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PREFACE

This book presents original studies on the leading edge of linear algebra. Each chap-
ter has been carefully selected in an attempt to present substantial research results across a
broad spectrum. The main goal of Chapter One is to define and investigate the restricted
generalized inverses corresponding to minimization of constrained quadratic form. As
stated in Chapter Two, in systems and control theory, Linear Time Invariant (LTI) descrip-
tor (Differential-Algebraic) systems are intimately related to the matrix pencil theory. A
review of the most interesting properties of the Projective Equivalence and the Extended
Hermite Equivalence classes is presented in the chapter. New determinantal representa-
tions of generalized inverse matrices based on their limit representations are introduced in
Chapter Three. Using the obtained analogues of the adjoint matrix, Cramer’s rules for the
least squares solution with the minimum norm and for the Drazin inverse solution of sin-
gular linear systems have been obtained in the chapter. In Chapter Four, a very interesting
application of linear algebra of commutative rings to systems theory, is explored. Chap-
ter Five gives a comprehensive investigation to behaviors of a general Hermitian quadratic
matrix-valued function by using ranks and inertias of matrices. In Chapter Six, the theory of
triangular matrices (tables) is introduced. The main characters” of the chapter are special
triangular tables (which will be called triangular matrices) and their functions paradetermi-
nants and parapermanents. The aim of Chapter Seven is to present the latest developments
in iterative methods for solving linear matrix equations. The problems of existence of com-
mon eigenvectors and simultaneous triangularization of a pair of matrices over a principal
ideal domain with quadratic minimal polynomials are investigated in Chapter Eight. Two
approaches to define a noncommutative determinant (a determinant of a matrix with non-
commutative elements) are considered in Chapter Nine. The last, Chapter 10, is an example
of how the methods of linear algebra are used in natural sciences, particularly in chemistry.
In this chapter, it is shown that in a First Order Chemical Kinetics Mechanisms matrix,
all columns add to zero, all the diagonal elements are non-positive and all the other ma-
trix entries are non-negative. As a result of this particular structure, the Gershgorin Circles
Theorem can be applied to show that all the eigenvalues are negative or zero.

Minimization of a quadratic form (z,T'z) + (p, z) + a under constraints defined by
a linear system is a common optimization problem. In Chapter 1, it is assumed that the
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operator 7' is symmetric positive definite or positive semidefinite. Several extensions to
different sets of linear matrix constraints are investigated. Solutions of this problem may
be given using the Moore-Penrose inverse and/or the Drazin inverse. In addition, several
new classes of generalized inverses are defined minimizing the seminorm defined by the
quadratic forms, depending on the matrix equation that is used as a constraint.

A number of possibilities for further investigation are considered.

In systems and control theory, Linear Time Invariant (LTI) descriptor (Differential-
Algebraic) systems are intimately related to the matrix pencil theory. Actually, a large
number of systems are reduced to the study of differential (difference) systems S (F, G) of
the form:

S(F,G) : Fi(t) = Gx(t) (or the dual Fo = Gi(t)),

and
S(F,G): Friy, = Gy (orthe dual Fxy, = Grgyq), F,G € C™*"

and their properties can be characterized by the homogeneous pencil sF'— $G. An essential
problem in matrix pencil theory is the study of invariants of sF'—5G under the bilinear strict
equivalence. This problem is equivalent to the study of complete Projective Equivalence
(PE), &p, defined on the set C, of complex homogeneous binary polynomials of fixed
homogeneous degree r. For a f (s,§) € C,., the study of invariants of the PE class Ep is
reduced to a study of invariants of matrices of the set C**? (for k > 3 with all 2 x 2-minors
non-zero) under the Extended Hermite Equivalence (EHE), £.;. In Chapter 2, the authors
present a review of the most interesting properties of the PE and the EHE classes. Moreover,
the appropriate projective transformation d € RGL (1, C/R) is provided analytically ([1]).

By a generalized inverse of a given matrix, the authors mean a matrix that exists for a
larger class of matrices than the nonsingular matrices, that has some of the properties of the
usual inverse, and that agrees with inverse when given matrix happens to be nonsingular. In
theory, there are many different generalized inverses that exist. The authors shall consider
the Moore Penrose, weighted Moore-Penrose, Drazin and weighted Drazin inverses.

New determinantal representations of these generalized inverse based on their limit rep-
resentations are introduced in Chapter 3. Application of this new method allows us to obtain
analogues classical adjoint matrix. Using the obtained analogues of the adjoint matrix, the
authors get Cramer’s rules for the least squares solution with the minimum norm and for the
Drazin inverse solution of singular linear systems. Cramer’s rules for the minimum norm
least squares solutions and the Drazin inverse solutions of the matrix equations AX = D,
XB = D and AXB = D are also obtained, where A, B can be singular matrices of
appropriate size. Finally, the authors derive determinantal representations of solutions of
the differential matrix equations, X’ + AX = B and X’ + XA = B, where the matrix A
is singular.

Many physical systems in science and engineering can be described at time ¢ in terms
of an n-dimensional state vector z(t) and an m-dimensional input vector u(t), governed by
an evolution equation of the form z/(t) = A - z(t) + B - u(t), if the time is continuous, or
x(t+1) = A-z(t) + B - u(t) in the discrete case. Thus, the system is completely described
by the pair of matrices (A, B) of sizes n x n and n x m respectively.

In two instances feedback is used to modify the structure of a given system (A, B): first,
A can be replaced by A + BF’, with some characteristic polynomial that ensures stability
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of the new system (A + BF, B); and second, combining changes of bases with a feedback
action A — A + BF one obtains an equivalent system with a simpler structure.

Given a system (A, B), let (A, B) denote the set of states reachable at finite time when
starting with initial condition z(0) = 0 and varying u(¢), i.e., (A, B) is the right image of
the matrix [B|AB|A%B| - - -]. Also, let Pols(A, B) denote the set of characteristic polyno-
mials of all possible matrices A + BF', as F varies.

Classically, (A, B) have their entries in the field of real or complex numbers, but the
concept of discrete-time system is generalized to matrix pairs with coefficients in an arbi-
trary commutative ring R. Therefore, techniques from Linear Algebra over commutative
rings are needed.

In Chapter 4, the following problems are studied and solved when R is a commutative
von Neumann regular ring:

e A canonical form is obtained for the feedback equivalence of systems (combination
of basis changes with a feedback action).

e Given a system (A, B), it is proved that there exist a matrix F' and a vector u such
that the single-input system (A + BF, Bu) has the same reachable states and the
same assignable polynomials as the original system, i.e. (A + BF, Bu) = (A, B)
and Pols(A + BF, Bu) = Pols(A, B).

Chapter 5 gives a comprehensive investigation to behaviors of a general Hermitian
quadratic matrix-valued function

#(X)=(AXB+C)M(AXB+C)" +D

by using ranks and inertias of matrices. The author first establishes a group of analytical
formulas for calculating the global maximal and minimal ranks and inertias of ¢(X'). Based
on the formulas, the author derives necessary and sufficient conditions for ¢(X) to be a
positive definite, positive semi-definite, negative definite, negative semi-definite function,
respectively, and then solves two optimization problems of finding two matrices X or X
such that ¢(X) = ¢(X) and ¢(X) < #(X) hold for all X, respectively. As extensions,
the author considers definiteness and optimization problems in the Lowner sense of the
following two types of multiple Hermitian quadratic matrix-valued function

k k *
H( X1, ..., Xp) = (ZA,-X,-B,-+C>M<ZA,-X,-B,-+C> + D,

=1 =1

k
V(X1 ..., XE) = Z (AiX;B; + C; ) M;( AiX;B; + C; )" + D.
=1

Some open problems on algebraic properties of these matrix-valued functions are men-
tioned at the end of Chapter 5.

In Chapter 6, the author considers elements of linear algebra based on triangular tables
with entries in some number field and their functions, analogical to the classical notions of
a matrix, determinant and permanent. Some properties are investigated and applications in
various areas of mathematics are given.
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The aim of Chapter 7 is to present the latest developments in iterative methods for solv-
ing linear matrix equations. The iterative methods are obtained by extending the methods
presented to solve the linear system Az = b. Numerical examples are investigated to con-
firm the efficiency of the methods.

The problems of existence of common eigenvectors and simultaneous triangularization
of a pair of matrices over a principal ideal domain with quadratic minimal polynomials are
investigated in Chapter 8. The necessary and sufficient conditions of simultaneous trian-
gularization of a pair of matrices with quadratic minimal polynomials are obtained. As a
result, the approach offered provides the necessary and sufficient conditions of simultane-
ous triangularization of pairs of idempotent matrices and pairs of involutory matrices over
a principal ideal domain.

Since product of quaternions is noncommutative, there is a problem how to determine
a determinant of a matrix with noncommutative elements (it’s called a noncommutative de-
terminant). The authors consider two approaches to define a noncommutative determinant.
Primarily, there are row — column determinants that are an extension of the classical def-
inition of the determinant; however, the authors assume predetermined order of elements
in each of the terms of the determinant. In Chapter 9, the authors extend the concept of
an immanant (permanent, determinant) to a split quaternion algebra using methods of the
theory of the row and column determinants.

