0,...,0)=0,5=1,2,...,n. Tpu-
BlanbHuil po3s’s30k ¢;(t) =0, j =1,2,...,n, cucremn (23.1) Ha-

3MBAOTh CMIUKUM, SKIIO JJisi JIoBlIbHOTO € > 0 icaye d(g) > 0
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Take, MO KOXKHHUI PO3B’s30K y; = y;(t), 7 = 1,2,...,n, Tiel x
CHCTeMH, 1I09aTKOBI 3HadeHHs Y; (o) SKOro 3a/[0BOJIBHSIOTH HEPiB-
wocti |y;(to)] < 9,7 = 1,2,...,n, BusHadennii njst Beix ¢ > fo i
BHKOHYIOTbC HepiBHOCTI |y;(t)] < &, j = 1,2,...,n, naa t > to.
fAxmo, kpim Toro, lim |y;(t)] = 0, j = 1,2,...,n, To Tpusi-
t——+o00

anpHIi posB’asoK @;(t) =0, j = 1,2,...,n, acumnmomuuro
cmitikud.

Orxke, CTIHKICTH TPUBIAJBHOTO PO3B’SI3KY O3HAYAE, IO Tpa-
€KTOpis JIOBLIBHOIO PyXy, MMOYATKOBA TOYKA SKOI 3HAXOIUTHCS
y JIesIKOMy 0-OKOJII IOYaTKy KOOpJAWHAT (ha3s0BOTO IMIPOCTOPY
(y1,Y2,---,Yn) cucremu (23.1), st t > ty) He BUXOJUTH 3a MeXKi
JOBLIBHOTO £-OKOJTy TOYKHU CIIOKOIO.

Jlerko mokazaru, 1o 1e O3HAYEHHS CTIHKOCTI MOXKHA 3aMIHUTH
TaKUM: JIIsT KO>KHOTO € > 0 3Haiigerbest 0 > (0 Take, 10 3 HEpiB-
nocti Y2 (to) + y3(to) + - .. + y2(to) < 62 BUNIMBATHME HepiBHICTDL
yr(t) +y3(t) + ...+ y2(t) < &% ana Beix t > .

Ilpukaazn 2. /Jocaridumu na cmitxicms mpusiaivHull po3e -

30x cucmemu ¥’ = — y, y = x, axuti npu t =ty = 0 nabysae sna-
YeHHA T = Tg, Y = Yo-
Pose’azarns. Posp’sa3youn cucreMy i BpaxoBYIOUH ITOYATKOBI
YMOBH, 3HAXOIUMO T = ZocCoSt — yosint, y = Zgsint + ygcost,
3Binkn 22 + 9% = :%% + gjg. st 6yap-skoro 3aj1aH0r0 € > 0 J0CUTH
B3TH 0 < €, aJKe SIK TLIbKH 5:(2) + @(2) <62 1o 22 4+ 9? < €% sz
Bcix ¢t > 0. Orxke, po3B’s30k x =y = 0 € crilikum. B

Ilpukiazn 3. /locaidumu wa cmitxicms MoKy cnokor cucme-
wu ' =y, y' =2z +y, 2(0) = Zo, y(0) = Fo.

Posze’asanms. Posp’szyioun cucremy, 3naxomumo x = Cre?t +
+ Coe™t, y =201€% — Cye™!. BpaxoBylounm HOYATKOBI yMOBH,
oznepxkyemo, 1o C1 = (Zg + 3o)/3, Co = (229 — o)/3, a Tomy

_ To+ Yo o2t 220 — Yo ot

_ 20— ¢
3 3 ' '

2 .
y==(To+7o)e 3

5
[Toxmagemo g9 = 2%¢. Tomi, sxum Ou MaauM He OYJIO GHCIO T,
dbyukuii || ra |y| HeobMezkeHO 3pocTaTUMYTh IPU ¢ — 400, & TOMY
po3B’saz0ok x = y = 0 € mecritikum. B
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3. CrifikicTp 3a mepHinM HAOJM>KEHHSIM. Y PUKJIAIAX
1 — 3 jmudepenmnianabHi piBHSIHHS a00 CUCTEMHU MOYXKHA 3IHTETpY-
BaTH 4epe3 ejeMeHTapHi GYHKINI. Y TaKUX BUIAIKAX JIOCTIIATH
CTIKICTH PO3B’sI3KiB MOXKHA Oe3 0co0IMBUX TPYIHOMIB. AJie 3 pa-
KTUYHOI TOYKHU 30DPY BaKJIMBO BMITH JIOCJIIJIPKYBATH HA CTIHKICTDH
posB’sizku cucremu (23.10), He Maroun i1 3araabHONO PO3B’SI3KY.

[Ipunycrumo, 1o upasi dactunu cucremu (23.1) HemepepsHi
pPa30M 3 YACTHHHUMHU IMTOXITHUMHU JI0 APYTOrO MOPSAMNKY BKJIOYHO.
Hexait y;j(z) =0, j =1,2,...,n, — Touka cnokoio cucremu (23.1),
TobTo f;(t,0,...,0)=0,j=1,2,...,n. Buxopucrosyioun dbopmy-
sy Teitopa B 0KOJIl IOYATKY KOOpIAMHAT, cucTeMy (23.1) MoxkeMo
3almcaTi y BUIVISL:

dy, of; af;
%Zlfj(t,o,...,(}) a—f] . 1—|—8—fj “ Y2 +
yl (t707"'70) y2 (t707"'70)
of; .
a—] yn+R](t7y177yn)7 .7:1727"'7na
Ynlt0,...0)
ae Ri(t,y1,...,Yn) MICTATH JOJAHKH HE HUZKYE JIPyTOTO HOPSJIKY
BIJTHOCHO Y1, Y2, ..., Yn. ZAKIO O3HAYUTH % - = @) o
“1(t,0,...,

Bpaxysard, mo f;(¢,0,...,0) =0, To 0OCTATOYHO MAEMO CHUCTEMY

/ —

yi = a1y + ajp(t)y2 + ...+ ajn(t)yn +

+Ri(t,y1,---,Yn), J=12,...,n. (23.12)
Cucremy piBHSAHD
y; =a1(t)y1 +ajt)y2+ ... +amt)yn, j=1,2,...,n, (23.13)

HA3UBAIOTH CUCMEMON0 NEePUL020 HADAUHCEHHA, a 3aj]ady Ha
CTIAKICTh TOYKM CIIOKOIO IIi€] CHCTeMHU — 3ajladelo Ha CTiHKICTb
PO3B’SI3Ky B EPIIOMY HaOJIMZKEH].

BayBaskKnuMo, 10 JTOCJIIKEHHST HA CTIfKICTh TOUKN CITOKOIO JIJIst
miniitHOT cucremu (23.13) € joci He po3B’si3aHo0 IPoLIIEMOI0, 60 He
icHy€ 3arajbHOTO CIIOCOOY IHTErpyBaHHS CUCTEMHU JIHIHHUX gude-
PEHIIAIBHUX PIBHSIHB 3 JOBLILHUMN 3MIHHUME KoeilieHTaMu’.
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Posrsinemo okpemuii Bunajiok cucremu (23.13), kosim i1 Koe-
dimienramu € craJii:

/ —_—

Y; aj1y1 + ajoy2 + ... + AjinYn, j=12,...,n, (23.14)

i moc/liaumMO MUTaHHS PO CTIfKICTH TPUBIAJBLHOTO PO3B’SI3KY CH-
cremu (23.14). Haragaemo (sekmist 19), 110 po3s’si3ku Iii€l cucTeMu
MaroTh BT y; = A1t yo = Agef?t ..y, = Apefrt, ne
ki, ka, ..., ky, — xapakrepuctuuni uucia cucremu (23.14), a s
icHyBaHHsI HETPUBIAJBHUX PO3B’S3KiB HEOOXITHO il JTOCUTH, 1100

a1 — k a12 ain
asy a9 — k‘ 000 a9on _ 0 (2315)
anl an2 et Qpp — k

Posrisinemo okpemi BHIIAJIKY, IIOB’si3aHI 3 BHIVISIOM KODEHIB
piBusiHHEA (23.15) (xapakrepucTnvHuX unces cucremu (23.14)).

1. Hrxwo eci zapaxmepucmuyni wucaa cucmemy (23.14) wma-
tomob 6id’emni diticni wacmuny (mobmo abo eonu diticri 610 em-
M YUCAa, ab0 KOMNMAEKCHT YucAa, OiTUCHT YAGCTMUHU AKUT 610 €M-
Hi), ™Mo mpusiasvhull poss’azokx cucmemu (23.14) acumnmo-
muuno cmitkut. Ilpumycrumo, mo yci XapakKTepUCTHYHI 9HCIa
ki,ko, ..., k, mpocti i miiichi. Ockimbku kj < 0, TO BCi dyn-
KI5 = Aijekft OpAMYIOTbL JI0 Hyasdg npu t — +o00. Ao
kj =a; +iB;, i = /=1, a; <0, To, nomasum e’ y Tpurono-
Merpuaniit bopui eFit = e®it(cos Bjt + isin B;t), nepekoHyeMocs,
mo npu t — +00 dynknil y;; = Aijekit — 0 (akmo o; <0, To

lim e%!=0). I[i BUCHOBKM He 3MIHATHCS, AKIIO JeAKi 3 Xa-
t——+00

pakrepucTuaHux quces (abo Bei) € xkparaumu. Copabii, sKIIO
qucao k; Mae KpaTHICTH S, TO HOMy BIJIIOBIIAIOTH PO3B A3KU
P,_1(t)eit, ne P,_1(t) — MHOrOWICH CTellens, He BUIIOTO 3a § — 1, i
lim eFi'P,_1(t) =0, 6o k;j < 0, a moka3uukoBa (byHKIIisI 3pocTae
t——+o0
IIBU/IITE, HI?K CTEIIeHEBA.
) M
2. Hrwo xouwa 6 00ne TapakmMepucmuuHe HUCAO CUCTNEMU

(23.14) wmae dodammy diticny wacmuny (mobmo abo ue wucao doda-
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mue, abo Komnaekcre 3 00ammuoto JiicHON0 HacMUHO0I0), MO MPU-
siaavnul po3s’asox cucmemu (23.14) necmitxud. Cupasi, y 1b0-
MY BHIQJIKy MPUHANMHI O/1Ha 3 (DyHKILT eklt, eth, cy gknt
0OMEXKEHO 3pOCTaE 3a MOJyJIeM Ipu t — 400 1 TOMY 3arajbHHil
PO3B’SI30K cucTeMU HeOOMEXKeHO 3pocTae mpu 3poctanHi t. OTxe,
pO3B’A3KH, O/M3bKi 10 Touku cnokowo y; = 0, j = 1,2,...,n, 3a
IMOYATKOBUMHI JTAHUMHI, 31 3pOCTaHHSIM t HeoOMesKeHO Bif Hel Bif-

ne-

JAJIATUMY ThCA.

3. Hdxwo ceped xapaxmepucmuunuz wucen cucmemu (23.14) ne-
Mae wucen 3 00damuumu JIUCHUMU YACTIUHGMAU, GAE € NPOCTIVE Y-
CAQ 3 HYABOB0N JITCHOMN HACTNUHOMN, O MPUBIAALHUT PO36 A30K
cucmemu (23.14) € cmitikum, are He ACUMNMOMUYHO CMATKUM. Y
npoMy BHIAJKY Bci y;(t) obMexkeni 3a MomysneMm st Gymib-sIKOro
t > tg, akumu 6 He OyJIM MOYATKOBI 3HAaUYeHHs 1ux GyHKIin. Or-
xKe, it Oyab-sikoro € > 0 3Haiimerhest Take 0 > 0, mo npu Bubopi
G0l <9, 5=1,2,...,n, Gynemo maru |y;(t)| < e mst Beix ¢ > to.
BHaunrh, TpuBiadbHUil PO3B’s130K cucremu (23.14) e crifikum. Ase
BiH He aCUMITOTHYHO CTiiikuil, 60 1jig JOBIILHUX fjo HE OyayTb
OJIHOYACHO IPSIMYBATH JI0 Hy/Ist Bei dynkiii y;(t) mpu ¢ — + oo.

4. Hxwo ceped xapaxmepucmuunux wuces cucmemu (23.14) we-
Ma€e wucen 3 000amHuUMY MUCHUMU YACTNUHAMU, AAE € KPATVHT Y-
CAQ 3 HYALOSUMU OTTICHUMU YACTNUHAMU, TO MOHCAUGT AK CMITIKI,
MaK i HeCmitiKE MPusiaNbHi PO36 A3KU.

[TosepHiMoCh 10 cucreMu nepiioro Hab/mKenust (23.12).

Teopema 1 (JIamynoBa). Hexati ¢ynwuyii R;j(t,y1,...,Yn),

j = 1,2,...,n, y cucmemi (23.12) menepepeni 3a cykynnicmio
BMIHHUL T HECKIHUEHHO MAAT SUWLE Nepuo2o nopadky npu 1y; — 0,
i=1,2,...,m, mobmo dasn ecix t =ty i |y;| <d,j=1,2,...,n,

Ry, yn)l <M (lya] 7 + g+ gl )

abo
’R](taylaayn)’ < W(y)’y‘, j = 1,2,... o (0

de lyl = /y2 +y3+...+y2, a, M — dodammi cmani, w(y) — 0
npu |y| — 0. Hexad, xpim mozo, a;i(t) = ajk, j,k =1,2,...,n, de
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aj, — cmani. Todi AKWO TAPAKMEPUCTIUNHT HUCAA CUCTEMU (23.14)
MM 610 emmi ATUCHT HaACTUHU, O MPUBLANLHUT PO36 A30%K CU-
cmemu (23.1) acumnmomusno cmitxull; axwo xoua 6 00He xapa-
KMEPUCTNUYHE HUCA0 Mae dodammy 0iicHYy “acmuHny, mo Mmpueci-
aavrutdl pose’ssox cucmemu (23.1) necmitixud.

Axio JificH] 9acTUHU BCiX XapaKTEPUCTUIHUX YUCE]T He01a-
THI, TPUYIOMY HificHA YacTUHA X04a O OIHOTO 3 HUX JIOPIBHIOE HYJIIO,
TO JIOC/IIIZKEHHsT Ha CTIHKICTH 3a IepIInM HaOJIMKEeHHsIM, B3araJi
KayKy4u, HEMOXKJIUBe (IIOYMHAIOTH BILIMBATU HeJiHifiHI wienn R;).

Ilpukaazm 4. Jocaidumu nwa cmitkicms 3a nepuwum Habiudice-
HHAM MPUBTAALHUL PO3E A30K CUCTNEMU

{x’ VIF Ay — 3@y,

y =sinz +1In(1 —y).

Pose’azarns. Bukopucrosyoun dhopmyity Teitnopa st dyHKITT
f(z,y) nBox 3minHuX 3 3asmmkoBuM diaeHoM y dopwmi Ileano i
O0OMEXKUBIIUCH TTOXITHUME MEPITTOTO MOPSIKY:

f(z,y) = f(0,0) + falc(ovo) T+ f;(()?()) -y +o(p),

e p = /22 + 9%, o(p) — HeckinveHHO Masa BeJmuuHA 1IpH p — 0
Oi7IbIIT BUCOKOTO MOPSIKY, Hi2K 0, BUILIMMO JIHIAHI 9acTUHE TIpa-
BUX YaCTUH CHUCTEMU:

V1+4y— ) = 3z —y + Ry(z,y),
sinz +In(l —y) =2 —y+ Ra(z,y),
ne bynknii Rj(z,y) = 0(\/952 + y2), j = 1,2, 3310BOJLHSIIOTH yMO-
BU Teopemu 1.

SHail/IeMO XapaKTepUCTUIH] YHCJIa BiIIIOBIIHOT CUCTEME II€p-
IIOTO HAOJINYKEHHST
{1:’ — 3z — vy,
/

y=z—y.

Maemo

-3-k -1

_ 2 _ _
1 _1_]{;‘—0 = k+4k+4=0 = ]{21’2— 2.
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OckiibKE 06mIBa XapaKTepUCTUIHI IUC/Ia BiJl €MHI, TO TPUBI-
AJIHUI PO3B’S30K 3aJIaHOI CHCTEMHU aCUMITOTUYIHO cTifikuit. B

4. Kpurepii Payca — I'ypsina, JI’enapa — IIIumnapa. Ak
BUILJIUBAE 3 IYHKTY 3 JIEKIll, PO3B’ga3yl0oun 3a/a4di Ha CTiifiKicTh
JIst cucTeM JindepeHIiaabHUX PIBHSIHD 31 cTajmMu KoedilieHTamu,
BaXKJIMBO 3HATHU 3HAKU JIHCHUX YaCTUH XapaAKTEPUCTUIHUX UUCEJI.

Pozryisinemo ajirebputine piBHsIHHS

agk™ + alk"_l +...+a, 1k+a,=0, ag>0. (23.16)

Haranaemo jiesiki TBep/2KeHHsI, JOBEJIEHHS SIKUX MOXKHA 3Ha-
Ty y migpyyYHUKax 3 JHIAHOT ajaredpu.

Heobxionor ymoeorw mozo, wo 6ci JWichi “acmuHl KOpeHis
pienanna (23.16) 6id’emmni, € nepisnocmi a; >0, j =0,1,...,n.

Temep naBegeMo HeoOXimHi 1 JOCTATHI YMOBH, 338 BUKOHAHHS
AKUX JICH] 9aCTHHU XapaKTEPUCTUIHUX THUCe] OyayTh Bl €MHI-
mu. [Tosraxmmo

a a ar Qo 0
1 0
Ar=a1, Ax= , Ag=|az ax a |, ;
az a2
as a4 az
al aq 0 0 . 0
as a9 ai ap ce 0
An = )
aoan—1 a2p—2 G2pn—-3 dA2p—4 ... QAp

ze a; = 0, aKmo j > n.

Teopema 2 (kpurepiit Payca — I'ypsina). /liticri wacmu-
Hu Kopenie pienannsa (23.16) 6id’emni modi i misvku modi, Koau
AJ’ >0,7=12,...,n.

Teopema 3 (kpurepiit JI’enapa — Ilunapa). /liticri wa-
cmunu kopenie pishanna (23.16) 6id’emni modi i miavku modi,
Koau aj > 0,5 =0,1,...,n,1

Anfl > 07 A7173 > 07 AnfS > 0,
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Ilpukiazn 5. /locaidumu Ha cmitkicms mouky cnokor pieHs-
nua Yt + 5y + 13y" + 19y + 10y = 0.

Poses’szarnsn. Ckopucraemocst kKpurepiem Payca — ['ypsina.
OckinbKn
5 1
A1 =5>0, Ag—‘lg 13‘>0,
> 10 159 113 (5) (1)
A3=119 13 5 | >0, Ay= =10-Ag > 0,
0 10 19 0 10 19 13
0 0 0 10

TO TOYKA CIIOKOIO acUMHOTOTHYHA cTifika. l

Ilpukiazn 6. /locaidumu Ha cmitkicms mouky cnokor pieHs-
nua yY 4+ 4yt + 169" + 25y" + 13y’ + 9y = 0.
Poseg’szarrs. Ockiabku Bel KOeIIiEHTH XapaKTepUCTHIHOIO
piBusas k° 4+ 4k* + 16k + 25k% 4+ 13k + 9 = 0 goxarwi i

41 0 0
41 2% 16 4 1
AQ“% 16‘>0’ Ai=1"9 13 25 16| %

0 0 9 13

T0 3rinuo 3 kpurepiem JI’enapa — [Ilunapa Touka CIIOKOIO 331aHOTO
pIBHSHHS acuMITOTUYHA cTifika. W

Pexomendosana aimepamypa: |3, c. 271 — 281, 289 — 296],
[5, c. 390 — 416, [7, c. 229 — 241], [10, c. 81 — 100], [16, c. 231 — 252].

IIutannga go gekirii 23

1. IlTo BuBuae Teopis crifikocTi PO3B’dA3KiB AMMEPEHITAIBHIX PiB-
HeAHb! YoMy Tak BarXKJIMBO 3 MPAKTUIHOI TOYKN 30PY 3HATH, UM € PO3B -
30K AUQEPEHIHAJILHOIO PIBHIHHS ab0 CUCTEMU CTIAKMIM?

2. dxwuit po3B’a30K cucremu JudepeHIiaaTbHIX PiBHIHD € CTifKNUM,
ACUMIITOTUIHO CTifiknM, HecTifikum? JlaiiTe reoMeTpUIHI TPpaKTyBAHHS
[UX TOHSTh.

3. dxuit po3B’s30K cucremu audepeHIiaIbHIX PIBHAHD HA3UBAIOTH
He30ypeHnM (30ypeHnm)?
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4. IlTo HA3UBAIOTH MOJIOKEHHSIM PIBHOBATHU (TOUKOK CIIOKOK)) CHUCTE-
Mu?

5. Y 1omy TOJISITa€ OCHOBHA iJ1es1 JIOCTIIZKEeHHsT Ha, CTIHKICTh PO3B’ 513~
Ky B IepIIoMy HaOJMKEHH]?

6. dk mocsaimuTu Ha CTIMKICTH TOYKY CIIOKOIO HOPMAJILHOI CHCTEMU 31
crajmmu koedirierravu? Ko Touka Criokoo € aCHMIITOTUYIHO CTIHKOIO,
CTIKOO, ajle He ACUMIITOTUYHO CTIMKOIO, HeCTiiikow? JkuMu 1moBuHHI
OyTH XapaKTEePUCTUIHI JUCIa, MOO cCucTeMa MOIJa MaTH AK CTiifiki, Tak
i HecTifiki TpuBiaabHI PO3B’A3KU?

7. dx dopmymororbes kpurepii Payca — 'ypsima i JI'enapa — [lu-
mapa Ipo HeBiT €MHICTh [IWCHIX YaCTUH XapaKTePUCTUIHUX dncesi! K
i KpUTepil BUKOPUCTOBYIOTH JIJTsT JOCJIIT?KEHHSI Ha, CTiflKiCTh PO3B’A3KiB
JiHifHUX piBHSAHB (cmcrem) 31 cTamuMu KoedirierTamm?

Bopasu go jsekirii 23

1. BukopucroByoun o3HaUYEHHS CTIfIKOCTI, MOCTIMITh Ha CTIMKICTH
po3B a3k 3amad Ko piBHAHD 1 cucTeMm:

a)y =2x(1+y), y(0)=0; 6)y =y+x, y0) =1

p) {¥=—v—92 y(0)=0,
Z=y—2z z(0)=0.

2. JocaimiTh Ha CTIMKICTh TOYKY CIOKOIO CHCTEM:

Y1 = —v1 + Y2 + 5ys, Y1 = —2y1 — Yo,
a) { Yo = —2y1 + s, 6) Y5 = y1 — 22,
Y5 = —3ys3; ys = y1 + 3y2 — ys.

3. Hocmimith Ha cTifiKicTh 32 TIEPITUM HAOJIMKEHHSIM TOUKY CIIOKOIO
CHCTEM:

2) {y’3yzy+z, ){y’y+z+y23inz,

2 =4yt + 23 + 2y — 3z; z' = —y—4z+1— cosz2.

4. Bukopucrosyoun kpurepii Payca — I'ypsina abo JI'enapa — Illu-
mnapa, JIOCTiIITh Ha CTIKICTD TPUBiAJbHUN PO3B’ 30K PIBHIAHD:
a) y" — 3y +5y=0; 6)y"Y +4y” +7y" +6y +2y=0;
B) yV + 4y — 5y + 159" — 3y’ + 12y = 0.
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Jlektia 24. Merton dynkmiit JIsmyHosa.
da3zo0Ba MIJOIIHA

Ilnan

1. Hocuimkenns Ha cTifikicTb 3a MeTo0M (DyHKIIH JIsiyHOBA.
2. Knacudikariis TO90K CIIOKOIO AaBTOHOMHOI CHCTEMU.

1. HocaigxkeHHs Ha CTilKicTb 3a MeTrogoM QYHKILiN
JIasnynoBa. Ha monepenaiit ekl BUBIaIMCh AesIKi TUTAHHS, 10O~
B'sI3aHl 3 JOCIKEHHSIM Ha CTIHKICTH PO3B’I3KiB HEJIHINHUX CH-
creM qudepeHIiajlbHuX PiBHSIHD. [Ipr MbOMYy BUKOPHCTOBYBaJaACh
BIJIIOBIIHA crCTeMa LEePIIOro HabmxKenus. AJie 3aMina HeJiHiAnoT
cucremu (23.12) niniitHoro cucremoro (23.13) € dpakTHIHO 3aMiHOIO
o/iHiel mpobsieMu 1HITOO 1 MiXK HUMHU MOXKe He OyTH HiYOro CIHijib-
HOro. MoyKHA HABECTU IIPUKJIAIN TAKUX CUCTeM Ju(EpPEHITabHIX
PIBHSIHD, JTOC/TI/KEHHSI AKUX 34 MepPIM HaOJIMKEHHAM J1a€ CTiii-
KicTh HE30YPEHOI0 PyXy, X04da HACIIPaB/Il BiH HECTIHKMIL, 1 HABIAKH.
Bonmrowac Bimomi mpukiaam, Kou Iepiine HaOJIUXKEeHHSI TOBHICTIO
po3B’si3ye 1pobsieMy CTIKOCTI.

Hacrynna teopema mae BiAOBiIbL HA MUTAHHS PO CTIHKICTD
i acumnrormuny criiikicTs TpmBiasbHOrO pPO3B’E3KY Yj(t) =0,

j=1,2,...,n, HOpMAJBLHOI HEJIHIIHOI cucTeMn
y;:fj(t7y177yn)7 _7:1,2,,71 (241)
Teopema 1 (JIssmyHoBa). druwo ichye dugepenuitiosra dym-
kuia V=V (y1,...,Yn), AKQ 3060060A6HAE YMOBU:
1) V=014V =0 misvku modi, koau y; = ... =y, = 0;
2) nosna noxiona Pynkuit V  e3dosorc Pasosoi mpaexmopii
(mobmo e3doeorc pose’asky y;i(t), j =1,2,...,n, cucmemu (24.1))

nedodamma, mobmo

AV OV dy; =0V
= — —— 0 —% = —f](tayla’yn><0
dt = 63/]‘ dt = 6?/]‘

das t = tg, mo mpusiarvrul po3s’asox cucmemu (24.1) emitrkud.
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Axwo 3amicmv ymosu 2) 6UKOHYEMbCA HEPIBHICML
dv
— < —-pB<0
a S P

onat>t >tgi0<d <yd+...+y2 < o, de by, 02, B — cma-
A, Mo mpusiarvrull pose’ssox cucmemu (24.1) acumnmomuyuro
cmatirul.

HoBenenns 1i€l TeopeMu MOYKHA 3HAiTH, HAUDPUKJIaL, B [3,
c. 281 — 284].

Oyukiio V 3 reopemu 1 nasuaoTh hymruiero JIanyrnosa.

SarajabHOrO criocody mobynosu ¢yHKIl JIsmyroBa Hemae. [T peko-
n
MEHYEThCS IIyKaTn y Buriisti V = ) a;;4;y;. 3 ymoBH 1) Teope-
i,j=1

MU | BUILIMBAE, 10 KBaApaTudna (popma V' noBurHa OyTH 10/1aTHO
BU3Ha4YeHo0. ZIKuM YuHOM BUOpaTH KoedinienTn a;j, mob dopma
V' Oyna jmomaTHO BU3HAUYEHOIO, BKasyeThest v kpumepti Cuavee-
cmpa, BiloMOMY 3 Kypcy ajredpu: moTpibHO, 1100

ail ... Qin
>0, ..., | .o ... ... |>0.

anl1 .. Qpn

aip a2

ain >0,
as G2

V npocrimmux Bunaaxkax GyHKIH0 JIbmyHoBa MyKaoTh y BH-
ram V(z,y) = ax?+by?, V(z,y) = az* +by, V(z,y) = az* +by?,
ne a > 0, b> 0, Tommo.

Ilpukaazn 1. Jocaidumu na cmitikicms mpusiaibruil pose’s-
30K cucmemu

/

B=-2"-y, y=z—9%

Pose’azanms. Posrnsmemo dyuknio V(z,y) = 22 + y?. Bona
3a10BOJIbHsi€ 00u/B1 ymoBu Teopemu 1. Cupasmi, V > 01V =0
TiIbKHU TO/, Kotu & = Yy = (; B3IOBXK PO3B’A3KY I, Y CUCTEMHU

W _ Vs Vi
dt  Ox dt Oy dt
=-2(z% +¢*) < 0.

20(—2° —y) + 2y(z — ¢°) =
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3riHO 3 TeOpeMOI0 | TpHUBiaJbHUI PO3B’SI30K CUCTEMU CTIHKMA. A

OCKIJILKH 11032 OKOJIOM MOYaTKy Koopaunat (x2+y2%>J > 0) maemo

‘fi—‘t/ < —B <0, ne B — minimym bynxmii 2(2® + y*) nmoza xomom

2 +y% =6, 10 po3B’s130K T = y = 0 acuMITOTHIHO CTifKuiA. M

Ilpukaazn 2. JJocaridumu na cmitikicms mpusiarvHutll pose’s-
30K cucmemu

:E/=2y3—335, y’:—x—y3—y5.

Pozs’azannsa. Illykaemo ¢yukmito JlamynoBa y  Bursii
V(z,y) = Vi(z) + Va(y). Toni

av  ov

\%
% = % fl(x’y)_‘_a—ny(:E?y) =

= V(2)(2y° - 2®) + V3(y)(~z — y° —¢°) =
=—2°V{(z) — (1 + ") Vo (y) + 2° V] () — = V5 ().