Properties of the determinant of a Hermitian matrix are established. Based on these
properties, analogs of the classical adjont matrix over a quaternion skew field have been
obtained. As a result, the authors have a solution of a system of linear equations over a
quaternion division algebra according to Cramer’s rule by using row—column determinants.

Quasideterminants appeared from the analysis of the procedure of a matrix inversion.
By using quasideterminants, solving of a system of linear equations over a quaternion divi-
sion algebra is similar to the Gauss elimination method.

The common feature in definition of row and column determinants and quasidetermi-
nants is that the authors have not one determinant of a quadratic matrix of order n with
noncommutative entries, but certain set (there are n? quasideterminants, n row determi-
nants, and n column determinants). The authors have obtained a relation of row-column
determinants with quasideterminants of a matrix over a quaternion division algebra.

First order chemical reaction mechanisms are modeled through Ordinary Differential
Equations (O.D.E.) systems of the form: , being the chemical species concentrations vector,
its time derivative, and the associated system matrix.

A typical example of these reactions, which involves two species, is the Mutarotation
of Glucose, which has a corresponding matrix with a null eigenvalue whereas the other one
is negative.

A very simple example with three chemical compoundsis grape juice, when it is con-
verted into wine and then transformed into vinegar. A more complicated example,also
involving three species, is the adsorption of Carbon Dioxide over Platinum surfaces. Al-
though, in these examples the chemical mechanisms are very different, in both cases the
O.D.E. system matrix has two negative eigenvalues and the other one is zero. Consequently,
in all these cases that involve two or three chemical species, solutions show a weak stability
(i.e., they are stable but not asymptotically). This fact implies that small errors due to mea-
surements in the initial concentrations will remain bounded, but they do not tend to vanish
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as the reaction proceeds.

In order to know if these results can be extended or not to other chemical mechanisms,
a possible general result is studied through an inverse modeling approach, like in previous
papers. For this purpose, theoretical mechanisms involving two or more species are pro-
posed and a general type of matrices - so-called First Order Chemical Kinetics Mechanisms
(F.O.C.K.M.) matrices - is studied from the eigenvalues and eigenvectors view point.

Chapter 10 shows that in an FO.C.K.M. matrix all columns add to zero, all the diagonal
elements are non-positive and all the other matrix entries are non-negative. Because of this
particular structure, the Gershgorin Circles Theorem can be applied to show that all the
eigenvalues are negative or zero. Moreover, it can be proved that in the case of the null
eigenvalues - under certain conditions - algebraic and geometric multiplicities give the same
number.

As an application of these results, several conclusions about the stability of the O.D.E.
solutions are obtained for these chemical reactions, and its consequences on the propagation
of concentrations and/or surface concentration measurement errors, are analyzed.
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Chapter 1

MINIMIZATION OF QUADRATIC FORMS
AND GENERALIZED INVERSES

Predrag S. Stanimirovié'* Dimitrios Pappas® ' and Vasilios N. Katsikis>*
University of Nis, Faculty of Sciences and Mathematics, Ni§, Serbia
2 Athens University of Economics and Business
Department of Statistics, Athens, Greece
*National and Kapodistrian University of Athens, Department of Economics
Division of Mathematics and Informatics, Athens, Greece

Abstract

Minimization of a quadratic form (x, Tx) + (p, ) + a under constraints defined by
a linear system is a common optimization problem. It is assumed that the operator T’
is symmetric positive definite or positive semidefinite. Several extensions to different
sets of linear matrix constraints are investigated. Solutions of this problem may be
given using the Moore-Penrose inverse and/or the Drazin inverse. In addition, several
new classes of generalized inverses are defined minimizing the seminorm defined by
the quadratic forms, depending on the matrix equation that is used as a constraint.
A number of possibilities for further investigation are considered.

Keywords: Quadratic functional, quadratic optimization, generalized inverse, Moore-
Penrose inverse, Drazin inverse, outer inverse, system of linear equations, matrix equation,
generalized inverse solution, Drazin inverse solution

AMS Subject Classification: 90C20, 15A09, 15A24, 11E04, 47N10

1. Introduction

It is necessary to mention several common and usual notations. By R"*" (resp. C™*™)
we denote the space of all real (resp. complex) matrices of dimension m x n. If A €

*E-mail address: pecko@pmf.ni.ac.rs
TE-mail address: pappdimitris @gmail.com
YE-mail address: vaskatsikis @econ.uoa.gr
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2 Predrag S. Stanimirovi¢, Dimitrios Pappas and Vasilios N. Katsikis

R™X™ (resp. C™*™), by AT € R™™ (resp. A* € R™ ™) is denoted the transpose (resp.
conjugate and transpose) matrix of A. As it is usual, by A'(A) we denote the null-space of
A, by R(A) the range of A, and ind(A) will denote the index of the matrix A.

1.1. Quadratic Functions, Optimization and Quadratic Forms

Definition 1.1. A square matrix A € C™*™ (resp. A € R"*") is:

1) Hermitian (Symmetric) matrix if A* = A (AT = A),

2) normal, if A*A = AA* (ATA = AAT),

3) lower-triangular, if a;; = 0 for i < j,

4) upper-triangular, if a;; = 0 fori > j,

5) positive semi-definite, if Re (z*Ax) > 0 for all x € C™ 1. Additionally, if it holds
Re (z*Az) > 0 for all z € C™1 \ {0}, then the matrix A is positive definite.

6) Unitary (resp. orthogonal) matrix A is a square matrix whose inverse is equal to its
conjugate transpose (resp. transpose), A=t = A* (resp. A=t = AT).

Definition 1.2. Let A € C™*™. A real or complex scalar \ which satisfies the following
equation
Az =Xz, ie, (A—=X)z=0,

is called an eigenvalue of A, and x is called an eigenvector of A corresponding to .

The eigenvalues and eigenvectors of a matrix play a very important role in matrix theory.
They represent a tool which enables to understand the structure of a matrix. For example,
if a given square matrix of complex numbers is self-adjoint, then there exist basis of C™
and C™, consisting of distinct eigenvectors of A, with respect to which the matrix A can
be represented as a diagonal matrix. But, in the general case, not every matrix has enough
distinct eigenvectors to enable its diagonal decomposition. The following definition, given
as a generalization of the previous one, is useful to resolve this problem.

Definition 1.3. Let A € C™*™ and \ is an eigenvalue of A. A vector x is called generalized
eigenvector of A of grade p corresponding to )\, or A-vector of A of grade p, if it satisfies
the following equation

(A= APz =0.

Namely, for each square matrix there exists a basis composed of generalized eigenvec-
tors with respect to which, a matrix can be represented in the Jordan form. Corresponding
statement is stated in the following proposition.

Proposition 1.1. [1] (The Jordan decomposition). Let the matrix A € C™*"™ has p distinct

eigenvalues {1, A2, ..., \p}. Then A is similar to a block diagonal matrix J with Jordan
blocks on its diagonal, i.e., there exists a nonsingular matrix P which satisfies
Jiy (A1) 0 e 0
AP =PJ = Jia(%e) Y }
o0 o]
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Minimization of Quadratic Forms and Generalized Inverses 3

where the Jordan blocks are defined by

Ao 1 0 0

0o XN 1 0
I (Ni) = ) :

0 0 A 1

and the matrix J is unique up to a rearrangement of its blocks.

The following Proposition 1.2 gives us an alternative way to obtain even simpler decom-
position of the matrix A, than the one given with the Jordan decomposition, but with respect
to a different basis of C™. This decomposition is known as the Singular Value Decompo-
sition (SVD shortly) and it is based on the notion of singular values, given in Definition
1.4.

Definition 1.4. Let A € C™*" and {1, ..., \p} be the nonzero eigenvalues of AA*. The
singular values of A, denoted by o;(A), i = 1,...,pare defined by

Proposition 1.2. (Singular value decomposition) [1] Let A € R™*™ be a matrix with
singular values {01, ..., 0,}. Then there exist orthogonal matrices U € R™*™ and V' €
R™ ™ such that

A=UxvVT

where Y. is a nonsquare diagonal matrix

o1 : 0

Or

0 : 0

A square matrix 7' of the order n is symmetric and positive semidefinite (abbreviated
SPSD and denoted by 7" > 0) if

vITy >0 forall v € R™.
T is symmetric and positive definite (abbreviated SPD and denoted by T" > 0) if
vITv >0 forall v € R*, v #0.

Recall that a symmetric matrix T is positive definite if and only if all its eigenvalues are
nonnegative. The corresponding minimization problem, stated originally in linear algebra
and frequently used in many scientific areas, is to minimize the quadratic form

1 1
§.Z‘TT.CL‘—|—pT.CL‘—|—(I:§<.CL‘,T.CL‘>—|—pT.CL‘—|—(I (1.1
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4 Predrag S. Stanimirovi¢, Dimitrios Pappas and Vasilios N. Katsikis

with respect to unknown vector x € R"™. Here T is a square positive definite matrix of the
order n, p € R™ is a vector of length n and a is a real scalar. Optimization problem (1.1) is
called an unconstrained quadratic optimization problem.