Hexait, nanpukiazn, 2y°V/ (z) — zVy(y) = 0. Toxi

= =y, =p (p=const) =

Hexait pu = 2. Toui V(x,y) = 22 + y*, V(z,y) > 0, axmo 22 +y?#0
i V(0,0) = 0. Okpim Toro,

v oV oV 6 e s

ne 3 — minimym dyrkmii f(z,y) = 225 + 4y° + 4y® nosa xosom 3

[EHTPOM Yy MOYATKY KOODJIMHAT. 3 TeopeMu | BUIINBAE ACUMIITO-
TUYHA CTIKICTH TpuUBiaabHOrO PO3B’sa3Ky cucremu. B

[Iporronyemo dnTadam CaMOCTIHO MEPEKOHATUCT Y TOMY, IO

JIaTU OJTHO3HAYHY BiJIIIOBI/Ib IIPO CTIHKICTH TPUBIAJIBHUX PO3B’SI3KIB
cucTeM 3 NpUKJIaIiB 1, 2 3a nepmuM HaOJUKEHHAM HE MOXKHA.
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2. Kiacudikailis TOYOK CIIOKOI0O aBTOHOMHOI CHCTEMM.
PosrisiHemo noseinky Ha dazosiit mronmui R? dazosux Tpae-
KTOPiif aBTOHOMHOI CHCTEMH PIBHAHD

dz
dt

24.2
% = Q(x7y)7 ( )

ne P(z,y), Q(x,y) — HenepepBHO nudepeHiiiioBHi B esikiit obacTi
(abo B yciit mromuni R?) dbynkiil. Cucrema (24.2) Moxke MaTn Ju-
e Tpu TUMH (HA30BUX TPACKTOPIil: TOUKA, 3aMKHEHA TPACKTOPIsT
(muky1) 1 He3aMKHeHa TpaekTopis. Po3B’s30K, TPAEKTOpI€ sSIKO-
ro € Touka (xo,yo) (mosoxkeHnst piBHOBarm), € craaum z(t) = o,
y(t) = yo (s Gynp-sikoro ¢ € R). Bamkueniil TpaekTopil Biosi-
Jla€ TepioInIHUi pO3B’A30K, HE3aMKHEHIH — HenmepioanaHuii.

OCHOBHOIO 3aj1a9€10 SIKICHOIO JI0C/i/pKeHHst cucreMu (24.2) €
ojiep:KaiHsa ha306020 nopmpemy CucTeMu, TO6TO KapTUHU PO3-
Gurts dazosoi wionman R? Ha TpaexTopil.

st nobynosu dazosoro moprpery cucremu (24.2) norpibHO
3HATH MOBEIIHKY TPAEKTOPIil B OKOIaX TaK 3BAHUX OCOOJIUBUX TPa-
€KTOPIiii: TI0JI0’KEHb PIBHOBAru, rpaHUYHUX [UKJIB 1 JIEIKUX He3a-
MKHEHUX KPUBUX, K1 BIILIAIOTD CiM'T TPAEKTOPIN OHY BT OIHOI.
I'panuvrum yuraom cucremu (24.2) Ha3UBAIOTh TaKUil MUK,
JIeSTKUH OKIJI SIKOTO IIJTKOM 3AITOBHEHUH TPAEKTOPISIMHU, B3I0BIK
axux Touka (x(t), y(t)) HeobMerkeHO HAOJIMIKAETHCS [0 HBOTO LU
t — 400 abo t — —o0.

Posriisinemo Bunasiok, ko cucrema (24.2) e siniitaoro:

I = a11x +any,

(24.3)
at = 217 + ay,

[ ann a2 .
ne A= — HEBUPO/ZKeHA MATPUILH 3 JINCHIMHI CTAJIIMHI
a1 a2

esementamu (A = det A # 0).
Cucrewmi (24.3) Bianosizae ojHe piBHSIHHSA 3 JIPOOOBO-JIiHIHOIO

IpaBOIO 9aCTUHOIO

dy _ anz + axny (24.4)
dx 0,111'—|-CL12y7 .
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T06TO BCl iHTErpasibHi Kpusi piBHsiHHS (24.4) € TpaeKTOpiSIMU CH-
cremu (24.3). Ajie uM He BUYEPIYIOThCs BCI TPAEKTOPIl cucreMu
(24.3), 60 BoHa jomyckae pyx z(t) = 0, y(t) = 0, TpackTOpi€rO KO-
ro € Touka r =y = 0 (TOUKa CIOKOIO).

Opannysbkuii Maremaruk A. Ilyankape mokasas, 10 MOXKJIU-
BUMH € KiJIbKa BUIIQJIKIB, KOXKEH 3 IKUX BIIIIOBiIa€ 3a po3TallyBa-
HHsI IHTerpaJbHUX KPUBUX B 0KoJi ocobiBol Touku (0, 0) abo, mo
Te caMe, 3a PO3TAIlyBaHHs TpaeKTopiit cucremu (24.3) B oKoJIi TO-
uku crokoro (0,0). i Bunajaku Hasuaors munamu Iyankape.

[osuaummo uepes ki i ko — KOpeHI XapaKTEPUCTUIHOTO PiBHSI-
HHs

ain —k  ap

=k* — (a11 + axn)k + A = 0. 24.5
azn  ax —k (@11 + az) (24.5)

Ockimpkn A # 0, To 3 (24.5) BummBae, mo k = 0 He € Xapakre-
PUCTHYHHAM HHCJIOM.

Bunanok 1. ky i ko diticni ma pisni. Hexait a = (aq, ag), 8 =
= (1, B2) — BaacHi BekTOpU MaTpuI A, o BiAOBLIAIOTH KOPEHSIM
ki 1 ko, TOOTO

{(an —ki1)oqg +apan =0, {(an —ko)B1 +a12B2 =0,

asio + (age —k1)ag =0, az1 51 + (az — k2) B2 = 0.
(24.6)

3Brigno 3 Teopemoro 3 Jiekiil 12 3arajibHUM PO3B’I3KOM CUCTEMU

(24.3) €
x = Cra1e®t + CyB1e*?,  y = Crage®t + CyBae®?t,  (24.7)

ne Cq, Cy — noBlIbLHI cTai.

Axmio ky < 0, ke < 0, T0 3 (24.7) BUIIMBAE, 1O TOYKA CIIOKOIO
z =y = 0 € acumnrorndno criiikoro. Cupas/l, K0, HAIPUKJIAJ,
to = 0, T0o po3B’s130K (24.7), sIKuil IPOXOIUTH Yepe3 TOUKY (X, Yo),
y MOMEHT 4acy to BusHadaeTbcsa cragnMu Cq 1 Co, 9KI 3HAXOIATHCS
3 cucTeMu

o = Crar + C281, yo = Crag + O3,
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ae aifls — azfr # 0. Ane Toni C1 = Axg + Byg, Co = Dzo + Eyo,
ne A, B, D, E — nesxi craui. Bpaxosyoun, mo |eF1?] < 1, |eF2t| < 1
i kp < 0, ky < 0, MmaeMo OIinKu

Az + Byo| - |a1| + |Dxo + Eyol - [B1],

2| < |
|Azg + Byo| - |aa| + |Dxzo + Eyol - |52l

ly

3Bijcn BUILIIMBAE, MO s A0BLIbHOTO € > 0 3Haiigerbes 6 > 0 Ta-
Ke, IO $IK TIIbKE |2o| < 0, |yo| < 0, 1o |2| < €, |y| < e (¢t > 0),
10670 TouKa crokoio (0,0) crifika. Oxpim Toro, ockimbku efit — 0
(kj <0) npu t — 400, T0 3 (24.7) BUnIMBaE, 1mo Touka (0,0) Ta-
KOXK aCHUMITOTUYHO CTiiiKa. $IKINO BUKJIIOUUTH apryMeHT ¢ 3 CH-
cremu (24.7), To oxepxkana npu 1pomy dyHKiis y = f(x) Busna-
JaTUMe TPAEKTOPI PyXy B JAeKapToBiil cucremi koopauaar Oxy.

Marepiajibia TOUKa, siKa 3HAXOMIACH Y HOYATKOBHII MOMEHT
qacy t = tg B §-OKOJII MOYATKY KOOPJMHAT, JIJIsT JIOCUTh BEJIMKUX
HEPEXONTH Y TOUKY, KA HAJIEKUTH £-OKOJIY IMOYATKY KOODIMHAT i
npu t — +00 MPSIMYE J10 TOYATKY KOOPAMHAT. TaKy TOUKY CIIOKOO
HA3UBAIOTL CMIUKUM 8Y3aom (puc. 24.1).

| <
| <

Puc. 24.1
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Ha puc. 24.1 300pazkeHo po3TalllyBaHHs TPAEKTOPIiil, sdKe Bif-
nosijgae npoMy Burnajky. CTpiakaMu BKazaHUH HAIPIM PYXy 110
TpaekTopil npu t — —+00. Yci TpaekTopil, Kpim omHiel, B TOUIi
(0,0) MaTh CHibHY JOTUYHY.

Axmio k1| < |ka|, To KyToBuHil KOedIiNieHT MOTUUHOT OPIBHIOE
ag/aq. Cupasni, 3 (24.3) 1 (24.7) maemo (C1 # 0, ag # 0):

dy _ an(Crone™’ + CoBr1e™!) + ag(Crone™’ + Cofpe™')
dl' o a11(Cla1€k’1t + 0251616215) + alQ(ClO{Qlet T 02526145215) =
a21 (Clal + CQBle(krkl)t) + ag9 (Claz + C'Qﬁze(k’?_kl)t)
—
a1 (Craq + CoBret2=FDt) 4 a1y (Crag + Cyfae®2=FDt) o400

a21C1a1 + aCiag _ azion +agpay  koay o

t—too a11Craq + a12Croe annog +apas ki o

00 3TiIHO 3 (24.6) as 0 + asss = ki, ajiaq + ajsas = kiog.

Axo o = 0, To aHAJIOTIYHO OJIEPKYEMO, IO de __, a1
’ ’ dy t——+o0 o2

Axmo C1 = 0, 1o 3 (24.7) oep§Ky€EMO OJIHY TPAEKTOPIIO — HPsi-
My Y = 5—?9& JIOTUYHA JI0 SIKOT Mae KyToBuil koedirient Ba /1.

Takum anHOM, JOTHYHA JIO TpaekTopiii, B skux Cq # 0, na-
pajieJibHa JI0 BJIACHOrO BekTopa « = (aq,9), sKuil BianoBijae
HaWMEHIIIOMY 32 MOJLyJIeM XapaKTePUCTUUIHOMY YHCIy k1 (SIKIIO
a1 = 0, To BekTOp HanpasieHuil B30k oci Oy). Kpim Toro, npu
C1 = 0 € oHA TPaeKTOpist — mpsiMa iy = 5—?3:, dKa 1apaJjiejibHa 10
JIPYrOro BJIacHOro BekTopa 3 = (31, 32), 10 BiAOBi1a€e GlabIIOMY
3a MOJIYJIEM XapaKTEPUCTUIHOMY UUCTY Ko.

Axmo renep k1 > 0, ko > 0, To 3 (24.7) BUILIUBaAE, IO TOYKA
crokoro © = y = 0 mecriiika, 60 ¥t — 400 mpu t — +00. Taky
TOYKY CIIOKOIO Ha3WBaIOTh HeCMIUKum 6y3.aom. lleit Bumagox
OTPHUMYEMO 3 TIONEPEHBOrO 3aMiHOI0 ¢ Ha (—t), a TOMY PyX TOUYKU
110 TPAEKTOPIT BIIOYBAETHCsI y IPOTUIIEXKHOMY Hapsimi (puc. 24.2).
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Puc. 2.2

Hapermri, sgxmo k1 < 0, ko > 0 abo k1 > 0, ko < 0, TO TOUKA
CIIOKOIO HecTiiika, 60 €2t — 400 abo eF1t — 400 mpu t — +00.
Touku, sKi posramopani B 0-0KOJII IOYATKY KOOPIUHAT, IO TPac-
kropii & = CyB1eF?t, y = Oy fre*?t pyxaroTnest y HecKiHUIeHHICTD.
OfHax y mboOMy BHIAJIKY € TPAEKTOPId, 0 SKiil pyX TOYKHU Biaby-
BaETHCA y HAIPAMI JI0 TIOYATKy KOOPAUMHAT NpHU ¢ — 400, a came

48 = Claleklt, Yy = Craget, (24.8)
[Tieto TpaekTopi€eio € mpsima a1y — aox = 0, IKy JIErKO 0J/IeprKaTu
3 (24.8), BuksouuBny 3MiHHY ¢. Taky TOUYKY CIIOKOIO HA3MBAIOTH
cidaom (puc. 24.3).



318 Posuis 5. EJIEMEHTY TEOPII CTIMKOCTI

)

=

(k1 <0 < k)

Puc. 2.3

Bunanok 2. ki 1 ko xomnaexcro-cnpaotceni: ko = p % iq,
g # 0. Baranbuuit po3s’si30k cucremu (24.3) MOXKHa 3amncaTu y
Buruisizi (24.7), ne Bekropu o = (a1, a2) 1 f = @ = (@, @2) MaOThH
KOMILIEKCHI Koopamuarn. Tomi poss’si3ok cucremu (24.3) MoxHA
3alucaT y BUIVISIL

x = eP'(Cy cos gt + Cysingt), y = eP'(acosqt + bsingt), (24.9)

ne Cq, Cy — pnoBinbHi cram, a i b — jiHiiini KoMOIHAIT X CTAJIIX.

Axmo p = 0, To Tpaekropii (24.9) as pisaux Cq, Co (Ha mi-
craBl [epioMIHOCT] MHOKHUKIB y JIy?KKaX) € 3aMKHEHUMU KPH-
BuMHu — esincamu 3 nerrpamu y touni (0,0) (puc. 24.4). Lo To-
9Ky HasMBaIOThH yeHmpom. fxmo p = 0, to Touka (z(t),y(t))
PYXa€ThCs 110 OJIHOMY 3 eJIIICIB BKa3aHol ciM’1, 00xo/isivn ioro 6e3-
Jgig pasziB. Bona, odeBuaHO, He MpsIMY€E 10 2KOMHOI T'DAHUIN MPU
t — 400, T06T0 ToUKa crokoo (0,0) He AacCHMITOTHYHO Crifika
(ae BoHa crifika).
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Puc. 2.4

Hexaii Tteriep p < 0. 3 (24.9) Bumiusae, Mo y 1[bOMY BHUIIQJKY
Touka (z,y) upu t — ~+00 IPSAMYE JIO IOYATKY KOOPIAUHAT — TOUKH
x =0, y = 0, sKy Ha3UBaOThb cmiturum Porxycom. HassHicTb
MHOKHEKa et — 0 (1 — +00) neperBopioe 3aMKHeHi KpUBi y clii-
paJii, siKi aCHMIITOTUIHO HADJIUKAIOTHCS TIPU ¢ — 00 JI0 MOYATKY
koopauHar (puc. 24.5). Touku, siki po3ramosani npu t =ty y 10-
BUILHOMY 0-OKOJI MOYATKY KOOPJMHAT, T JOCTATHBLO BEJUKOTO ¢
MOTPAIUISIIOTh YV 38JIaHUN £-0K1JI TOYaTKy KOOPIMHAT.