Let z,p,a € R™ are real vectors and 7" is a symmetric n x n matrix. The linearly
constrained quadratic programming problem can be formulated as follows (see, for exam-
ple, [2]):

Minimize the goal function (1.1) subject to one or more inequality and/or equality con-
straints defined by two n x n matrices A, E/ and two n-dimensional vectors b, d:

Ax <b
EFx =d.

Notice that in the general Quadratic Programming model (QP model shortly) we can
always presume that 7" is a symmetric matrix. Indeed, because

1
T Tr = §xT(T +T7)z.

it is possible to replace T' by the symmetric matrix T’ = %(T +17).

Proposition 1.3. An arbitrary symmetric matrix T is diagonalizable in the general form
T = RDRY, where R is an orthonormal matrix, the columns of R are an orthonormal
basis of eigenvectors of T, and D is a diagonal matrix of the eigenvalues of T

Proposition 1.4. If T € R™*" is symmetric PSD matrix, then the following statements are
equivalent:

DT = MMT, for an appropriate matrix M of the order M € R™ ¥ | > 1.
2) v Tv > 0 forallv € R*, v # 0.

3) There exist vectors v;, i = 1,...,n € R¥ (for some k > 1) such that T;; = viij for all
t,7=1,...,n. Thevectorsv;, 1 = 1,...,n, are called a Gram representation of T

4) All principal minors of T are non-negative.

Proposition 1.5. Let T' € C™*" js symmetric. Then T = 0 and it is nonsingular if and only
if T > 0.

Quadratic forms have played a significant role in the history of mathematics in both
the finite and infinite dimensional cases. A number of authors have studied problems on
minimizing (or maximizing) quadratic forms under various constraints such as vectors con-
strained to lie within the unit simplex (see Broom [3]), and the minimization of a more
general case of a quadratic form defined in a finite-dimensional real Euclidean space under
linear constraints (see e.g. La Cruz [4], Manherz and Hakimi [5]), with many applica-
tions in network analysis and control theory (for more on this subject, see also [6,7]). In a
classical book on optimization theory, Luenberger [8], presented similar optimization prob-
lems for both finite and infinite dimensions. Quadratic problems are very important cases
in both constrained and non-constrained optimization theory, and they find application in
many different areas. First of all, quadratic forms are simple to be described and analyzed,
and thus by their investigation, it is convenient to explain the convergence characteristics
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Minimization of Quadratic Forms and Generalized Inverses 5

of the iterative optimization methods. The conjugate gradient methods invariably are in-
vented and analyzed for the purely quadratic unconstrained problem, and then extended, by
approximation, to more general problems, etc.

Applicability of the quadratic forms can be observed in other practical areas such as:
network analysis and control theory [4,5,9], the Asset Pricing Theory and Arbitrage Pricing
Theory [10], etc.

1.2. Short Overview of Generalized Inverses and Underlying Results

As previously mentioned, the main idea of defining generalized inverses originates from
the need to solve the problem of finding a solution of the following system

Az = b, (1.2)
where A € C™*" and b € C™.

Definition 1.5. For a given matrix A € C"*", the inverse of the matrix A is a square matrix
A=Y such that it satisfies the following equalities

AA =T and A'A=1.

Proposition 1.6. A square matrix A € C™*™ has a unique inverse if and only if det(A) # 0,
in which case we say that the matrix A is nonsingular matrix.

Remark 1.1. In order to distinguish between generalized inverses, the inverse of a matrix
defined with Definition 1.5 will be called the ordinary inverse.

In the case when the matrix A from the system (1.2) is nonsingular, the vector
z = A1),

provides a solution of the system (1.2). However, many problems that usually arise in
practice, reduce to a problem of the type (1.2), where the matrix A is singular, and moreover,
in many cases it is not even a square matrix.

1.2.1. The Moore-Penrose Inverse
Let A € C™*™, The matrix X € C™*™ satisfying the conditions
(1) AXA=A (2) XAX =X (3) (AX)"=A4AX (4) (XA)"'=XA

is called the Moore-Penrose inverse of A and denoted by A,

It is easy to see that AAT is the orthogonal projection of  onto R(A), denoted by Py,
and that AT A is the orthogonal projection of H onto R (A*) noted by Py-. It is well known
that R(A") = R(A4%).

The set of matrices obeying the equations defined by the numbers contained in a se-
quence S from the set {1, 2, 3,4} is denoted by A{S}. A matrix from A{S} is called an
S-inverse of A. An arbitrary S-inverse of A of A is denoted by A(S).
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6 Predrag S. Stanimirovi¢, Dimitrios Pappas and Vasilios N. Katsikis

If A commutes with AT, then A is called an EP matrix. EP matrices constitute a wide
class of matrices which includes the self adjoint matrices, the normal matrices and the
invertible matrices. Since the symmetric matrices are EP, the positive matrix 7" in the
quadratic form studied in this work is EP. It is easy to see that for EP matrices we have
the following:

Ais EP & R(A) = R(A*) & N(A) = N(A*) & R(A) ON(A) =H.  (1.3)

Let A be EP. Then, A has a matrix decomposition with respect to the orthogonal decompo-
sition H = R(A) ® N (A):
_ |4 0 | R(4) R(A)
=[5 ] [ - [V
where the operator A; : R(T') — R(T) is invertible. Moreover,
AT 0 R(A) R(A)
t_ | “h .
a=15 a RE AR ]

Lemma 1.1. Let A € C™*" be an arbitrary matrix. Then the following properties are
valid.

1) (AN = A, (Ah)* = (49)1;
2) (AA*)T = (A*)TAT, (A*A)T = AT(A*)T;
3) ATAA* = A* = A*AAT;
4) AT = (A*A)TA* = A*(AAM)T;
S5)N(AAT) = N(AT) = N(A*) = R(A)
6) R(AA*) = R(AAM) = R(A), rank(AAM) = rank(AM A) = rank(A);
7) AAT = P’R(A*),N(A) and ATA = P’R(A),N(A*)’
Lemma 1.2. Let A € C™*" be an arbitrary matrix. Then the matrix A can be written in
the following way:
A 0] [R(AY) R(A)
a0 o) (Vi) — ) (4
where Ay is invertible. Hence,
AT 0] [R(A) R(A¥)
i [ .
A~ 150 L) = [ )

Let us consider the equation Az = b, A € B(H), where A is singular. If b ¢ R(A),
then the equation has no solution. Therefore, instead of trying to solve the system of linear
equations || Az —b|| =0, we may look for a vector u that minimizes the norm || Az — b||.
Note that the vector u is unique. In this case we consider the equation 7'z = Pp()b, where
Pp4) is the orthogonal projection on R(A).

If the system (1.2) is such that b ¢ R(A), then we search for an approximate solution
of the system (1.2) by trying to find a vector x for which the norm of the vector Az — b is
minimal.
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Definition 1.6. Let A € C"™*"™ and b € C™. A vector I, which satisfies the equality

A% — b||? = min |4z — b||°. 1.5
|AZ — b| xrggCI}LII -0 (1.5)

is called a least-squares solution of the system (1.2).
The next lemma gives a characterization of all least-squares solutions of the system (1.2).

Lemma 1.3. The vector x is a least-squares solution of the system (1.2) if and only if = is
a solution of the normal equation, defined by

A* Az = A*b. (1.6)

The following proposition from [11] shows that || Az — b|| is minimized by choosing
& = AL3)p, thus establishing a relation between the {1, 3}-inverses and the least-squares
solutions of the system (1.2).

Proposition 1.7. [11] Ler A € C"™*", b € C™. Then ||Az — b|| is smallest when x =
A3 where A1) € A{1,3}. Conversely, if X € C"™ ™ has the property that, for all b,
the norm || Ax — b|| is smallest when x = X b, then X € A{1, 3}.

Since AM3)-inverse of a matrix is not unique, a system of linear equations can have
many least-squares solutions. However, it is shown that among all least-squares solutions
of a given system of linear equations, there exists only one such solution of minimum norm.

Definition 1.7. Let A € C™*"™ and b € C™. A vector &, which satisfies the equality

|2]* = min [l[|*. (1.7)

is called a minimum-norm solution of the system (1.2).

The next proposition establishes a relation between {1, 4 }-inverses and the minimum-
norm solutions of the system (1.2).

Proposition 1.8. [11] Let A € C™™, b € C™. If Ax = b has a solution for x, the
unique solution for which ||z|| is smallest is given by x = ALY, where ALY ¢ A{1, 4}.
Conversely, if X € C™™ is such that, whenever Ax = b has a solution, v = Xb is the
solution of minimum-norm, then X € A{1,4}.

Joining the results from Proposition 1.7 and Proposition 1.8 we are coming to the most
important property of the Moore-Penrose inverse.