TpaekTopii, skl NpaAMyOTh 10 (HOKyCa, MAIOTH TAKY BJIACTHU-
BiCTD, IO JOTUYHI 0 HUX NpU t — + 00 HE MPIMYIOTL JO KOJIHOI
rpanuti. [lum dokyc Binpisuserses Bim Bysiia.

Y Bunaaky p < 0 rouka z = 0, y = 0 acCUMOTOTHIHO CTifiKa.

Ao aificHa yactunaa p aucest ki i ko nogaraa, To 1eil BULIAIIOK
[IEPEXOINTH y TOMepeIHIN mmicst 3aMinu ¢ Ha —t. OTKe, TpaeKTOPIT
36epiraloTh Taky K (Gopmy, K Ha puc. 24.5, oJHAK PYX TOUKH BiJl-
OyBaTEMeThCs y mpoTmiieskuomy Hampami. Ockinmbkn e’ — 400
npu t — 400, TO TOUKH, TKi 3HAXOJWINCS Y MOYATKOBUI MOMEHT
Jacy B OKOJII MOYaTKYy KOOPJWHAT, MOTIM TEPeXOJsATh Y HECKiH-
YeHHICTh. TaKy TOUKY CIIOKOI HA3UBAKTH HECMITUKUM HoKycom
(puc. 24.6).
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Puc. 24.5 Puc. 24.6

Bunanok 3. k1 = ko. Tomi kq, ko — mificHi, a 3arajpHIil po3B -
30K cucremu (24.3) mae pursisan @ = (A+Bt)eft, y = (C+Dt)ekt,
ne A, B, C, D — crani, o’ si3aHi MizK cob0I0 JIBOMa JITHIAHIMY piB-
HSIHHSIMU, sIKI MOYKHa oJlepxkaTu, mijgcrasusim GyHKIGl x(t), y(t)
y cucrenmy (24.3) i ckoporusmu Ha eF1t,

dxmo k; < 0, To eF1t — 0, teF1* — 0 mpu t — +o0 i, orke,
TOUKA CHOKOIO & = ¥y = ( acCUMITOTHYHO CTiiiKa. [ HA3MBAIOTH
cmitikum 8y3aom. fAxmo ky > 0, To TOUKA CIIOKOIO HecTiika, 11
Ha3UBAIOTh HECTIUKUM SY3AO0M.

Jeraprinre mpo Bunanok ki = kg MOXKHA MPOYUTATH, HAIIPU-
KJaJ, B [3, c. 253 — 256.

Hagesieni Buma ik orpuMani y TpUITYIIEHH], 10 BU3HAYHUK A
cucremu (24.3) Bigminauii Big wyis. Hpumycrumo, mo A = 0. Toxi
xapakrepuctTuaHumMu uuciaavu € k; = 01 ko = ag1 + age. dAkino
ko # 0, To 3aranbHuii po3B’s30K cucremu (24.3) Mae BUIVIsL

r=Clag + Cgﬁleth, y=Ciasg + 02B26k2t, (24.10)

ne C1, Cy — noBibHi crami i ajiar+ajgag = 0, —agef1+a1982 = 0.
Buksiiouaroun 3 (24.10) napamerp ¢, oJep:KyeMo ciM’io napa-
Jgenpaux npaMnx y — Crag = B—Q(x — Cra1).

1
Ak ke < 0, To ipu t — +00 Ha KOXKHIN TpaekTOPii (Ha 0/[HO-

My 3 apaJieJIbHUX IPOMEHIB) TOYKU HABIMKAIOTHCS JI0 TOYKHU CIIO-
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Koto (puc. 24.7)

a2
r=Ca, y=Ca = y=—.
aq
Touka crokoio x = y = 0, Tak camo, K i JIOBUIbHA TOYKA IIPsi-
MOT y = ax/avy, pu ko < 0 criiika, ajie He ACUMIITOTUYIHO CTIHKA.
dAximo kg > 0, TO TOYKa CIOKOIO HECTIMKA.

Y

(kg < 0)
Puc. 24.7

Axmo k1 = kg, TO MOXKJINBI JBa BUIIAIKN:

1. Baranbauii po3s’s3ok cucremu (24.3) mae Bursg x = C,
y = Cy (ue 6yze Toxi, kosm Marpuis A mysasosa). Toai Touka cro-
KOIO CTiliKa, aJie He aCUMIITOTUIHO CTifika. YCi TOYKH ILTOIIUHN
(z,y) € CTIiKUME TOYKAMU CIOKOIO.

2. BaranpauM poss’siskom cucremu (24.3) € x = C; + Cst,
y = a + bt. Toxgl TouKa CIIOKOIO HeCTiiiKa. Y IBLOMY BUIAIKY
age = —aiy, ajgag < 0.

Ilpukaazn 3. Jocaidumu zapaxmep mouku cnokolo Cucmemi

/

=5 -z, vy =-2.

Haxpecaumu gasosi mpaekmopii cucmemu ma naowguri (x,y).
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Poseg’sazarrs. OCKIIBKI XapaKTePUCTUIHUMU TUCIAMEI CUCTEMU

€ ki = —1, ks = —2, 10 TouKa crokoo x = y = 0 € criikum
BY3JIOM.

Hucny k1 = —1 Bianosinae Biaacuuii Bekrop o = (1,0), a auciy
ko = —2 — Bekrop = (=5, 1). Iloxigma ¥ y Touni nouarky Koop-

nuHAT J0piBHIOE (g /car; = 0. OTke, H0THYHI 710 HA30BUX TPAEKTO-
piif y moYaTKy KOODPJMHAT € TOPU30HTAJbHUMU, & caMi TPAEKTOPil
MOXKHa T0OYIyBaTh, HAIPUKIIA, SK Ha puc. 24.8. B

~

T~

Puc. 24.8

Ilpukaazn 4. /ocaidumu Tapaxmep mouku cnokolo Cucmemi

:E':cm:+y, y': —x + oy

3GN€IHCHO 610 3HAUEHHA NAPAMEMPL (L.

Poss’azannsa. XapakTepucTUIHUMHI ducjaaMi € ki o = «ai. ko
a = (0, TO TOYKA CIIOKOIO € IEHTPOM. ¥ IBOMY BHIIAJIKY CHCTEMa
HabyBa€ BUTIISTY ‘fl—f =y, % = —x. 3eigcen 22 4 y? = C, T06TO
daz0BUME TPAEKTOPIsIME € KOHIICHTPUYHI KOJIa 3 TIEHTPOM y TOUII
(0,0). fdxkmo « # 0, To TOUKa CIOKOI € (POKYCOM: CTIKUM, SKIIO
a < 0, i mecrifikuM, gxio « > 0. PazoBUMHU TPAEKTOPISIME € CHipa-
Jai, skl «HaKpy4yoThcs» Ha Touky (0,0). fdkmo «a < 0, To Touka
(:L‘(t),y(t)) PYXA€TbCsI MO CHIPAJIsIX ¥ HAMPsAMI TOYKM CIIOKOIO, a
At « > 0 — y ganpsMi Bin xHel. B
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Pexomendosana aimepamypa: |1, c. 251 — 281], [3, c. 233 —
258, 281 — 289, [5, c. 417 — 453], [7, c. 216 — 222, 241 — 245, [16,
c. 253 — 274).

IIutannga mo Jjgekirii 24

1. dx dopmymoeThest TeopeMy JIsimyHOoBa npo criiikicts (acummro-
TUYHY CTIHKICT) HOpMAJIbHOT HEJTHINHOT crucTeMu?

2. ¢Iki BmactuBocti Mae dyukiisa Jlsamynosa? Y sgkoMy BUTJISI pe-
KOMEH/IYEThCs IMyKaTn GyHKIio Jlgmynosa?

3. lITo mazmBaoTh (pa30BUM MOPTPETOM HOPMAIBHOI cucremu! Kk
mobyayBaTu (Pas30BUil TOPTPET CUCTEMU

4. ¢k moB’s13aHi MixK coO0I0 aBTOHOMHA JIiHIfiHA OJIHOPiIHA cucTeMa
BOX judepeHIianbHuX piBHsAHB (24.3) 1 PIBHSHHS HEPIIOTO TOPSAKY 3
OJTHOPIIHOIO IPOGOBO-JIHIHOIO IpaBoo YacTuHoio (24.4)7

5. Hatite xiacudikamio [lyankape TOYOK CIIOKOI0 aBTOHOMHOI CH-
creMn JnEpPeHIiaIbHAX PIBHAHB. ¥ SKOMY BHUIIQJIKY TOYKA CIIOKOIO €
CTIKOI0, AaCUMIITOTUYHO CTIHKOI0, HECTIHKOIO?

Bopasu go gekiii 24

1. TocuimiTe Ha CTIHKICTh TPUBIAIBHUN PO3B’ 30K CUCTEMU, 3HAIOYUN
dyukmio Jlamynosa:

x/:y_x37 .2 2.

a) {y/:_x_gyZS7 V= +ya
= —x — 2y + 2292,
6){ Y Y V =2% + 292

3
I Yy ]
Yy =r—5— =5

2. Hocminite ocobmuBi Toukn piBagnb. HakpecsiTs iHTerpaspHi Kpu-
Bl Ha wromuHi (x,y):

dy _ —z+2y
de — 2z—y

dy _ 2 d
a) G5 = 35y 6) @

3. HocmimaiTs ocobymmsi Touku cucrem. HakpeciTh TpaekTopil Ha, 1110-
i (2, y):

7 =y, ' =z + 5y,
SR R
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Homarok 5.

3acTocyBaHHA MaTeMaTH4YHOro nmakera Maple
JJIsT TOCJIiI>KEeHHsI Ha CTiliKiCTh PO3B’A3KiB
3BUYANHUX AudepeHIliaibHUX PiBHAHb Ta 1X CUCTEM

Ilpuksazm 1. Jocaiauru Ha CTIfiKiCTh TpUBiaJbHIIT PO3B’I30K
cucremu ' = — y, ¢y =z (upukman 2 gexuii 23, crop. 302). s
HOr0 MOOY/IYEMO II0JIe HAIpPAMIB 1€l cucreMu Ta OmHYy (HasoBy
TPAEKTOPiIO 3a J0IOoMOroo KoMaH i DEplot 3 nakera DEtools:
> DEtools[DEplot] ({D(x) (t)=-y(t),D(y) (t)=x(t)},{x(t),

y(t)},t=0..2+Pi, [[x(0)=1,y(0)=1]],x=-2..2,y=-2..2,
linecolor=black) ;

Ve S S S N NN NN
VA N N N N NN NN
VAVt NG N N N NN
/ / SN NN N NN
/ / N\
// N\
/ / \ A
|/ \ A
b WA
|l 11
bl [ 3
L) [
\ /1
Vo /]
NN Yavi
AR VavA
NN /7
NN Ve T
NN T
NN\ — = 777

Puc. 1

3 posTallyBaHHsI CTPIJIOK MOXKHA 3pOOUTH BUCHOBOK, 1110 TPUBI-
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aJIbHUI PO3B’sI30K CUCTEMU CTIHKWiL, ajie He € ACUMITOTUIHO CTiii-
kM. Paz0Bi TPAEKTOPIl YTBOPIOIOTH KOHIIEHTPUYHI KOJIA 3 IIEHTPa-
Mu y nodarky KoopiuHar. OjHe 3 HUX (3 HOYATKOBUME yMOBAMHU
z(0) =1, y(0) = 1) 306pazkene Ha puc. 1.

Ilpukmazm 2. JdocainnTn Ha CTiIfiKiCTh TpUBiaIbHUI PO3B’I30K
cucremu ' = y, vy = 2z + y (upukmian 3 sexuii 23, crop. 302).
JlJ1st IbOToO MOOYIYEMO II0JIe HAIIPSIMIB ITi€l cucTeMu Ta JBi (ha3osi
TpaeKTopil 3a JjionoMoroio komanj i DEplot 3 nmakera DEtools:
> DEtools[DEplot] ({D(x) (t)=y(t),D(y) (t)=2*x(t)+y (L)},

{x(t),y(t)},t=0..5,[[x(0)=0.2,y(0)=-0.15], [x(0)=0.5,
y(0)=-0.5]],x=-1.5..1.5,y=-1.5..1.5,1linecolor=black);

NN~N~—~——> A5l 7] T
NN NN~ ] YAV AV
N 7T
NN N NN Il 701
VAN NN /A
IR N A A
VOV AN N N N4 7000111
LYV VN NN A A
bbb by VAN A P11 11111
S I A O A
s T dos TN Tos T T T s
P bbb 7NN
P bl =N
A A A 4 P A N TR
A A 4 Ve A NN U T
[ 1))/ Ay ——>N NN\
)L Y NN\
/R YRRy p et S NANANEN
[ L)) )L S NN\
[ )] A s ——— N\

Puc. 2

3 puc. 2 BUIHO, IO TPHUBIAJBHUI PO3B’SI30K CHCTEMU He-
crifikuii. Xoda KOKeH PO3B A30K, AKHIl IMOYUHAETHCS Ha IIPAMIi
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y = —x, upsimye g0 Touku (0,0) npu 3pocranti ¢ (Ha PUCYHKY I10-
OyZI0BaHO TaKy TPaeKTOpilo 3 moyarkosumu ymosamu z(0) = 0,5,
y(0) = —0,5), po3B’sI30K, SIKHil IIOYMHAETHCSI HABITH JOCUTH OJIN3b-
KO JIO0 MOYATKY KOODIWHAT, ajle He JIEXKUTb Ha mpaMiil y = —x,
BljlasisieTbest Bl HBOTO 31 3pocTaHHsM t (HA PUCYHKY [OOY-
JIOBAHO TaKy TpaekTopilo 3 nodarkoBumu ymoBamu x(0) = 0,2,
y(0) = —0,15).

Ilpuksazm 3. Jocaiauru Ha CTIfiKiCTh TpUBiaJbHIIT PO3B’I30K

{x’ =T+ dy — 3+Y),

y' =sinz+1In(1 —y)

cucreMu

(upukiag 4 sexnii 23, crop. 306). jist mporo mobymyemo mo-

Jie HanpsiMiB 1€l cucremu Ta Tpu (as3osi TpaekTopil (ki 3a710-

BOJIbHsIIOTH novarkoBi ymosu: z(0) = 0,5, y(0) = 0,5; z(0) = 0,5,

y(0) = —0,1; z(0) = —0,2, y(0) = —0,2):

> DEtools[DEplot] ({D(x) (t)=sqrt (1+4*y(t))-exp(3*(x(t)+
y(£))),D(y) (t)=sin(x(t))+In(1-y(t )}, {x(t),y(t)},
£=0..10, [[x(0)=0.5,7(0)=0.5], [x(0)=0.5,y(0)=-0.11,

[x(0)=-0.2,y(0)=-0.2]]1,x=-0.7..0.7,y=-0.3..1.1,

stepsize=0.01,scaling=constrained,linecolor=black) ;

3 puc. 3 mobpe BUIHO, IO TPUBIAJBHUN PO3B'SI30K CHCTE-
MH acUMIOTOTUYHO criiikuii. Ilosie mampsiMiB 3a MeykaMu CMyru
—0,25 < y < 1 He nobymoBano (domy?).