Corollary 1.1. [12] Let A € C™*™, b € C™. Then, among the least-squares solutions
of Az = b, Ab is the one of minimum-norm. Conversely, if X € C™ ™ has the property

that, for all b, the vector Xb is the minimum-norm least-squares solution of Ax = b, then
X = Al

The next proposition, characterizes the set of all least-squares solutions of a given sys-
tem of linear equations.
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Proposition 1.9. [13,14] If R(A) is closed then the set S of all least-squares solutions of
the system Az = b is given by

S=ATb@N(A) ={ATb+ (I - ATA)y: y € H},
where NV (A) denotes the null space of A.

The following two propositions can be found in Groetsch [15] and hold for operators
and matrices:

Proposition 1.10. Let A € B(H) and b € H. Then, for u € H, the following are equiva-
lent:

(i) Au = Ppqb

(i) [|Au — b[| <[| Az —b||,Vz € H

(i) A* Au = A",

Let B = {u € H|T*Tu = T*b}. This set of solutions is closed and convex, therefore,
it has a unique vector with minimal norm. In the literature, Groetsch [15], B is known as
the set of the generalized solutions.

Proposition 1.11. Let A € B(H),b € H, and the equation Ax = b. Then, if AT is the
generalized inverse of A, we have that Atb = w, where u is the minimal norm solution.

This property has an application in the problem of minimizing a symmetric positive
definite quadratic form (x, T'x) subject to linear constraints, assumed consistent.

Another approach to the same problem is the use of a 7(1:3) inverse. In this case T'(1:3)b
is a least squares solution for every b € ‘H. The following Proposition can be found in [11],

Chapter 3.

Proposition 1.12. [11] Let T € B('H) with closed range and b € H. A vector x is a least
squares solution of the equation Tx = b iff Tx = Pr()b = TT 13,
Then, the general least squares solution is

=Ty 4+ (I —TE3IT)y,
where vy is an arbitrary vector in 'H.

A vector z is a least-squares solution of 7'z = b if and only if z is a solution of the
normal equation 7™ T'x = T*b. Therefore, the least squares solutions set, defined in Propo-
sition 1.10, is identical with the set defined in Proposition 1.12. In addition, we will also
make use of a 714 inverse. In this case 714 is the minimal norm solution of the equa-
tion Tx = b for every b € R(T). The following Proposition can also be found in [11],
Chapter 3.

Proposition 1.13. [11] Let T' € B(H) with closed range and b € 'H. If the equation
Tx = b has a solution for x, the unique solution for which ||x|| is smallest is given by
x =T,
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In the rest of this section we will also need to present the notion as well as the basic
properties of the weighted Moore-Penrose inverse of a matrix A € C™*" with respect to
two Hermitian positive definite matrices M € C™*™ and N € C"*" denoted by X =
AR[ n satisfying the following four equations (See [16] page 118, exercise 30, or [17]
section 3. For computational methods see e.g. [18], and for more on this subject, see [19,
20]):

AXA=A, XAX =X, (MAX)"=MAX, (NXA*=NXA  (18)

It is also known (see e.g., [11]) that
_I.
Ay = N3 (MBANTE) M3,

In this case, AR[ N0 1s the M-least squares solution of Az = b which has minimal /N-norm.

This notion can be extended in the case when M and N are positive semidefinite ma-
trices: in this case, X is a matrix such that X bis a minimal N semi-norm, M -least squares
solution of Ax = b. Subsequently, X must satisfy four conditions from (1.8) (See [16]
page 118, exercises 31-34). When N is positive definite, then there exists a unique solution
for X.

Another result used in our work is that, wherever a square root of a positive operator A
is used, and since EP operators have index equal to 1, we have R(A) = R(A?) (see Ben
Israel [11], pages 156-157).

As mentioned above, a necessary condition for the existence of a bounded generalized
inverse is that the operator has closed range. Nevertheless, the range of the product of two
operators with closed range is not always closed. In Bouldin [21] an equivalent condition
is given. This condition is restated in Proposition 1.14.

Proposition 1.14. [21] Let A and B be operators with closed range, and let
H; =N(A)NN(A)NRB))* =N(A) @ R(B).
The angle between H; and R(B) is positive if and only if AB has closed range.
A similar result can be found in Izumino [22], this time using orthogonal projections.

Proposition 1.15. [22] Let A and B be operators with closed range. Then, AB has closed
range if and only if AY ABB' has closed range.

We will use the above two results to prove the existence of the Moore- Penrose inverse
of appropriate operators which will be used in our work.

Another tool, used in this work, is the reverse order law for the Moore-Penrose in-
verses. In general, the reverse order law does not hold. Conditions which enable the reverse
order law are described in Proposition 1.16. This proposition is a restatement of a part of
Bouldin’s theorem [23] that holds for both operators and matrices.
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Proposition 1.16. Let A, B be bounded operators on H with closed range. Then the reverse
order low (AB)' = BT AT holds if and only if the following three conditions hold:

(i) The range of AB is closed,

(i) AT A commutes with BB*,

(iii) BB commutes with A* A.

A corollary of Proposition 1.14 is the following proposition that can be found in
Karanasios-Pappas [24] and we will use it in our case. We will denote by LatT the set
of all closed subspaces of the underlying Hilbert space H invariant under 7.

Proposition 1.17. Let A, T € B(H) be two operators such that A is invertible and T' has
closed range. Then

(TA) = ATt ifand onlyif R(T) € Lat (AA*).

1.2.2. The Drazin Inverse

Apart from the Moore-Penrose inverse and A(“J%) inverses, a very useful kind of in-
verse, with properties analogous to the usual inverse, is the Drazin inverse. Let A € R™*"
and k£ = ind(A). The matrix X € R"™*" satisfying the conditions

(1k) Akx A= A* (2) XAX=X (5) AX=XA
is called the Drazin inverse of the matrix A and it is denoted by A" .

Proposition 1.18. If A is a matrix of index k, then the vector APb is a solution of the
equation
ARy = Akp, (1.9)

for all b, in which case the equation (1.9) and the vector APb are respectively called the
general normal equation and the Drazin-inverse solution of the system Az = b.

In the next lemma we give the main properties of the Drazin inverse.
Lemma 1.4. Let A € C"*" and p = ind(A). The following statements are valid:
DA'XA=Aforalll > p

2) R(AY) = R(ATY), N(AY) = N(A™Y) and rank(A') = rank(A™Y), forall | > p.
Moreover, p is the smallest integer for which the equalities hold.

3) The matrix A can be written in the following way:

T I R

where Ay is invertible, and N is nilpotent matrix. The Drazin inverse of A is defined

b
e - )
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4) for all X # 0, a vector x is a X" -vector of AP of grade s if and only if it is a A\-vector
of A of grade s, and x is a 0-vector of AP if and only if it is a 0-vector of A (without
regard to grade).

It is important to note that the block form (1.10) of the matrix A can be easily obtained by
the Jordan decomposition of A.

Despite the spectral properties, the Drazin inverse, in some cases, it also provides a
solution of a given system of linear equations. Namely for A € C™"*"™ and b € C", as it was
shown in [16], APb is a solution of the following system

Az =b, wherebe R(AP),p=ind(A). (1.11)

and we call it the Drazin-inverse solution of the system (1.11). Also, since this is the only
case, when the Drazin-inverse provides a solution to the given system, we call the system
(1.11), a Drazin-consistent system.

The Drazin inverse has many applications in the theory of finite Markov chains as well
as in the study of differential equations and singular linear difference equations [16], cryp-
tography [25] etc.

An application of the Drazin inverse in solving a given system of linear equations natu-
rally arises from the minimal properties of the Drazin inverse. For this purpose, we present
main results from the paper [26], where corresponding results for the Drazin-inverse solu-
tion, to the ones presented for the Moore-Penrose inverse solution, are established.

Theorem 1.1. Let A € C™ ™ withp = ind(A). Then APb is the unique solution in R AP)
of the system
APy = AP, (1.12)

Theorem 1.2. Let A € C™*"™, b € C" and p = ind(A). The set of all solutions of the
equation (1.12) is given by
x = APb+ N(4P). (1.13)

Since (1.12) is analogous to (1.9), we shall call the solution (1.12) as the generalized normal
equations of (1.11).

Let A = PJP~! be the Jordan decomposition of the matrix A. We denote ||z||p =
1P~ a]].

Theorem 1.3. [26] Let A € R™*™ with p = ind(A). Then & satisfies

b— Az||p = ' b—A
b Adlp = min b Asp

if and only if % is the solution of the equation
APl = APh, 2 € N(A) + R(APT).

Moreover, the Drazin-inverse solution x = APb is the unique minimal P-norm solution of
the generalized normal equations (1.12).
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Corollary 1.2. [26] Let A € C™", p = ind(A) and b € R(A). Then the inequality
lz|lp > ||APb||p holds for all solutions x of the system (1.12), i.e., APb is the unique
minimum P-norm solution of the system of equations (1.12).

Lemma 1.5. [27] Let A € R™*™ with ind(A) = k. Then the general solution of
Az =b, be R(A¥), k =ind(A) (1.14)
is given by
z=APb+ A (1 - APA) 2,
where z is an arbitrary vector. In particular, the minimal P-norm solution of (1.14) is
presented by Top = ADPp.

A unified representation theorem for the Drazin inverse was derived in [28]. This gen-
eral representation of the Drazin inverses leads to a number of specific expressions and
computational procedures for computing the Drazin inverse.

1.3. The Ag’ )S-Inverse

Recall that, for an arbitrary matrix A € C™*", the set of all outer inverses (or also
called {2}-inverses) is defined by the following

A2} = {X e C"™™ : XAX = X}. (1.15)

With A{2}, we denote the set of all outer inverses of rank s and the symbol A(?) stands for
an arbitrary outer inverse of A.

Proposition 1.19. [11] Let A € CI™*™, U is a subspace of C" of dimensiont < r and V
is a subspace of C™ of dimension m —t, then A has a {2}-inverse X such that R(X) =U
and N (X) =V ifand only if AU &V = C™, in which case X is unique and it is denoted

by Ag)v

Lemma 1.6. Let A € C™*" be an arbitrary matrix, U is a subspace of C" and V is
a subspace of C™ such that AU ® V. = C™. Then the matrix A can be written in the
following way:

Ay 0] U AU
AN[O AQ]. NAZ, A H[V], (1.16)
where Ay is invertible. Moreover,
-1
2 _[AT 0] JAU u
a8 %53 V] vagya

The outer generalized inverse with prescribed range U and null-space V' is a generalized
inverse of special interest in matrix theory. The reason of the importance of this inverse is
the fact that: the Moore-Penrose inverse A, the weighted Moore-Penrose inverse A;w N

)

the Drazin inverse A", the group inverse A*, the Bott-Duffin inverse Agz)l and the gener-

alized Bott-Duffin inverse AEJLF)) ; are all {2}-generalized inverses of A with prescribed range
and null space.
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Lemma 1.7. Let A € C"™ and p = ind(A). Then the following representations are

valid:

DA = A iy

2) AR[,N = AgzN—lA*M),N(N—lA*M)’

3 AP = A iy

4) A# = AgggAWA) if and only if p = 1.

1.4. Semidefinite Programming
The source of main topic of this work is included in the so called semidefinite program-
ming. In order to clarify restated results, it is necessary to restate basic facts and notions.

The scalar (inner) product of two matrices A, B € C™*" is defined by

(A,B) =>"> aijb; = Tr(A"B).

i=1 j=1

Frobenius norm of a matrix A is defined as | A||p = /(4, A).

The semidefinite programming (SDP) problem is the problem of optimizing a linear
function of a symmetric matrix subject to linear constraints. Also, it is assumed that the
matrix of variables is symmetric positive semidefinite. The unconstrained semidefinite op-
timization problem can be stated in the general form

minimize f(X)

. (1.17)
subjectto X >0,

where f(X) : R™"™ — R is a convex and differentiable function over the cone of positive
semidefinite matrices. A constrained version of the problem (1.17) is called a semidefinite
program (SDP) if both the function f as well as the constraints are linear and possesses the

form
minimize f(X)

subject to hi(X)=0,i€el (1.18)
X =0.
Here, X belongs to the space of symmetric n X n matrices, denoted by S™*", each of the
functions h; is real-valued affine function on S™*™ and I denotes the set of indices.

The typical form of a semidefinite program is a minimization problem of the form

minimize (C, X)

subject to (A;, X)=bj, j=1,...,m (1.19)
X =0.
Here A4, ..., A, €S™ are given n X n symmetric matrices and b= [bl, ey bm] Te R™is a

given vector.
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The SDP problem has been studied extensively due to its practical applicability in var-
ious fields [29-31]. Various algorithms have been proposed for solving SDP, where the
interior point method is one of the efficient methods for SDP, and it possesses polyno-
mial complexity (see, for example, [29-32]). An algorithm for solving general large—scale
unconstrained semidefinite optimization problems efficiently is proposed in [33]. The algo-
rithm is based on a hybrid approach and combines Sparse approximate solutions to semidef-
inite programs, proposed by Hazan (2008), with a standard quasi-Newton algorithm.

Semidefinite programming theoretically subsumes other convex techniques such as lin-
ear, quadratic, and second-order cone programming.

In the present monograph, we are interested to solve some SDP problems whose solu-
tions are based on the usage of various classes of generalized inverses.

1.5. Organization of the Paper

The organization of the remainder of this work is the following. In the second section
we give an overview of notation and definitions and some known results, which are related
to our analysis. The third section is devoted to the T-restricted weighted Moore-Penrose
Inverse, which is introduced and investigated in [34,35]. The fourth section is presenting the
T-restricted weighted Drazin inverse of a matrix. Some possible generalizations of results
surveyed in sections 3 and 4 as well as opportunities for future research are presented in
Section 5. Finally we will end this work with several conclusions.

2. Overview of Known Results of Quadratic Optimization
and Preliminary Results

According to the minimality of the Frobenius norm of the pseudo-inverse [36], the
generalized inverse can be computed as a solution of a certain matrix-valued quadratic
convex programming problem with equality constraints. If m > n then AT is a solution of
the following optimization problem (2.1) with respect to X € C"*"

minimize || X||%

. 2.1)
subject to A"AX = A",

where || X || 7 denotes the Frobenius norm of X . In the case m < n, if Y is a solution of the
following optimization problem (2.2) with respect to X € C™*"

minimize || X|%
] 2.2)
subject to AA*X = A,
then AT = Y*.

An interesting usage of inner generalized inverses in constrained quadratic optimization
problems restricted by some linear constraints is investigated in [38]. For this purpose, D.J.
Evans introduced the restricted inverse defined in [38] as in the following proposition.
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Proposition 2.1. ([38, Theorem 1]) Let A be positive semidefinite and C be singular. Then
the following constrained quadratic programming problem

. 1 1
min ¢(z) = §<x, Tz) + (p,x) = ixTTx +pla 23)

st. CTe=d

has the solution given by
. — (7)) ) ENe)

If the constraint set CT 2 = d from (2.3) is considered in the particular form Az = b,
required in (1.9), we obtain CT = A and d = b. In addition, we have that p = 0, so that
corresponding solution of the minimization problem, given by Proposition 2.1, is equal to

# = AWb— Py(ay (PyayTPyiay) " PyiayT(A) Vb, 2.4)

If the constraint set CTz = d from (2.3) is considered in the particular form A1y =
A¥b, required in (1.9), we obtain CT = A*+1 and d = AFb. In addition, we have that
p = 0, so that the solution of the minimization problem, given by Proposition 2.1, is equal
to

&= (A DAY — Py arny (Pyarsy TPy (ansny) D Py ariny A(AFTH M AR 2.5)

Nevertheless, since the minimizing vector given by (2.4),(2.5) is derived using a {1}-
inverse, solutions (2.4),(2.5) are not of minimal norm, neither a least squares solution. The
solutions given by {1}-inverses are general solutions of a system of linear equations. So,
we do not expect that the minimizing value of ®(x) using this kind of inverse will give
lower values than the ones given by the generalized inverse introduced in [39,40], which is
based on the usage of outer inverses.

The authors of the paper [41] were considered the minimization problem
Minimize F*RF, F e CM>*™. p*Q = C. (2.6)

Here, R is an M x M Hermitian matrix, () and C are M xn and m X n matrices respectively
satisfying m < M and n < M. In other words, main goal of the paper [41] is to find an
M x m minimizer of the quadratic form F™* RF' subject to the set of n linear constraints
included in the matrix constraint £*Q = C.

In applications where R may be assumed to be strictly positive definite and well-
conditioned, problem (2.6) has a unique solution derived in [42]:

Fy=R'Q(QR1'Q) 7,
F{RFy = (Q*R™'Q) .

In the general case, the matrix R is ill-conditioned or even exactly singular, a particular
minimizer of (2.6) is given by

-1
Fy=(R+QPQ) Q (@ (R+QPQQ) ",
F'RFy=C <(Q (R+QPQ) Q>_1 _ In> C*.
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where P is an arbitrary n X n positive definite matrix.

The constrained quadratic problem of the general form
minimize ®(z) = (z,Tz) + (p, x) + a, (2.7)
subject to the constraint
xesS, S={x: xeR" Ax =10} (2.8)

has been frequently investigated in the literature. It is assumed that a € R, p is a given
vector and 7' is a positive definite or positive semi-definite real matrix or an operator acting
on a separable real Hilbert space.

One approach to solve the problem
minimize ®(z), x € S 2.9

are the, so called, Penalty methods [8], which are actually based on the idea of approxi-

mating the original problem, to the problem of unconstrained optimization, and then using
respective methods in order to solve it.

Quadratic minimization under linear constraints has various applications in electrical
circuits, signal processing and linear estimation (see e.g. [5,43,44])

The fact that the unique solution of the problem (2.7) (without constraints) is also the
unique solution to the linear equation

Tz = p, (2.10)

and hence the quadratic minimization problem is equivalent to a linear equation problem,
motivates the idea of using generalized inverses as a possible methodology for finding the
solution of the problem. An application of the Moore-Penrose inverse for finding a solution
of the problem (2.7), where T is positive definite matrix, was presented by Manherz and
Hakimi [5]. The special case when p = 0 and @ = 0, was investigated in [9]. The authors
in [35], generalized these results to positive operators acting on separable complex Hilbert
spaces, and then proposed a new approach for positive semi-definite operators, where the
minimization is considered for all vectors belonging to /(7). Dependence of the station-
ary points of ® on perturbations of the operator 7" is studied in [45].