ITlpukaazn 4. HocaianTu Ha CTIHKICTD TOUKY CIOKOIO PIBHSTHHS
yV +5y" +13y" +19y' +10y = 0 (npuxmaz 5 aexuii 23, crop. 308).
3pobutu 1e 3a gornomMoro komanu DEplot He MOXKHA, 60 MAeMO
DIBHSIHHS YeTBEPTOTO TMOPSIIKY. 3BUUAiHO, KoMaHma DEplot rmo-
Oyaye po3B’s30k 3agadi Ko jiist 3aaHOT0 pIBHSHHSI, aJie BOHA
HE JI03BOJISI€ OOy IyBaTU 110JIe HAIPSMIB, MOPOJZKEHE TudEpPEeHITi-
AJIbHUM DPIBHSIHHSIM. 3HaiieMO XapaKTEePUCTUUIHI IHCIa — KOPeHi
piBusinaa k4 4 5k3 4+ 13k% + 19k 4+ 10 = 0:
> solve(k~4+5%k~3+13*k~2+19%k+10=0,k) ;

—2, -1, —1+42I, —1-21.

OckisibKM ifiCHI YACTUHU BCIX XapaKTEPUCTUIHUX TUCEST BiJ[ €MHI,



Jonaroxk 5. 3acTocyBaHHSI MATEMaTUIHOTO

nakera Maple

327

TO TOYKA CIIOKOIO 3a/[aHOIO PIBHSIHHS aCUMIITOTHYHO CTifika (Teo-

pema 1 jekiii 23, crop. 305).
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Ilpuksam 5. HocaianTtu Ha CTIHKICTD TOUKY CIOKOIO PiBHSTHHS
yV + 4ytV 4 16y" + 25y" + 13y + 9y = 0 (upuknazn 6 exmii 23,
crop. 308). 3HaiieMo XapaKTEePUCTHIHI IHCIa — KOPEHl PIBHSAHHS
E® + 4k* 4+ 16k + 25k + 13k + 9 = 0 (sike y paJuKajIax KOMaH/OIO
solve He PO3B’I3YETHCs1) 3a JOIOMOIOK KoMaH 1 £solve 3 OII€0

complex (crop. 337):

> fsolve(k~5+4*k~4+16%k~3+25%k~2+13*k+9=0,k,complex) ;

—1.691606943,
—.9910128055 + 3.159244286 1,

—.9910128055 — 3.159244286 I,

—.1631837228 — .6772576111 1,
—.1631837228 + .6772576111 1.
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OckibKM Mi#iCHI 9ACTUHN BCIX XapaKTEPUCTUIHUX IMCEJT BiJI €MHI,
TO TOYKA CIIOKOIO 33J[@HOTO PIBHSHHS ACHMITOTHYIHO CTiflKa
Ilpukmaana 6. Jlocmigutu Ha crifikicTh TpuBiabHUI PO3B’si-
30k cucremn ' = —z° —y, y = x — 3> (upuxmax 1 Jje-
Kiiii 24, crop. 311). st nboro moby/ryeMo 1oJjie HAlpsiMiB CHCTEME
Ta oJiHy (a30By TPAEKTOPIIO, siKa 3a/0BOJIbHSIE TOYATKOBI YMOBU
z(0) = -1, y(0) = —2:
> DEtools [DEplot] ({D(x) (t)=-x(t)"5-y(t),D(y) (t)=x(t)-
y(£)~3},{x(t),y(t)},t=0..100, [[x(0)=-1,y(0)=-211,
x(t)=-2..2,y(t)=-2..2,stepsize=0.1,1linecolor=black);
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3 1oJis HaIpsiMIB Ha puUC. 4 BUJIHO, IO TPUBIAJbHUI PO3B’si-
30K — CTifikuii; mo0OymoBaHa TPAEKTOPis MOKAa3ye, IO Ieil Po3B -
30K € aCUMIITOTHYHO CTifikuM, 00 HoBUIBHA (ha30Ba TPAEKTOPIs 110



Honmarox 5. 3acrocyBaHHsI MaTeMaTHIHOro rmakera Maple 329

cripaji HaOJIMKAETHCA JI0 HBOTO, XO4a 1 Jy2Ke MOBLIbHO. KIIo
30UIBIIUTH BEepXHIO MexKy Jiarnazony s t 1o 1000, To TpaekTopist
[IOBHICTIO 3aII0BHUTH BUJIMMHUIL OKLJI I0YATKY KOODAUHAT (II€PEeKO-
HafiTech y IBOMY CAMOCTIHHO!).

Ilpukmaan 7. Jocnigutu Ha crifikicTh TpuBiabHUI PO3B’si-
30Kk cucremn o’ = 23 — 25, 3y = —x — 3> — y® (npukiaz 2 Je-
K1l 24, crop. 312). s 1poro moby/yeMo mosie HaIpsiMiB CHCTeMI
Ta o/iHy (a30By TPAEKTOPIIO, siKa 3aJJ0BOJIbHSIE TOYATKOBI YMOBU
z(0) = -1, y(0) = —2:
> DEtools[DEplot] ({D(x) (t)=2*y(t)~3-x(t)"~5,D(y) (t)=

-x(£) -y (£)~3-y (£) 5}, {x(t) ,y(£)},t=0..100, [[x(0)=-1,
y(0)=-21],x(t)=-2..2,y(t)=-2..2,stepsize=0.01,
linecolor=black) ;
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3 1oJIsl HAIpsIMIB Ha PHUC. D BUJHO, IO TPUBIAJbHUI PO3B’si-
30K — CTifikuil; mobyoBaHa TPAEKTOPIsS MMOKa3ye, MO 1eil Po3B si-
30K € aCUMIITOTUYIHO CTiliKuM, 00 TOBiIbHA (pa30Ba TPAEKTOPIs 110
cripaJii HaOJIMKAETbCS 10 HBOTO.

Ilpukmaazm 8. Jociigntu xapakTep TOYKU CIOKOI CHCTEMU

Yy =-2y

(upukiazg 3 sexiii 24, crop. 321). Hdus mporo mobyyeMo mosie
HalpsiMiB cucTeMu Ta BiciM ha3oBux TpaekTopiii (siKi 3a70BOJIb-

z' = by —z,

0T novdarkosi  ymosm:  x(0) =2, y(0) = —0,5; x(0) = 2,
y(0) =-15 2(0)=2, y(0)=-1; x(0)=15 y(0)=-2
z(0) = -2, y(0) = 0,5; z(0) = -2, y(0) = 1,5):

> DEtools[DEplot] ({D(x) (t)=b*y(t)-x(t),D(y) (t)=
25y (£) },{x(t),y(t)},t=0..5, [[x(0)=2,y(0)=-0.5],
[x(0)=2,y(0)=-1.5], [x(0)=2,y(0)=-1], [x(0)=1.5,
y(0)=-21, [x(0)=-2,y(0)=0.5], [x(0)=-2,y(0)=1.5],
[x(0)=-2,y(0)=1]1, [x(0)=-1.5,y(0)=2]1] ,x(t)=-2..2,
y(t)=-2..2,stepsize=0.1,1linecolor=black) ;
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3 puc. 6 BUIHO, IO TOYKA CIOKOK CHCTEMH € CTIKIM BY3JIOM.
Ilpukaazn 9. HocmignTu xapakTep TOYKU CIOKOIO CHCTEMU

z/:ax+y, y/:—x—l—ay

3aJIeXKHO BiJ| 3HadYeHHsl mapamerpa « (upukian 4 Jexiii 24,

crop. 322). Posriusinemo tpu Bunagku: o = 0, o« = 1, a = —1.

st = 0 moOyryemo 1ojie HampsiMiB cucremu Ta (pa30By Tpae-

KTODIiIo, siKa 3a/10BosIbHsE movyarkoBi ymosu x(0) =1, y(0) = 0:

> alpha:=0:DEtools[DEplot] ({D(x) (t)=alpha*x(t)+y(t),
D(y) (t)=-x(t)+alpha*y (t)},{x(t),y(t)},t=0..2%Pi,
[[x(0)=1,y(0)=01],x(t)=-2..2,y(t)=-2..2,
stepsize=0.1,linecolor=black);
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Orxke, skimo a = 0, To Touka z = 0, y = 0 € 1eHTPOM.
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Y Bumagky « = 1 mobyayemMo 1oJie HAPSIMIB cucremMu Ta da-
30BY TPAEKTODIIO, siKa 3a/10BoJIbHsI€ IouaTKoBi ymosu z(0) = 0,01,
y(0) = 0,01:
> alpha:=1:DEtools[DEplot] ({D(x) (t)=alpha*x(t)+y(t),

D(y) (t)=-x(t)+alpha*xy(t)},{x(t),y(t)},t=0..10,

[[x(0)=0.01,y(0)=0.01]],x(t)=-2..2,y(t)=-2..2,

stepsize=0.1,linecolor=black);
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Orpumann Hectiitknit (okyc.

Bunamok, ko o = —1, IPONOHYEMO PO3IVISHYTU YATATAM
CaMOCTIITHO.

Tumi mpukIaum 3acTocyBaHHsi MaTeMaTUIHOro makera Maple
JIJIs TIOOYIOBU TIOJIS HAIIPSIMIB 1 iHTerpajbHUX KPUBUX CUCTEM JIU-
dbepennianbaux piBHsIHD MOXKHa 3HajiTu B [9, 12, 18|.
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omarok 6.
OcHoBu poboTu 3 MareMaTU4YHUM nMakerom Maple

[Taker anajiTHIHIX 0OYHUC/IEHD 1 YUCJIOBUX po3paxyHkiB Maple
crBopenmii kommaniero Waterloo Maple Inc. (Kanana) i € onanm 3
HAHOLIBIIN MOMY/IAPHUX V CBITI IPOrpaMHUX HPOIYKTIB, SKUH 10-
3B0JIsi€ e(DeKTUBHO BUKOHYBATHU $IK UUCJIOBI, TaK i CUMBOJIbHI 0011~
CJIeHHsI, Ma€ PO3BUHYTI rpadidni 3acobu Ta BOYIOBAHY MOBY IIPO-
rpamMyBaHHsI BUCOKOro piBHs. Lli MOKIMBOCTI Ta ApyKHIN iHTEp-
deiic KopucTyBatia 3a0e3MeTnIu IMUPOKE 3aCTOCY BAHHSI MAaTEMaTH-
qHOTrO rTakeTa Maple y fbararbox rajiy3sx HayKu, IPUPOIO3HABCTBA,
a TaKOXK y HABYAJIHHOMY IIPOIIECI.

Pozrisinemo ocuoBu poboru 3 Maple. 3pudaiitno, Giabii-MeHIIT
IPYHTOBHUI OIVISIJ] IIHOTO ITAKeTa BEMATra€ OKPEMOI KHUIH, a 00CsT
JOJATKA /10 MTOCIOHWKA, T03BOJISIE TOSICHUTH JIAIIE OKPEMi aCIeKTH
poboru 3 mporpamoro. st raubioro o3HAOMJICHHS 3 TAKETOM
Maple npononyerbest BukopucroBysaru |9, 12, 18| ta goBigkoBy
cucremy Maple.

Pobota 3 Maple 31ificHIO€TBCS ¥ BUTVISI] iHTEPAKTUBHOTO CeaH-
Cy: KOPHCTYBad BBOJIUTH Ha POOOUOMY JiMCTi KOMaHju (Iij HUMU
3apa3 po3yMieMO IeBHI iHCTPYKIIT) i HATUCHEHHsIM KJiasini Enter
nepejae 1x Ha BukoHaHHs siapy Maple. Bei BBemeni komanu i pe-
3y/IBTATU OOYHUC/ICHD, SKi BiI0oOparkaioThes, (GOPMYIOTh BMICT PO-
6ovoro Jmcra — ocHOBHOTO JIoKymenTa Maple. Pobouwmit jimet mo-
JKHa 30eperTu Ha JIUCKY, BIIKPUTH, 3HOBY BUKOHATH KOMAaHIHU, IO
Ha HBOMY MICTSTBCs, 9M IMPOBECTU X KOPUTYBaHHSI.

Pobounit sncr ckianaerbes 3 obsacteil BBeieHHs 1 obJiacTeit
BUBEJIEHHA. ¥ HEPIINX BBOJATHCSI KOMAHJIN, V APYTHUX BiI0OPaXKy-
IOTBCS PE3Y/IBTATU 1X BUKOHAHHS YU MOBIIOMJIEHHS PO MOMUJIKA
nabopy komam. BmicT obacreil BBeieHHsT 1| BUBEIEHHST YTBOPIOE
rpyILy O0UUC/IeHbB, sika Ha pOOOYIOMY JIUCTI BiIMITaeThCs 3/1iBa KBa~
JPATHOIO Ty KKOIO.

Komanmu BBO#ATBCS B 00JIACTI BBEJEHHS ICJIsi CUMBOJIY-3a-
npornerds > y ¢opwmi cunrakcucy moBu Maple, a Bigobpakaruch
BOHHU MOXKYTh y Iiil camiit ¢popmi abo y BUIJIsiII 3BUIHOIO MaTeMa-
TUYHOIO 3anucy (B OCTAHHIX BEPCIiSIX IPOIPAMU 3a 3aMOBYYBAHHSIM
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BUKOPUCTOBYEThCs Jipyruil Bapiant). KoxHa Koman/a, ska BBO/M-
ThCst B 00JIACTI BBEJIEHHSI, IIOBUHHA 3aKIHIyBATUCH KPAITKOIO 3 KO-
MOI0 ( ;) abo JIBOKPAIIKOIO (). SIKIIO BXKUBAETHCSI KPAIIKa 3 KOMOIO,
TO pe3yJibTaT BUKOHAHHS KOMaH/ U Oy/ie BijgoOpakaTuch y obJracti
BUBE/IEHH, JBOKPAIKA BUKOPUCTOBYETLCS JIJIsl IIPOMI2KHUX 0091~
CJIeHB, PE3yJIbTATU SKUX BioOpakaru He moTpibHo. fKIno KomaH-
JIa TOCTaTHBO JIOBra i He MOMIMAEThCH Vv PsasiKy, To Maple aBroma-
TUYHO IlepeHece 11 y HACTYIHUN pa/IOK. B oaHoMy PsIKy MOXKHA
BBOJIUTU KiJbKa KOMAHJ, BiJIOKPDEMJIEHHMX KPAIKOIO 3 KOMOIO YU
JTBOKPAITKOIO.

3a 3aMOBUYBaHHSAM DPE3yJIBTATU BUKOHAHHS KOMAHJIU BigoOpa-
JKAIOTHCSL Y BUIVISI 3BUTHOTO MaTeMaTHIHOro 3arnmcy. OrpuMany
dopmyity un i1 9acTuHy MOXKHA CKOIIIOBATH B 00JIACTH BBEJICHHS
(BoHa BinobpasuTbest y dopmi cunTakcucy mosu Maple, sikio y
1iii bopmi BiIoOparKaeThCst BMICT 00JIaCTi BBEJICHHS ).