When the set S is nonempty, the solution of the problem (2.9) is given in [5]. Moreover,
a more general approach of the same problem when 7' is singular is examined in [46]
making use of {1,3} and {1, 4} inverses.

Now, let us suppose that the set S is empty, then the problem (2.9) does not have a
solution. However, the practical problems that appear can result with a model given by (2.9),
such that the system Ax = b is not consistent. In this case, the constraint set S does not
have a solution, and consequently our problem does not have a solution. For that purpose,
in the present article we analyze different sets of constraints, which give approximation
to the original problem. This approach have led us to dependency between the solution
of the problem given by (2.9), and the Drazin inverse solution A”b of the system (2.8).
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The special case when it is actually a solution of the original problem is also analyzed.
The main idea consists of finding a solution to the problem (2.7) such that minimizes the
vector Ax — b with respect to the P-norm, where P is the Jordan basis of the matrix A.
Consequently, instead of analyzing the constraint set S, it is possible to analyze the normal
Drazin equation of the system Ax = b:

Sp={z: zeR", A"z =A%, k>ind(A)}. (2.11)

In order to find an approximate solution of (2.9), in the present paper we solve the
problem by considering the following minimization problem

minimize ®(z), z € Sp. (2.12)

Obviously the set Sp is nonempty.

Several results on the problem that we will examine in this work are listed in the rest of
this section.

Let T" be a symmetric positive definite matrix. Then, 7" can be written as T' = UDU™,

where U is unitary and D is diagonal. Let D3 denote the positive solution of X2 = D, and
let D2 denote (D%> 1, which exists since 7T is positive definite.

In order to have a more general idea of this problem we will at first examine it for the
infinite dimensional case and then we will consider matrices in the place of operators.

We will consider the case when the positive operator 7' is singular, that is, T is positive
semidefinite. In this case, since N'(T') # (), we have that (z, Tx) = 0, for all z € N (T)
and so, the problem

minimize ®g(z) = (x,Tx), x € S

has many solutions when A/ (T') N S # ().

An approach to this problem in both the finite and infinite dimensional case would be
to look among the vectors x € N (T)+ = R(T*) = R(T) for a minimizing vector for
(x,Tx). In other words, we will look for the minimum of (z, T'z) under the constraints
Az =b,z € R(T).

Using the fact that T" is an E'P operator, we will make use of the first two conditions in
the following proposition that can be found in Drivaliaris et al [47]:

Proposition 2.2. [47] Let T € B(H) with closed range. Then the following conditions are
equivalent:
(i) T is EP.
(ii) There exist Hilbert spaces K1 and L1, unitary Uy € B(K1 ® L1, H) and isomor-
phism Ay € B(K1) such that
T=U;(A1 ®0)U;. (2.13)

(iii) There exist Hilbert spaces Ko and Lo, Us € B(Ko ® Lo, H) isomorphism and
Ay € B(K2) isomorphism such that

T = UQ(AQ @O)UQ*.
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(iv) There exist Hilbert spaces K3 and L3, Us € B(Ks @ L3, H) injective and A3 €
B(K3) isomorphism such that
T=Us(As® O)Uék

Proof. We present a sketch of the proof for (i)=-(ii):
Let IC; = R(T), L1 = N(T), U : K1 ® Ly — H with

Ui(z1, x2) = x1 + 22,

for all z; € R(T) and z3 € N(T), and A1 = T|gery : R(T) — R(T). Since
T is EP, R(T) @+ N (T) = H and thus U is unitary. Moreover it is easy to see that
Uiz = (Prz, Pyryz), for all v € H. It is obvious that A is an isomorphism. A simple
calculation leads to (2.13). m

It is easy to see that when 7' = U;(A; & 0)U; and T is positive, so is Aj, since
(x, Tz) = (x1, A1z1), 21 € R(T).

In what follows, T" will denote a singular positive operator with a canonical form 7' =
U1(A; © 0)U; , R is the unique solution of the equation R? = A; and we can define

R 0
V:[O 0], (2.14)

which implies

R 0
T —
V=15 0]

As in the previous cases, since the two operators A and R are arbitrary, one does not expect
that the range of their product will always be closed.

Using Proposition 2.2, in Theorem 2.1 from [35] is derived the following result con-
cerning constrained optimization of quadratic forms.

Theorem 2.1. [35] Let T = Uy(A1 & 0)U; € B(H) be a singular positive operator, and
the equation Ax = b, with A € B(H) singular with closed range and b € H. If the set

S={zxeN(T)": Az =1}
is not empty, then the problem
minimize (z,Tx), © € S

has the unique solution
_I.
p=uvi (A vi)e,
where V is defined in (2.14), under the assumption that P~ Pr has closed range.

Proof. We have that
<ZL‘, T(L‘> = <ZL‘, Ul(Al S 0)Uffl)>

= (Ui, (A1 © 0)Ujz)
= (Urz, (R*® 0)Usz).
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Further Uz = (z1, z2) and
<UffL‘, (Al SY) 0)UffL‘> = <SL‘1, A1$1>, T € R(T)

Therefore,
(,Tx) = ((R®0)Ufz, (R® 0)Uix)

= <RSL‘1, RSL‘1>
= (y,y),
where y = Rz, withz; € N(T)*.

The problem of minimizing (x, T'z) is equivalent of minimizing || 3 ||? where
y=Rr;=(ROOUjz <= z=U (R '®0)y=UVTy.

As before, the minimal norm solution ¢ is equal to § = (AU1 VT)T b. Therefore,
_I.
7 = vt (AU1VT ) b,

with 77 € S.

We still have to prove that AU; VT has closed range. Using Proposition 1.14, the range
of U; V1 is closed since

1
H; = N(U?)N (/\/(U;) N R(VT))
=0

and so, the angle between U; and V1 is equal to R
From Proposition 1.15 the operator P4+ Pr must have closed range because

ATAU VI, VI = PyUy PRUY
= Py-U1 Py, U7
= PA* PT7

making use of Proposition 1.17 and the fact R(R) = R(A41) = R(T). m

Corollary 2.1. [35] Under all the assumptions of Theorem 2.1 we have that the minimum
value of f(x) = (x, Tx),x € S is equal to || (AUlVT)Tb % .

Proof. One can verify that
fmin(x) = (&, T&) = (L VI AUV b, TUVT(AUL VT TH).
Since T' = U1 (R? @ 0)U7 it can be further derived

fimin(z) = <U1vT (AUlvT )T b,Ui(R & 0)(AU1VT)Tb>
- <PT(AU1VT)Tb, (AUﬂ/T)T b>

= ||(Av, VT TbQ
(aviv)
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Since
VIR®0)=(I®0)=Pr
and
R(AUVHT = R(AUVTY* = R(RU,A*) C R(R) = R(T),
the following holds:

_I.
Pr (AU1VT ) b= (AU, Vb,

The proof is complete. m
The following basic result, presented in Proposition 2.3, can be found in [9]. This result
is a starting point in the investigation of quadratic forms.

Proposition 2.3. [9] Consider the equation Ax = b. If the set
S={zx:Azx =0}
is not empty, then the problem
minimize (x,Tz), x € S (2.15)

has the unique solution
1 1
¢ =UD"2(AUD 2)b,

where T' = U DU™ is the decomposition of T derived in Proposition 1.3.
Proof. Using T' = UDU™, one can verify

(x, Tz) = (v,v),
so that the minimization (2.15) can be presented in the equivalent form

minimize (v, v),

such that AU*D™ /2y = q,

where
v=DY2Ug & x =U*D /%,

Using the Moore-Penrose solution of the last equation it can be derived
*y—1/2 f
v = (AU D ) a,
which can be used to complete the proof. m

The following Proposition 2.4 can be found in Manherz and Hakimi [5], and it also
represents the starting point in the constrained minimization of quadratic forms.
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Proposition 2.4. [5] Let T € R™™ be positive definite, A € R™ ™ and consider the
equation Az = bwith b € R™ 1,
If the set
S={zx: Az =10}

is nonempty, then the optimization problem
minimize ®(z) = (x,Tx)+ (p,x) +a, x € S,

with p € R™! and a € R has the unique solution
T /1 1
c=T"% (AT—%> <§AT_1p n b> -5T7'p.
Proof. A minimizer of the function ®(z) is also minimizer of

1 1
oI Te +ple+ ZpTT_lp = HT1/2;E + §T_1/2p

Let us use the substitution
Y= T2 + %T—1/2p'
This implies
1
T = T_l/zy — §T_1p

and produces the optimization problem with respect to y:
Minimize ||y||? subject to constraint

1
AT 12y = 5AT—lp +b.

Using the Moore-Penrose solution of the last equation it follows
VAN R
Yo = (AT ) AT p+0 ),

which leads to our original attention. m

A study of a minimization problem for a matrix-valued function under linear con-
straints, in the case of a singular matrix, was presented in [43]. More precisely, the au-
thors of [43] considered the problem of minimizing the matrix valued function W1 RW,
W € RM*m where R € RM*M s a positive semidefinite symmetric matrix and W
belongs to a set of linear constraints

S={weRMm. cTwW =F}, C e RM*" F e R™™.

The main result from [43] is presented in the next statement.

Complimentary Contributor Copy



22 Predrag S. Stanimirovi¢, Dimitrios Pappas and Vasilios N. Katsikis

Theorem 2.2. [43] Let C € RM*M pe g positive semidefinite symmetric matrix and the
matrices W € RM*m ' e RM*" satisfym < M,n < M. If the set

S={Ww: C"W =F, R(W) C R(R)}
is not empty, then the problem:
minimize WTRW, W € S
has the unique solution
W = RiC (CTRTc*)TF.
In the case when S is empty, the constraint must be replaced by the equation
C"W = Fy = PgiorpicyF.

Two applications of the proposed minimization method, in Linear Regression and B-
spline smoothing, were presented in [43].

Let T be a symmetric positive definite matrix. Let U be the unitary matrix and D the
diagonal matrix such that 7' = U*DU. Let D3 be the positive solution of the equation
R? = D, and let D~ % denotes the matrix (D)~} = R~L. Since T is a positive definite
matrix the existence of the matrices 7! and R~! is ensured. Similarly, by X ~3 we denote
the matrix (T%)_1 = XL
Lemma 2.1. The minimization of the functional (x,Tx) is equivalent to the problem of
finding a value x of minimum U*D~3-norm.

Proof. Using
(v, Tz) = (x,U*DUx)

- <D%Ux,D%Ux>,

2
we conclude that the minimization of (z, T'x) is equivalent with minimizing HDz U x” .
Now, using

| D3Uz |>= ||,
U*D™ 2

we conclude that the original problem have led us to the problem of finding a minimizer of
||;v||?] e which completes the proof. m

Now, the problem (2.9) could be rewritten as the following multicriteria optimization
problem:

Stage 1: minimize || Az — bl|2;

Stage 2: minimize {||;v||U*D_ 3 among all solutions in Stage 1}.

In the case when the system Az = b is not consistent in Stage 1 and instead || - ||U*D_ i
we use the 2-norm, the stated multicriteria problem reduces to well-known multicriteria
problem corresponding to the Moore-Penrose inverse. Therefore, the Moore—Penrose in-

verse is a solution of the optimization problem
minimize (z, x), x € S,

where the 2-norm is assumed.
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3. The T-Restricted Weighted Moore-Penrose Inverse

The results surveyed in this section are based on the papers [34,35].

From all the above discussion, we can at this point translate the results presented to
the finite dimensional case, that is, making use of matrices instead of operators. Theorem
3.1 translates Theorem 2.1 for the case of matrices. A useful result is presented before the
theorem.

1 T
Proposition 3.1. Let T be an EP matrix. Then, it holds tha (T")* = (T%) .

Theorem 3.1. [35] Let T € R™™ be a singular positive matrix, and the linear system
Ax = b is defined by a singular matrix A € R™*" and a vector b € R™. If the set

S={xeN(T)*: Az =1b}
is not empty, then the problem
minimize (x, Tz), © € S

has the unique solution

Definition 3.1. [34] Let T € R™*" be a positive semidefinite symmetric matrix and A €
R™*™ Then the n X m matrix

Al ri= (TT>% <A (TT> %>T
=) (a(r))

is called the T-restricted weighted Moore—Penrose inverse of A.

3.1

Remark 3.1. The generalized inverse A}m b is a minimal T' semi- norm least squares
solution of Ax = b, restricted on the range of T.

Based on Theorem 3.1, similarly as the weighted Moore-Penrose inverse, we can extend
this notion to the N-restricted weighted inverse with M positive definite and N positive
semidefinite:

1
Ay = (V) (M%A(NT)%>TM%. (3.2)
The generalized inverse defined in (3.2) initiates a minimal N semi-norm, M -least squares
solution AR{, b of Ax = b, but restricted on the range of V.
In [34] it is verified that the solution 4, defined in Theorem 3.1, satisfies the constraint
Az = b. Indeed,
Ad = A(TH2(ATH2)1b = Parb
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and since the set S = {z € R(T') : Ax = b} is not empty, we have that b must be equal to
ATw, for some w and therefore P47b = b.

The matrix Af I T does not satisfy all four conditions of equation (1.8) as it is an inverse
restricted to the range of 7'. More precisely, the following is satisfied.

Proposition 3.2. [34] Let T' € R™*™ be positive semidefinite, A € R™"*"™ and the equa-
tion Ax = b. The T-restricted weighted inverse A}T satisfies the following basic properties:

(i) AAl A = ParA

(i) TA} ,AA} . =TA] .
(i) (AAf )" = (AA] ).
(v) A} ;AAL . = Af 1 Par.

Proof.
(i) AA} LA = AT (A(T1)2)T A= Pypi A= Par A

TA} AAL . = T(ThE (AT 2)TATh (AT )
(i) _ T(TT)%(A(TT)%)T

(i) (AA} )" = (AT (AT)2)1)* = (Pags)* = Pagi = AA} 7.

Al pAAL = (T3 (AT 2) AT (A(Th2)!
(iv) = (T Ah)iP,
= A}TPAT
| |

From the properties of fl} o presented in Proposition 3.2, it is clear that fl} o is not an
{i, 7, k} inverse of A. Nevertheless, many of the already known properties of the general-
ized inverses also hold for the T-restricted weighted inverse, with slight modifications, as
we can see in the following proposition.

Proposition 3.3. [34] Let T € R™*™ be positive semidefinite and A € R™"™ ™. The
T-restricted weighted inverse A} o has the following properties:

G If A}T = /Al} g holds for two positive semidefinite matrices S, T' then
R(AT) = R(AS).
(ii) Similarly to the well-known formula TT' = Pr the property
AAY = Par

is satisfied.
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(iii) If A is an R™*™ matrix and A}TA = AA}T, then
Par(TH2 = (TH2 Prye.

Proof.

(i) Let the two positive semidefinite matrices .S,I" such that A}T = fl} g- Then,
AAY = AA} ¢ = Par = Pas.

(iii) If A} A = AA} . then

(TT)% <A (TT>%>TA:A(TT)% <A (TT>%>T7

which implies

(T3 <A (TT>%>T A(TY)s = A(TT)3 (A(TT)%>T (T

and so,

i 1
T2y

= Pur(Th)2.
But, since R((A(T1)2)*) = R(TA*) we have that Par(TT)2 = (T1)2 Py 4-.
| ]
Example 3.1. Let H = R3, the matrix A is equal to
-2 3 5
A= [ 1 0 -1 ]

and the positive semidefinite matrix 7" is chosen as

7T =3 =7
T'=1|-3 36 3
-7 3 7

Here, the equation is Az = b where

18 consistent.

We will compute the T-restricted weighted inverse ALT. Consequently,

[N

At
AIQ,T -
1
2

O w= O
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Then, & = AL b = (=1,4,1)T is the minimal T semi-norm least squares solution of
Ax = b, restricted on the range of 7.

It is easy to see that all vectors v € R(T') are of the general form u=(z,y, —x)7, z,y €
R, so the solution % has the expected form.

In Figure 1 it is observable in blue the quadratic form ®(x) = (x, T'x) for all the vectors
x € N(T)* and in red the set of all vectors u satisfying the constraint Au = b. As we can
see the line is tangent to the surface therefore there is only one solution which is the vector
found, 7 = A}Q’Tb. In this case, ||4]|% = 652.

F(x)=<Tx,x> (blue) and Ax=b (red)

12000
10000
8000

6000

Figure 1. Constrained minimization of ||.||7, v € N/(T)* under Az = b.

3.1. Relations of A}’T with the V-Orthogonal Projector

For every matrix X € R™*P and a positive semidefinite matrix V' € R™*", the matrix
Py = X(X*'VX)IX*V (3.3)

is called the V-orthogonal projector with respect to the semi-norm ||.||y (see e.g., [48],
or [17] section 3). Let us mention that the V-orthogonal projector is unique in the case
rank(VX) = rank(X).

Relations between A}’T and P4.r are investigated in Lemma 3.1. We will make use of
the following proposition.
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Proposition 3.4. ( [48, Theorem 7]) Let Px.y be as given, and suppose that rank(V X) =
rank(X). Then

1 N\T. 1
PXzV:X(V2X> V3.

Using the above notation, we can see that similarly to the Moore-Penrose inverse prop-
erty T'T = Pr« we have the following statement.