Kpim rpyn obumciiensb, Ha pobOUIOMY JIMCTI MOXKYTH OyTH KO-
MeHTapi, SKi CTBOPIOIOTHCA 3a JIOIOMOTOK KoMaH] MeHio Maple
9 KHOIOK maHesi incrpymentiB. KomenTapem € Takoxk dacTuHa
psijiKa B 00JIACTI BBEJIEHHSI, KA MOYUHAETHCS 3 CUMBOJIY #.

Tpeba maTu Ha yBa3i, Mo y mam’siTi KOMIT I0Tepa i 9ac Ceancy
poboTu 3 poboUnM JIUCTOM 30€pIraroThCsi BCl PE3y/IbTaTh BUKOHAH-
Hsl KOMAHJ[, HABITH SIKIIO caMi KOMaH 1 ab0 pe3ysibTaru 1X poboTu
micsist 1bOro OyJIM BujiaJieHl (3BHYaiiHO, SIKINO He BXKUBATH CIIEIli-
AMbHUX 3aXOJIB Jyisi 3HUIIeHHs 11iel indopmarii). Bogrouac, micsst
BiAKPUTTS POOOUOrO JINCTA y ITaM’siTi KOMII'I0Tepa HEMAE Pe3yib-
TaTiB OOYHUC/IEHD, X04Ya BOHU € Ha PODOYOMY JIUCTI y BiJIIIOBIIHUX
00JTACTSIX BUBEICHHSI.

Maple BMmie mnparfoBaTu 3 IJIUMU YUCJIAME, 3BUYANHUME JIPO-
baMu, aIreOpUIHIMI KOPEHSIMN, TUCTaMI 3 TLIaBAI0TI00 KPAITKO
Ta KOMILIEKCHUMU YucjaaMu. B apudMeruaHux Bupa3ax MOKHA BH-
KOPHCTOBYBATH OIeparii ImijHecents 10 cremeHs (~), MHOKEHHs
(%), ninenns (/), nomasanus (+), BimHiManus (-), daxropian (!).
[Topsimok BUKOHAHHSI IUX OIEPAIil € CTAHIAPTHUM, & JJis HOro
3MIiHI BUKOPHUCTOBYIOTH KPYTJI JIyKKH.

YV Bupazax MOXKHA BUKOPHUCTOBYBATH Taki craji: Pi — umcio
7 = 3.1415926 ..., I — yaBHA omuHUI | = \/—1, infinity — me-



Honmarox 6. OcrHoBu poGoTH 3 MaTeMaTHIHIM IakeToM Maple 335

CKIHYEHHICTH 00 Ta JesKi 1M, 3HaK % MTO3HAMAE PE3YILTAT BUKO-
HAHH# HoIepe b0l omeparti. oro Takox MOKHA BUKOPHCTOBYBa-
TH y BUPa3ax.

JlBa BHUpasm, IOEJHAHI 3HAKOM =, € piBHAHHsM. HepiBHiCTb
CKJIQJIAE€THCS 3 JIBOX BUPA3iB, HOEJHAHUX 3HAKAMU >, <, >= abo <=.

Bupaswu, piBHsiHHsI, HepiBHOCTI Ta iHIII 00’€KTH MOXKHA IIPHU-
CBOIOBATH 3MIHHIM Ollepallieio npucBooBanus (:=). Koxua 3minna
Maple mae iM’s1, sike MOYKe CKJIQJIATUACS 3 JIATHHCbKUX OYKB, mudp i
CUMBOJIY TiIKPECIEeHHs, aJjie MePIINM CUMBOJIOM iMeHi rudpa OyTu
He Moke. Besuki i majii OYKBU PO3PI3HAIOTHCS. 3MiHHA, 1M’ SKOT
30iraeThbcs 3 iM’sIM IpenbKol OYKBU, BiA0OparKaeThCs BiIIOBIIHOIO
IPerbKO OYKBOK. 3MiHHA, sIKiii HIYOr0 He NPUCBOEHO, TPAKTYE-
ThCsl sIK HeBijloMa. [CHYIOTh cuCTEeMHI 3MiHHI, AKUM BiJ cCAMOI'0 110~
JaTKy mock npucsoeno. Hanpukias, cucremna 3minna Order Bu-
3HAYAE, JI0 SIKOTO MOPsJIKY MajocTi moTpibHO po3BuBaTu (hyHKILT
y psaan. Cucremna 3minna Digits Bu3Havae HEOOXITHY KUTLKICTD
3HAYY X UMD IpU OOUUCTIEHHSX 3 JIECATKOBOIO KPAIKOIO.

Ocnosni MoxkjmBocTi Maple peasrizoBani 3a H0IOMOrow0 ¢yH-
KIIiil, siKi TaKOYXK HA3UBAKOTh Komardamu. Koxua komana Maple
(a iX € JeKlIbKa TUCSIY) MA€ Ha3BY 1 KiJbKa apryMeHTIB, sIKi 3amu-
CYIOTBCS Y KPYIVIMX JIy?KKaX depe3 KOMY IIiC/Isd HA3BU KOMaHIU. Y
JEeAKUX BUMAJIKAX apIyMEHTAMEI KOMAHIN MOXKYTb OyTH MHOMHCU-
HU — IIOCJIJIOBHOCTI BUPa3iB depe3 KOMy y (MirypHUX JIy»KKax — 1
CNUCKU — TIOCTITIOBHOCTI BUPA3iB Uepe3 KOMY Y KBaJPaTHUX Iy K-
Kax. B jomarkax TepMiHM «MHOXKHHA» 1 «CIHUCOK» BXKUBAIOTHCS
came B 1boMy cenci. OcTaHHI HEODOOB'sI3KOBI apryMeHTH KOMAaHJIH,
SIK1 MAIOTh BUIJISII KJIFOTOBOTO CJI0Ba aD0 PIBHOCTI «KJIFOTTOBE CJIO-
BO=BJIACTHUBICTb», HA3UBAIOTH ONULAMU. llesdki KOMaHU MalTh
He0OOB sI3KOBI apryMeHTH, SKi 3alUCyIOTbCS Y KBAJIPATHUX Iy 7K-
Kax IepeJ KpyrauMu. Pesymbrar il KOMaHAu MOYKHA MPUCBOITH
3MiHHIl, BUKOPUCTATH y BUPa3i, BIH MOKe OyTU apryMeHTOM iHITTOL
KOMAaH. ¥y IPOTUJIEKHOMY pa3i pe3ysbTaT BUKOHAHHS KOMAHIU
[POCTO BiZoOpa3uThCst B 00J1aCTi BUBEIEHHS (SIKIO KOMAaHJ/A 3a-
BEPIIYETHCS KPAIIKOIO 3 KOMOIO).

Y Tabjiuill HaBEJEHO KOMAH/IU JIJIsi OCHOBHUX MaTe€MATHIHUX

byHKITII.
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DyHKITisS Komamnga Maple
sin x sin(x)
cos cos(x)
tgx tan(x)
ctgx cot (x)
sec x sec(x)

cosec x csc(x)
arcsin x arcsin(x)
arccos x arccos(x)
arctg x arctan(x)
arcctg x arccot(x)
e’ exp (x)
Inz In(x)
lgz logl0(x)
log, = loglal (x)
|| abs (x)
sgn x signum(x)
VT sqrt (x)
Yx surd(x,n)
[z] (uina gacTuHA) floor(x)
{z} (npobosa wacruna) frac(x)
shz sinh(x)
chz cosh(x)
thzx tanh (x)
cthzx coth(x)
PosrisiremMo e KijibKa BHKODHCTAHUX y JojaTkax 1 — 5

KOMAHI.
Jnsa nudepenmiroBanisg GyHKIN 3a 3MiHHOIO 1, 3MiHHOO 2 i
T. JI. BAKOPUCTOBYETHCsSI KOMAH 1A

diff (Bupas, 3minnal, 3minna2, ... ).
JLst cripolneHHsi BUPa3iB BUKOPUCTOBYIOTH KOMAHLY

simplify (Bupas, oriisi).
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Ormmiero Moxke OyTH MPUITYIIEHHST aSSUme=B/IaCTUBICTh, sIKe HaKJia-
JA€ThbCs Ha HEBLJIOMI, HAIIPUKJIaJI, assume=real.

st po3B’si3yBanHs PiBHAHBL Ta HEPIBHOCTEH NpU3HAYEHA YHi-
BepcaJibHa KOoMaHjia solve (piBHsiHHS, 3MiHHA) . Po3p’s3ytoun cu-
CTeMU PiBHAHB, BUKOPUCTOBYIOTH (popMaT

solve ({piBusguusl, piBusanna?, . .. }, {3minnal, 3miaua2, ... }).

Komana solve 3HaxoanTh TOYHI PO3B I3KHM PIBHAHHS 91 CUCTEMU.
SKIo TOYHI PO3B’SI3KU 3HANTH HEMOXKJIMBO, TO BUKOPUCTOBYIOTH
koMmamH ity fsolve Jrs BiAIIyKaHHS JECATKOBUX HAOIMKEHb KOPEHIB
piBustus. 11 bopmar BigpisHseTbes Bin dopmary KoMmanam solve
MOZKJIMBICTIO 3aJIaBATHU B SIKOCTI TPETHOro (HeoGOB SI3KOBOIO) Hapa-
MeTpa, OIIIi0, KO MOYXKe OYTH MPOMI2KOK, 10 MICTUTH ITyKAHUIT
KOpiHb piBHsAHHA. BiH 3a/aeThcd gK ducyioBuil gianaszoH y dopmi
a..b. Jlnsg ajnreOpudHux piBHSHBb MOYXKHA BUKOPUCTOBYBATU TAKOXK
orio complex, fKa J03BOJISE€ 3HAXOIUTH BCl KOMILJIEKCHI PO3B’si3-
KW PIBHIHHSI.

Komamnna dsolve ajis imTerpyBanHs 3BHUAHUX IudepeHtii-
aJIbHUX PIBHAHBL Ta 1X CHCTEM JOCTATHBO JAETAJHHO PO3TJISIHYTa Y
nomarkax 1 — 3.

Komamnga

plot (dbyHKIs, 3MiHHA, Hialla30H 3HAYECHB, OIIIIil)

Jo3BoJiste o0y ryBaTu rpadik QyHKINT o/Hiel 3MiHHOI. 3aMmicTb
3MiHHOT MOXKe OyTu piBHICTH BUIVIsy X=a..b, jie X — He3ajexKHa
3MiHHaA, &, b — MiHiMajbHE 1 MAKCHUMAaJIbHE 3HAYCHHS, JIJIS SKUX
bymyerbest rpadik. [lianazon 3nadenbp mae Buriisi c..d, € HEOOO-
B'SI3KOBUM apryMEHTOM 1 BH3HAYAE YACTUHY OCI OPJIMHAT, STKa BiJl-
obpaxkarumeTbcs Ha Trpadiky. Komanma moxke matn 6arato Heo-
OOB’SI3KOBUX apryMEHTIB — OIIIiil, HAIACTiIIe 3 IKUX BUKOPUCTO-
BYIOTb Taki: color 3ajae KoJip JiHil Kpusol (Hampukiaj, black,
green, blue, red); scaling=constrained o3Hauae, 1Mo MacuTab €
OJIHAKOBUM 110 OOMJIBOM OCSIM KOOD/IMHAT; OIIllisi numpoints 3ajae
KUJIBKICTh TOYOK, 10 gKuUM Oyayerbes rpadik. [lpukian Bukopu-
CTaHHd KOMaHIIU € y IOJaTKy 2.
Anasoriuna KoMmana
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plot3d(dymukiis, 3minnal =siamnazonl, 3minna2= iana3zon2, omirii)

JIO3BOJISIE TIOOY/yBATH YaCTUHY [TOBEPXHI, 110 € rpadikom dyHKIHT
JIBOX 3MIHHUX.

He Bci komanu makera Maple mictaTbest B OCHOBHii 6i6J1i0-
Teri. Bigbmiicrs KoMaHI, sKi Peasi3yioTh CIemiaabHi MOXKJIMBO-
cri Maple, 3HaxonsiThcst y mogaTKoBUX nakerax (6ibsiorekax). B
OCTaHHIX Bepcigx mporpamu nmnx nakeriB € morHam 100. ITakern
DEtools i PDEtools MiCTATH JOAATKOBI KOMAH/IU JJIsi PO3B’I3yBa-
HHsI 3BUYAiiHUX JindepeHIiajlbHUX PIBHSHB 1 PIBHSIHD 3 YaCTUHHU-
MU TOXITHUME Biamosigno. Kinbka mpukIamiB BUKOPUCTAHHST IIIX
KoMmam € y nonarkax 1, 4, 5. [Taker plots TaKoXK MICTUTDL OIHY KO-
MaHIy st TpadivaHoro BimoOparkenns po3B sa3KiB audepeHIiaib-
HUX piBHAHB. {11 BUKOPUCTAHHA KOMAHIH 3 IIEBHOTO IMaKeTa Horo
CIIoYaTKy Tpeda MiIK/II0oInTH KOMaH 1010 with (maker) abo BUKOpu-
CTOBYBATH JIUIIIE OHY KOMAH/Iy ITAKETa 33 JIOMOMOT0I0 CHHTAKCUCY

nakeT [komanga] (aprymMeHTn) .

Posrisinemo koman iy odeplot 3 nmakera plots, 3a JIOIIOMOIOIO
sIKOI MOXKHA 1O0OYy/LyBaTh 1HTErpajbHy KpUBY — rpadik pO3B’S3Ky
sagadi Kol s 3Buvaiinoro audepentiaabaoro pisasaus. [Ipu-
KJIaJ[ BUKOPUCTAHHS KOMaHIU € y J1oAaTKy 2. PopMaT KOMaH/In:

plots[odeplot] (proc, xrange, oriii) .

[Tpomemypa proc mis ducioBoro po3s’a3yBanHs 3ajatdi Ko mo-
BUHHa& OYTH IIOIEPEeIHLO CTBOPEHOIO KOMAaHI0I0 dsolve 3 OIIEI0
type=numeric. AprymMeHT xrange 3a/a€ Jialla30oH 3MiHN He3aJe-
2KHOT 3MiHHOT y dopmi x=xmin..xmax. Omril 1iel KoMaH/ 1 aHao-
rivHI 10 Omnmiif KoMaH u plot.

Pozrisinemo xkoman iy DEplot 3 makera DEtools. 3a jomomo-
OO IIET KOMAH/IU MOXKHA HaOJIMZKEHO 3IHTEIPYBATH OJHE 3BUYaiiHe
nudepeniiaibHe PIBHIHHS ab0 CUCTEeMy TaKUX PiBHAHL Ta 300pa-
3UTU BIAIOBIIHY IHTErpaJibHy KPUBY 4YM 11 IPOEKIIO Ha 3aJlaHy
wIonuuy. UuMajo IpuKJIaIiB, sKi JeMOHCTPYIOTh POOOTY 3 HEIO,
€ B jojaTkax 1 i 5. @opmar KOMaH/Iu:

DEtools[DEplot] (deqns, vars, trange, inits, xranges, omrii) .
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Ty deqns — piBHsAHHS Y1 MHOXKHHA PIBHSHD, vars — IIyKaHa GyH-
KIlist ab0 1X MHOXKWHA, trange — Jiiara30H 3MiHI HE3aJI€2KHOT 3MIHHOT
y Burisai t=a..b, me t — iM’a mezaserkuol 3mimHOI, a i b — mexi
mianaszony 11 aminu. IloyaTkoBi ymMOBM 3a/1a10ThCsi ITapaMeTpPOM-
CIIMCKOM 1nits, ememenTaMm sIKoro € crncku. KoskeH egemeHT-
CIIMCOK BU3HAYAE 1HTErpajibHy KpuBy (4um 11 mpoekiiii) mudepen-
iaJbHOrO PiBHAHHS ab0 CHCTEMH, IO BigoOparKaeTbcs Ha rpadi-
Ky. KibKicThb ejleMeHTiB-CIIUCKIB TapaMeTpa inits Biamosimae Kimb-
KOCTI iHTerpasbHuX Kpubux. [lapamerpu xranges (ix moxe OyTu
CTLIBKY, CKUIbKHU € HeBioMux (ByHKIHH y cucTeMi) 3aJal0Th Jia-
[A30HU 3MIHU HEBIIOMUX (DYHKIII 1 BUKOPUCTOBYIOTHCS J1JIsT 3aBEP-
IIeHHsI [IPOlecy iHTerpyBanHs. Bonu MaoTh Burisyg X(t)=x1..x2.

[Tapamerpu xranges He € 0060B’s3koBUMU. Jljisi aBTOHOMHOT
cucTeMHu JBOX judepeHIiaJbHuX PiBHIHB MEPIIOTO MOPSIKY abo
oJIHOTO JDEPEHIIaIbHOTO PIBHSIHHS, PO3B’S3aHOIO BiJIHOCHO TIO-
Xi/IHOT, OYyeThbCs J0IATKOBO II0JI€ HAIIPAMIB, BUBHAYEHE III€I0 CH-
creMoIo uu piBHstHHsM. [j1s1 Takol cucremu (piBHsIHHSI) 3aaBAaTU
MMOYATKOBI yMOBH inits HeoOOB’sI3KOBO, aJie 3aMiCThb HUX Tpeba BKa-
3yBaTHU IapaMeTPHU Xranges.

Ommil 3ayatorbest y Burisial piBHocTeil. Cepejl KITBKOX JeCsi-
TKIB OMIIIil HaifdacTie BUKOPUCTOBYIOTH Taki: linecolor 3ajiae
KoJIp JIiHifi po3B’si3kiB (Hampukiaz, black, green, red); scene
3aJA€THCA Y BUTVISL ABOEJIEMEHTHOIO CIHUCKY IIYKaHUX (DyHKITIi
YU HEe3aJIeKHOI 3MIHHOT 1 BU3HAYAE, IO BUBOJUTHCS Ha rpadi-
Ky (scene=[x(t),y(t)] o3nauae, 110 10 ropu30OHTANIBHII OCi rpa-
dika BimobpaxkaeTbest dyHKIis z(t), a 1m0 BepTUKAILHINA — Y(t));
stepsize 3a/la€ KPOK 3MiHM He3aJI€?KHOI 3MIHHOI JJIs BijloOpazke-
HHsI TOUOK TI'padika; scaling=constrained o3Hadae, 1Mo MAacCIITad
€ OJIHAKOBHUM I10 ODHMIBOM OCSIM KOOPIUHAT.

Pozrisinemo komany PDEplot 3 nakera PDEtools, sika Oyiye
iHTerpaJjibHy TOBEPXHIO PIBHAHHSA 3 YACTUHHUMU TOXITHUMH TIEP-
IIOT'O MOPSAKY, IO MPOXOJUTL Uepe3 3aany KpuBy. ¥ HoAarky 4
€ mpuKJIaaIu podboTn 3 1icio KoMan10i0. PopmMar KOMAH/IN:

PDEtools [PDEplot] (PDE;, inits, srange, ormii) .

Tyt PDE — piBHSIHHS 3 YaCTUHHUMHY MTOX1THUMU [IEPIIOTO ITOPSJIKY
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BigHOCHO HeBimoMol dyHKIT 1, n > 1, 3minnnx. [louaTkosi ymoBu
3a/1al0ThCsl [TapaMeTpoM inits y Burvisii cumucky 3 n + 1 ejiemen-
TiB, SIKi BU3HAYAIOTH y napamerpudHiii popmi kpusy y (n + 1)-Bu-
MipHOMY MPOCTOPi, Yepe3 AKy MPOXOJUTL iHTerpajbHa MOBEPXHS
mudepeniaabHOro piBHgAHHA. KjemenTu moBuHHi OyTH BUpasaMmu,
dKi 3asiexkaTh Bim n — 1 mapamerpa. Ilapamerpom srange 3aja-
€ThCsT CIIMCOK iala30HiB abo Iiama30H 3MIiHM KOXKHOTO Iapame-
Tpa, SIKWl BUKOPUCTOBYETHCH Y IMOYATKOBUX yYMOBAaX, Yy BUIJISIII
s=sl..82, t=t1..t2 i 7. 1. 30Kpema, y BUIIQJKY JIBOX HE3AJIEIKHUX
3MIHHMX CIHMCOK inits MOBMHEH MICTUTHU TPHU BUPAa3H, 3aJIEKHI BiJI
ojtHOTO TapameTpa. Maiixke Bci onIiil € aHAJOTTIHUME JIO OIMIIiH KO-
mann DEplot makera DEtools. Onna 3 HalBaXKIMBIMINX T0TaTKO-
BUX OINIIi Xxi=ximin. .ximax I03BOJIsIE€ 3a/1aTH Jiala30H, 110 0bMe-
JKyBaTuUMe 4YacTHUHY IIOBEDPXHi, #AKy norpibno Bimobpasuru. Kisb-
KiCThb TakuxX ommiin moxke 6yru Bim 0 g0 n + 1. Be3 mux ommiit
HeoOMeXKeHy TOBEPXHIO BigoOpasutn HeMoxkuBo. s xparmoro
BiJIOOparKeHHsI TOBEPXHI MOYKHA BUKOPUCTOBYBATH OIIIi10 numchar,
dKa 33/1a€ KiJTbKICTh TOYOK 3 MOYATKOBUX YMOB, depe3 fKi MIPOXO-
JIATh KpUBi, 10 (POPMYIOTH IHTErpajibHy MOBEPXHIO. 3a 3aMOBUY-
BaHHgaM numchar=20 i n = 2, Mo MOXKe OyTHU HEJIOCTATHIM JIJIst
AKypaTHOrO BiJOOPaYKeHHs CKJIAJHOI TTOBEPXHI.
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KOPOTKI BIIOMOCTI ITPO BYHEHUX,
AKI STAAYIOTHCHA ¥V IIOCIBHUKY

ABEJIb Hinbc T'enpik (Abel Niels Henrik; 1802 — 1829) — nop-
BE3bKUI MATeMaTHK. ABTOD BayKJIMBUX BIAKPUTTIB B ayirebpi Ta MareMa-
TUYHOMY aHaJli3i. BcTaHOBUB HEPO3B'SA3HICTH 3araJibHOIO AJIT€OPUIHOTO
PIBHSIHHS CTEIleHd N > 5, ojiep2KaB 03HaKU 30i?KHOCTI YUCTOBUX Ta DyH-
KIIOHAJBbHUX PsAJIB. 3aiiMaBCs TaKOXK JIupepeHIiaJbHIMU PIBHIHHSIMU,
OJTHUM 3 TIEPIUX IOYaB BUBYATH IHTETPAJIbHI PIBHIHHS.

BAHAX Credan (Banach Stefan; 1892 — 1945) — monbchkuii i
YKpalHChbKHUil MaTeMaTuk, mpodecop JIbBiBcbkoro yuiBepcurery. Omun
i3 TBOPIIIB Cy9acHOTro (DYHKIIOHAJIBLHOTO aHA I3y 1 TbBIBCHKOI MaTeMATH-
YHOI MIKOJIA.

BEPHVYJIJII Hanwuin (Bernoulli Daniel; 1700 — 1782) — mBeii-
HMapchKmit MaremMarnk, Mexamix, dizuk. Cun M. Bepmymi. Hait6imxsmr
Biomwmit iparsgmMu 3 MareMaTuaHOl (Di3uKu Ta Teopil audepeHtiaabHIX
piBHstHB — iforo pasom 3 JI’AstamGepom i EitjiepoM BBakaroTh TBOPIEM
MaTeMATUIHOI (Di3uKH.

BEPHVJIJII Morann (Bernoulli Johann; 1667 — 1748) — mseii-
mapcekuit Mmaremaruk. Mosommmit 6par 4. Beprysur, 6arsko 1. Bep-
mysuti. laB mepire cucremMarnyane BUKIAIEHHS TU(EPEHITIATLHOTO Ta 1H-
TEerpajbHOI'O YHCJIEHH, aBTOD AKX METOIB iHTerpyBaHHA 3BUYAIHIX
nudepeHIianbHIX PIBHSAHB (PO3POOUB METO/T BIZIOKPEMJIEHHS 3MIHHIX Ta,
MeTOJI, i /ICTAHOBKN IHTerpyBaHHsl JIHIHIX PIBHSIHD TEPIIOro MOPSIIKY ).

BEPHVYJIJII dxo6 (Bernoulli Jacob; 1654 — 1705) — mBeitnap-
CchbKUil MaTemMaTuk. ABTOp BUJATHUX Mpallb 3 AHAJITHIHOI reoMeTpil,
MaTeMaTUIHOTO aHaJIi3y, Teopil fiMoBipHOCTEl, nudepeHiaJibHnX piB-
HaHb (piBHsiHHs BepHysi). Pasom 3 6parom loraHHOM 3aK/IaB OCHOBH
BapiamiitHoro ymnciennd. IlparoBas TakoxK y pi3HUX rasay3sx (isukn.

BECCEJIb ®piapix Biabressm (Bessel Friedrich Wilhelm;
1784 — 1846) — mimenpkuii acrponoM i maremaruk. Ilparni npucssdeni
Teopil audepenniaabHUX PiBHAHD 1 HeOecHil MexaHimi. ¥ MaremaTwuii
fioro iM’st HOCSITH TaK 3BaHi nuTiHApHYHI dyHKIIT nepmoro poay (dyH-
kil Beccens) i mudepennianbHe PiBHAHHSI, sIKe BOHU 3aJI0BOJBHSIIOTH
(piBusinns Beccess).

BAHIEPMOH/I Anekcanap Teodin  (Vandermonde
Alexandre Theophill; 1735 — 1796) — dpanmysbkuii MaTeMaTuk.
Bimommit mpargmu 3 aaredopu, 30KpeMa JaB JIOIIYHUIl BUKJIAJ] Teopil
BU3HAYHWKIB, Jie BijjoMuil BusHavHuk Bangepmona.

BPOHCBHKWI1 (TEHE-BPOHCHKUW) IO3ed Mapis
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(Hoéne-Wrocski Jozef Maria; 1778 — 1853) — noibcbKuii MaTeMaTux i
dinocod. Onepkap mMiKaBl pe3yIbTaTu B ajaredpi, MaTeMaTUIHOMY aHa-
J1i31, Teopil gudepeHIiaIbHIX PiBHAHDL. YIIepIiine BBiB (pyHKIIOHATILHUTIT
BU3HAYHUK, KA MA€ BeJUKe 3HAYEHHS B TeOpil JHINHUX mudepeHtri-
AJbHUX PIBHAHD (BU3HAYHUK BpoHCHKOro abo BPOHCKIAH).

TPIH dxopax (Green George; 1793 — 1841) — anrniiicbkuii Mmare-
MaTuK i pizuk. OCHOBOIIOJIOKHUK IIKOJIM MaTeMaTuIHOl (pisuku B Kem-
opuki. OzepzkaB BaroMi pe3yJsibTaTi B MaTeMaTUIHIN (Di3uIli, pO3BUHYB
TEOPIIo eJIEKTPUKH I MarHeTu3My, CIUPAIOYNCH HA 3HAWIeHI HuM dOp-
MYJIN TeOopil TOTeHIiaTy.

T'VYK Po6epr (Hooke Robert; 1635 — 1703) — anruiiicokuii mpu-
POJI03HABEIb, “WeH JIOHIOHCHKOTO KOPOJIiBChKOro ToBapucTBa. OcHOBHI
npari y pisHOMaHITHHX rayy3sx (isuku i acrporomil. OjuH 3 TBOPILB
MaTeMaTUYIHOI TeOPil NPYKHOCTI.

TYPBIIL Aponbsd (Hurwitz Adolf; 1859 — 1919) — nimenpkuii ma-
reMaTuK. Bizomuil npangMu 3 MaTeMaTHIHOrO aHaJi3y, aarebpu (Kpu-
repiit [ypsina), Teopii unces. 3 1892 p. npodecop IomiTexHiuHOT 11KOIH
y Hropixy, se cepen iioro cryjentis 6y Anbbepr EitHimnmeiin.

J’AJTAMBEP 2Kau Jlepon (D’Alembert Jean Le Rond; 1717 —
1783) — dpanmyspkuii MmaremaTuk, Mexauik i digocod. Asrop dynma-
MEHTAJbHUX [IPAIh 3 MEXaHiKM, MaTeMaTuIHOl (bi3uku, Teopil mudepen-
miaJbHUX piBHAHB. Brepmre cdopMmysioBaB 3arajbHi MpaBuma CKJa1a-
HHs TudepeHItiaIbHIX PIBHIHD PYXY Oy/Ib-IKNX MaTepiaJbHUX CHCTEM
(mpuanun I Aambepa). Moro po6orn, a Takox HacrymHi poorn JI. Eii-
sepa i [. Bepuysuti 3akirann oCHOBY MaTeMaTUIHO! (hi3UKMU.

EWNJIEP Jleonaps (Euler Leonhard; 1707 — 1783) — BumarTHuit Ma-
TeMaTHK, MeXaHiK, (DI3UK, ACTPOHOM. 3a MMOXOXKEHHAM IBEHTAperh. AB-
TOop Maitzke 850 HAYKOBUX MPAIlb 3 MATEMATUIHOTO aHAJI3Y, JudepeHTIi-
aJbHOI TEOMETPil, HAOJIMKEHNX METO/IIB OOYUCIEHb, HEOECHOT MEXaHiKNI,
MaTeMaTUIHOI (hi3uKM, ONTUKY, OajticTuky Ta iH. CucreMaTUudHO PO3BU-
BAOYM HOBI IpuitoMu iHTerpyBaHHs JudepeHIiajbHIX PIBHIHb Ta BBIB-
I HU3KY OCHOBHUX IOHSTH y TMiif oOsacri, Eitep cTBopuB K camocTiii-
HY JUCIIUILIHY TeOpifo 3BMYAiiHUX JudepeHIfiaJbHIX PIBHAHB 1 3aKJIaB
OCHOBHU Teopil piBHSHb 3 YACTUHHUMU IIOX1THUMU.

KATIEJIJIT Aasdpeno (Capelli Alfredo; 1855 — 1910) — irasmiii-
CbKWIT MaTeMaTuK. PO3BUHYB TEOpII0 KBaJApaTUIHUX (HPOPM Ta TEOPiio
aareOpuIHUX piBHAHB. JIOBiB HEOOXIiIHY 1 JOCTATHIO YMOBY iCHYBaHHS
PO3B’sI3KY JOBIJIBHOI JIIHIHHOT CHUCTEME AJreOPUIHIX PiBHAHD.

KIPXTO® T'ycraB PoGepr (Kirchhoff Gustav Robert; 1824 —
1887) — mimenpkuii bisuk. Po3p’s3as 3a1a1y 1po POIOJILIT €JIEKTPHUIHAX
CTPYMIB y po3rajiyKeHux ejekrpuanux Kosax (npasuia Kipxroda). Ma-
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TEeMaTUIHI JTOC/TIPKEHHS BiTHOCATHCS TOJIOBHO JI0 MATEMATUYIHOT (Pi3UKU
(MeTo 1 HaBIIMKEHOTO PO3B’ A3y BaHHsI 33184 AudPaKIlii KOPOTKUX XBUJIb,
dbopmymm Kipxroda B Teopil morenriay).

KJIEPO Aunekcic Kaop (Clairaut Alexis Claude; 1713 — 1765) —
dpaHIy3pKIii MaTeMaTHK, MEXaHiK 1 acTpoHOM. BBIB MOHATTS mMOBHO-
ro nudepenmianga QYHKINT KITBKOX 3MIHHIX, 3araJIbHOTO Ta YACTHHHOTO
PO3B’sI3KiB JirbepeHIiaIbHOIO PiBHSIHHSI.

KOIIII Ortocren JIyi (Cauchy Augustin Louis; 1789 — 1857) —
dpanmyspkuit Maremaruk. Omyosaikysas mouas 800 mparrs i3 Teopil um-
ceJs1, ajaredpu, MaTeMaTHIHOTO aHAJII3Y, TEOPETUIHOI MEXaHIKM, MaTeMa~
TaHol dizukm. JlaB giTke o3HAYEHHS HEmepepBHOI (DYHKIIT, OCHOBHUX
HOHSTH Teopil 36ixkHuX psiztiB (o3naka Ko, kpurepiit Komi), possunys
ocHOBU Teopil aHaMITUIHUX (DyHKIH. Y Teopil audepeHIiaIbHIX PiB-
HsHb JIOBIB OCHOBHY TE€OpPEMY iCHYBaHHSI PO3B’SI3KY ITOYATKOBOI 3a/1adi
(3amaui Komi). Pospo6us merou inTerpyBants PiBHAHD 3 YACTUHHUMUI
TTOX1THUMHY TIEPIIIOTO TTOPSIIKY.

KPAMEP Ta6pieas (Cramer Gabriel; 1704 — 1752) — mBeiinap-
cbkumit Mmaremaruk. OJIMH 3 TBOPIIB JIiHIAHOT aJrebpu, yIeHb 1. Bepmy-
Jii. 3aIpOIIOHYBaB METOJI, PO3B’sI3yBaHHs CHCTEM JIHIMHUX AJIreOPUIHIX
piBugnb (Meron Kpamepa). OTpumas HOBI pe3y/ibTaTh TAKOXK y TeOMe-
Tpii, Teopil fiMoBipHOCTEI, HEOECHIH MeXaHiIT.

KPOHEKEP Jleonoasn (Kronecker Leopold; 1823 — 1891) — mi-
MenbKknit MmaTeMaTuk. Hammcas monast 120 HayKoBUX mpallb 3 aarebp i
Teopil uncesn. ByB mpuxuibHUKOM «apudMeTH3alii> MaTeMaTUKU, sdKa,
Ha WOT0 AyMKY, MOBUHHA 3BOJAUTHUCH /10 apU(PMETUKH ILINX TUCET.

JIATPAH2K 2Kosed JIyi (Lagrange Joseph Louis; 1736 — 1813) —
dpaniy3pkuit MaTeMaTnk i Mexanik. Haitbiibim BaxkmBi parii BigHOCS-
ThCS JIO BapialiifHOTO YUCJIEHHS 1 MeXaHIKH. ﬂonly HaJleyKaTh TaKOXK BU-
JIaTHI JIOCIIJIPKEeHHSI 3 PI3HUX HUTAHb MATEMATHIHOrO aHaisy (dbopmysa
3aJIUIIKOBOTO *LjIeHa psity Teitopa, dhopmysia CKiHIeHHUX MPUPOCTIB —
dopmysta Jlarpamka, Teopist yMOBHUX €KCTPEMYMIB — METOJ, MHOYKHUKIB
Jlarpamzka), qudepenniaabaux piBHAHL (TEOpid 0COOIMBUX PO3B’A3KIB,
METO/T Bapiallil JIOBIIbHUX CTAJIUX JIJIs JIHIHHOTO PIBHAHHS N-TO MOPS/I-
Ky) Ta iH.

ﬂEﬁBHIH Tordpin Biabreasm (Leibniz Gottfried Wilhelm;
1646 — 1716) — nimernpkuii Mmaremaruk, dbisuk, ditocod. Omun i3 TBOpIIB
I epeHIiajIbHOrO Ta IHTErpaJbHOTO YUCIEHD, IXHIX MOHATH 1 CHMBOJII-
k. oMy HaseskaTh TepMinn «audepenmany, «audepeHIiaIbe Tuce-
HHsT», «TudepeHIiaibue PiBHAHHI», «DYHKITiT», «KOOPJAUHATH» Ta iH.

JITIIIIIIT, Pynoasd Orro Curismywns (Lipschitz Rudolf Otto
Sigismund; 1832 — 1903) — mimernpkuii MareMaTuk. ABTOD BayKJIMBUX
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parb 3 MATEMATUIHOTO aHaJi3y, Teopil uuces, audepeHItiaIbHuX PiB-
HaHb (yMoBa JIinmina), TeopeTHIHOT MeXaHIKn.

JITYBLJIJIBb 2Koszed (Liouville Joseph; 1809 — 1882) — dbpaniyss-
KUl MaTeMaTuK. ABTOp BayKJIUBUX IIPAIlh 3 KOMIIEKCHOTO aHAJI3Y, Teo-
pii ances, qudepennianbaux pisasiab (Gopmyna Ocrporpagcskoro — JIi-
yBlwig). [lepmmm crporo 0BiB HEIHTErPOBHICTD y KBAJIPaTypPax JIeadKUX
KJ1aciB gudepentianpbunx piBHgaHb. Paszom 3i 2K. IItypmom po3pobus
TeOpio KpaloBUX 3aJia4 Ha BJIACHI 3HAYEHHS JUIA JIHIMHUX qudepeHIii-
AJbHUX PIBHAHD JPYroro nopaiaky (3agada lrypma — JIiysisis).

JIATIYVHOB Ounekcanap MuxaitinoBug (1857 — 1918) — pociit-
CHbKWIT MATEMATHUK 1 MeXaHIK. 3AaCHOBHUK MaTEeMATHIHOI Teopil cTiffkocTi
PYXY, aBTOP BaXKJUBUX JIOCJI2KEHDb MTPo (Dirypu piBHOBATH PiTUHU, IO
PiBHOMIpHO 00EPTAETHC.

HBIOTOH Icaak (Newton Isaac; 1643 — 1727) — anruificexuii di-
31K, MATEMATHK, MEXaHIK, aCTPOHOM. 3aKJaB TEOPETUIHI OCHOBU MeXa-
HIKZ 1 aCTPOHOMII, BIIKPHUB 3aKOH BCECBITHBOTO TSKIiHHS, paszoMm i3 Jleii-
OHiIlEM BBaYKAETHCS TBOPIEM JIMMEPEHIAIHHOTO Ta IHTErPAILHOTO -
c/ieHb. BuHANWIIOB MeTO T iHTerpyBaHHs UM EPEHITIaIbHIX PIBHIHD PO3-
BUHEHHSM iX PO3B’g3KiB y CTEIEHEB] PsIIN.

OCTPOTPAICBKUMN Muxaitio BacuiboBudg (1801 -
1862) — ykpaiucokuii i pociiicbkuiit maremaruk (pomom 3 Iosrasmumm),
ajier [lerepOyp3bkol AkajeMil HayK Ta HaraTboX 3aKOPIOHHUX aKaIeMiit
HayK. Po3B’s3aB HU3KY BarKJIUBUX 3319 MATEMATUYIHOI (i3uKu, Teopil
spnvaitaux audepeniiaabaux piBHsaHb (hopmysna OcTporpajcbKoro —
JliyBljist), BapiariiHOro Yuc/eHHs, TEOPETUIHOI MEXAHIKU. 3alPOIIOHY-
BaB CIOCIO 3BeIEHHS HEOTHOPITHOT KpaifoBol 3a1ati 10 OJHOPITHOT.

ITEAHO [xxy3zenme (Peano Giuse; 1858 — 1932) — irasiiicbkuii
MaTeMaThK. 3aIPOIIOHYBaB CUCTEMY aKCIOM apU(PMETHKH, TOBIB TEOpEMY
icuyBaHHsT Po3B’sA3Ky 3aja4i Kol muis mudepenIiagabHOro piBHAHHS 3
HEIIEPEPBHOIO IIPABOI0 YACTUHOIO.

IIYAHKAPE Amnpi 2Kioas (Poincare Henri Jules; 1854 — 1912) —
dpanmnyspkuit Mmaremaruk, $izuk, actporom i disocod. ABTop momHa
1000 mparmp 3 audepeHniaabHUX pPiBHAHB, TEOpil IMOTeHIIaIiB, MaTeMa-
Tanol ¢dizuku, HebecHol Mexaniku. OJH 3 3aCHOBHUKIB SIKICHOI TeOpil
JudepeHItiagbHIX PiBHAHD.

MMOADPD Worauu ®pigpix (Pfaff Johann Friedrich; 1765 —
1825) — mimenpkuii Maremaruk i acrpoHom. Bimomwmit mocstipKeHHAMI
3 reopil audepentianbuux pisaganb (pisusuans [Idadda).

PAYC Epsapn Jdxxou (Routh Edward John; 1831 — 1907) — an-
raificbKuit Mexanik i MaremaTuk. Bimomuit mpargmu 3 T€OPETHIHOT Me-
xaniku. 3aiimaBcga 1pobiaeMamMu crifikocri piBHOBaru i pyxy (Kpurepiii
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Payca — I'ypsina). BeranoBuB crierjasbHuit aJropuTs Jijisi BUSHAUEHHS
KLIHBKOCTI KOPEHIB aJreOPUTIHOTO PIBHAHHS, fKi MAalOTh JOJATHI JificHi
vqacTuau (Teopema Payca).

PIKKATI /Ixakomo ®Ppanuecko (Riccati Jacopo Francesco;
1676 — 1754) — iraniiicbkuii MaTemaTuk Ta imzkenep. OcHoBHi npari cro-
CYIOTHCsI IHTErPaJbHOTO YUCJICHHS 1 qudepeHIiajlbHuX PiBHAHD, 30KPe-
Ma BiH aBTOp JOCJI/IZKEHHSI IIPO IHTEI'POBHICTH Y KBaJpaTypax OJHOIO
KJsacy sudepeHIiaibHIX PIBHIHB HEPINOro MOPsIKY (creniajbHe piBHs-
uug Pikkari).

CUJIBBECTP [Ixeiimc xo3ed (Sylvester James Joseph;
1814 — 1897) — anruiiicbkuit Maremarux. OcHoBHI mpari 3 aarebpu (Kpu-
tepiit CusibBecTpa), Teopil ducest, Teopil fiMoBipHOCTEl, MeXaHIKM 1 Ma-
TeMaTUIHOI (hi3UKH.

TENJIOP Bpyxk (Taylor Brook; 1685 — 1731) — anruifichkuii ma-
remaruk. Busis 3aranbiy dbopmyiy (dbopmysna Teisiopa) po3sunenHst
dyukuiit y crenenesi psaau (psau Teitsopa), 3anodarkyBaB MaTeMaTU-
YHY TEOPil0 KOJNBAaHHS CTPYHU.

®PEATI'OJIBM Epik Isap (Fredholm Erik Ivar; 1866 — 1927) —
IBEJCHKNI MaTeMaTHK. 3aCHOBHUK 3arajbHOI Teopil JHIfHMX iHTe-
rpajbux piBaganb (piBusung Ppeprosbma, reopemu Ppegrosbma).

OYP’€ 2Kan Barucr 2Kozed (Fourier Jean Baptiste Joseph;
1768 — 1830) — dpaniyspkuit maremarux. HaijiBaromimi pesysibraru
OTpUMAaB y MaTeMaTudHii (dizuri. 30kpema, BUBIB Judepeniiagbae pis-
HSIHHS TEIJIONPOBITHOCTI, PO3POOUB METOI PO3B’A3yBaHHH IIHOI0 PiBHS-
HHsI IIDH TIeBHEX KpaiioBux ymosax (merox ®yp’e). Moro inei cramu mo-
TYKHUM IHCTPYMEHTOM MATEMATUIHOTO JIOCT/IXKEHH HAPI3HOMAaHITHI-
MUX 33729, OB’ A3aHNX 3 XBUJISIMA 1 KOJTMBAHHSIMI.

XOII® E6Gepxapxa (Hopf Eberhard; 1902 — 1983) — nimerpruii i
aMepuKaHChbKHiT MaTeMaTnk. OCHOBHI POOOTH CTOCYIOTHCS Teopil JnHa-
MIYHHX CHCTeM i JudepeHIiaJbHuX PIBHAHD 3 YACTUHHUMU ITOXITHIMHU.

IIITVPM 2Kak Hlapae Ppancya (Sturm Jacques Charles
Frangois; 1803 — 1855) — mBeiinapcokuit maremaruk. OcHOBHI nparii mpu-
CBAYEHI 3a/1a9aM MaTeMaTHYHO! Pi3NKM Ta MOB’d3aHUM 3 HUMH Kpaiio-
BHM 33/la9YaM Ha BJIACHI 3HAUEHHS JIJId 3BUYAIHIX JU(epPEHITiaJbHIX PiB-
HaHb (3amaua rypma — Jliysiust). 3akiaB OCHOBH TeOpil KOJMBHOCTI
PO3B’s13KiB MiHITHIX IudepeHItiagbHuX PIBHIHb.

AKOBI Kapu I'ycraB ko6 (Jacobi Carl Gustav Jacob; 1804 —
1851) — miMenpKuit MaTeMaTUK. Mowmy HaseskaTh BiAKPHTTS B TeOpil um-
ces1, anreOpi, BapiamiifHOMy YHCJIEHHI, IHTerpajJbHOMY YHCJIEHHI Ta Teo-
pii mudepennianbanx piBHAHL. JlocmiKyBaB IndepenniaabHi piBHAHHA
IUHAMIKH, PO3POOUB HOBI METONIN 1X PO3B’SI3yBaHHS.
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