Lemma 3.1. [34] Let T € R™*™ be a positive semidefinite matrix and A€ R"*™, [If
rank(7TTA*) = rank(A*),
then the T-restricted weighted inverse A}T has the property
A}TA = Pt
Proof. Under the stated assumptions, it is observable that X = A* and V = T'I. Therefore,
Pyt = A*((TH 2 49Tz,
On the other hand, one can verify
Phogs = (TH2(A(Th2)1A = A] 14,
which completes the proof. m
Remark 3.2. The relation rank(TTA*) = rank(A*) can be replaced by
N(T)NN(A)L =N(T)NR(AY) = {0}.

Proof. Since

rank(TT A*) = rank(A*) — dim(N(TT) N R(A%)),
it is possible to verify N'(TT) N R(A*) = {0} but since T is positive, N (TT) = N'(T). So,
rank(TTA*) = rank(A*) is equivalent to N'(T) N R(A*) = {0}. m

By the above remark, we can have many results related to the V-orthogonal projector,
using Theorems 7 and 8 from [48].

Proposition 3.5. [34] Let T € R™*™ be a positive semidefinite matrix and A € R™"*™,
such that N'(T) N R(A*) = {0}. Then, the following statements hold:

()] APg«.pt = Par A.

(ii) In the case when AA}T = A}TA we have that PZ*:TT = Pyr.
(iii) A} ; ParA = A} 1 A.

(iv) The matrix /1} A is Hermitian.

v) Al ;A= Pr.
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Proof.

(i) from Proposition 3.1 it can be verified AP j«.pt = AA;TA, which is equal to Par A
from Proposition 3.2.

(i) If AA}T = A}TA then from propositions 3.1 and 3.3 we conclude Par = Py, 4.

(iii) From [48], Theorem 7, we have that P3, .. = P4«.7t and so
(AJ;,TA)2 = (AJ;,TA) = AJ},TAA;TA = A},TA'
Therefore A;TPATA = A}TA.

(iv) From [48], Theorem 8, we have that Py..;+ = P’

.t and SO A} oA is Hermitian.

(v) From [48], Theorem 8, one can verify P4..;7+ = Pp+ = Pr and so A;TA = Pp.

]
An important paper for the interested reader relating seminorms and generalized in-
verses is [49].

3.2. Minimization of Quadratic Functionals

All the results presented in this section come from [46].
The next step for generalizing the so far presented results is to study the problem

minimize ®(z) = (z,Tz) + (p,x) +a, x € SNN(T)* . (3.4)

This approach can be seen as a more general case of Theorem 3.1. Let 7" be a positive
definite symmetric matrix. An interesting case to examine is when 7" is singular and positive
semidefinite with a nonempty kernel, N'(T") # {0}. In this case we have that (x, Tx) = 0
for all z € N(T) and so, a first approach in both the finite and infinite dimensional case
would be to look among the vectors € N (T)+ = R(T*) = R(T) for a minimizing
vector for ®(x). In this case, generalized inverses will be used.

A first approach to the problem stated is to use an {1, 3} and an {1, 4}-inverse in order

to find the set of least squares solutions and the minimal norm solution among them, without
using the constraint z € N(T)*.

Theorem 3.2. [46] Let T € B(H) be singular positive semidefinite with a non empty
kernel, N'(T) # {0}, with X? = T. Let also A € B(H), where A is singular and consider
the equation Ax = b.

If the set S = {x : Ax = b} is nonempty, then the minimization problem (3.4) with
p € H and a € R has a least squares solution

.'i' — X(l,g) (AX(1’3)> (1’4) <%AX(173)XTP _|_ b> _ %X(l,?))XTp
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Proof. Let x, p € H and an arbitrary constant a € R. Hence, if there exists a vector % that
minimizes ®(x), it would also minimize

W(e) = (Te,2) + (&, p) + 1{T'p. 7).

We can easily see that
2

1
HX;U—!— §XTp = U(x).

The substitution y = X + 1 XTp implies that y € R(X) = R(T).
We have that 1
Xr=y— iXTp.

Hence,
r= X1y _ %X(L?»)XTP.

Since Az = b, we have that AX (13)y — %AX(L?’)XTp = b, and therefore we can find the
minimal norm solution for y using a {1, 4} inverse. So, ¥ is equal to

(1,4)
§= (Ax09) <b n %AX(L?’)XTp) ,

and therefore, ¥(x) is minimized.

By substitution, we have that

The proof is complete. m
We can also find a more general set of solutions, according to Proposition 1.12, since
the set of least squares solutions possesses more general form.

Corollary 3.1. [46] The set of least squares solutions of (3.4) is defined by

(1,4)

1,4
F=x(13) (AX(L?»))( ) <%AX(L3)XTpT—|—b> - (AX(L?’)) ARw —%X(L?’)XTp,

with an arbitrary vector w and R = (I — X(13)X).
Proof. From Proposition 1.12 it is not difficult to verify
1 1

where R = (I — X(13)X) and w is an arbitrary vector from .
Therefore, Ax = b implies

1
AX 13y = iAX(L?’)XT p+b— ARw.
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So, a minimal norm solution among all vectors ¥ is

(L /1 (14)
§= (AX(L?’)) <b + iAX(L?’)XTpl) - (AX(L?’)) ARuw.

By substitution we have the general form of the least squares solutions set which mini-
mizes V(z):

7= x(13) (AX(Lg)) (1,4) <%AX(1’3)XTp—|—b> _ (AX(L?’)) (1,4) ARw _%X(L?’)XTp,

which completes the proof. m

As a special case of the above set, we can have a unique least squares minimal norm
solution, using the Moore-Penrose inverse. Moreover, since N'(T') = N (T'") the vectors
examined in this case satisfy also the additional property 2 € N'(T)*.

Theorem 3.3. [46] Let T € B(H) be singular positive semidefinite with a non empty
kernel, N'(T) # {0}, with X? = T. Let also A € B(H), where A is singular and consider
the equation Ax = b.

If the set S = {x : Ax = b} is not empty, then the optimization problem (3.4) with
p € H and a € R has the unique solution

&= XT(AXhHT <%ATTp + b> — %TTp,

assuming that the operator Pra+)Pr (7 has closed range.

Proof. Since we will restrict the minimization for all vectors x € N(T)* we have that
(z,p) = (x,p1), where p1 = Pr(qp for all vectors p € H, according to the decomposition
p=p1+p2 € R(T) & N(T).

Let x,p € H and an arbitrary constant a € R. Hence if there exists a vector % that
minimizes ®(x), it would also minimize

V(z) = (T, z) + {z,p) + (T"p,p)

1

4
1

= (Tx,z) + (z,p1) + Z<TTP1,I91>-

We can easily see that
2

1
HX;U + §XTp1 = U(x),

and
X=URa®0O)U*, X' =UR'e0)U".

The substitution 1
y=Xz+ 5XTp1 (3.5)

implies y € R(X) = R(T).
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Further,
1 t * 1 —1 *
Xe=y—3XIp & URSO)Uz=y - UER ©0)Up1.

Hence, )
r=UR ' a0)U"y - §U(R‘1 ©O0) (R @ 0) Uy

and so, since y,p1 € R(T)
1
x=XTy— 5TTpl, with — x e R(T") = R(T) = N(T)*.

Since Az = b, we have that AXTy = b+ %ATTpl and therefore by Proposition 1.11 the
minimal norm solution exists and is equal to

1
§=(AXNT <b + §ATTp1> ,

and therefore, ¥(x) is minimized.
Now, the substitution (3.5) leads to

1 1
&= Xxtaxht <§ATTp1 + b> - 5TTpl
and since TTp = T'p, for all

1 1
peH=—i=XT(AXT)T <§ATTp + b> — 5TTp.

The only thing that needs to be proved is the fact that the operator AX T has closed
range and so its Moore-Penrose Inverse is bounded. Since X is positive, therefore EP,
R(X)=R(X?) = R(T) and so X has closed range.

Moreover, since the two operators A and X T are arbitrary, one does not expect that the
range of their product will always be closed. From Proposition 1.15, this is equivalent to
the fact that the operator Pr(4+)Pr(7) has closed range because

ATAXT(XT)T = ATAXTX = ATAU(R™' @ 0)(R® 0)U* = Pra+)Pr(r)
and the proof is completed. m

Corollary 3.2. The matrix A}WT defined by (3.1) is a minimizer of the optimization prob-
lem

minV(2) =(Z,TZ),

where T is a positive n X n matrix and X € R™ ™ subject to the constraint set

ZeQ, Q={Z: ZeRV"™ AZ=1, AecR™"}
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Theorem 3.4. If A € R™*" is given matrix, then
Al L =AF,, U=R(T1AY),V = N(TA*) = N(TT4%). (3.6)

Proof. Definition of AJ}WT gives us R(A}WT) = R(TTA*) and

Hence,
N (4], p) =N <(T%>TA*> — N(TA".

However, A inverse with pre described range and null space is uniquely determined
and it allows us to conclude that A}WT = Ag)v ]

Corollary 3.3 gives a full-rank representation of the 7-minimal G-constrained inverse
and can be useful in its numerical computations.

Corollary 3.3. Let A, G and T satisfy the conditions of Definition 3.1. If T A* = PQ is
an arbitrary full-rank decomposition of T1 A* then:
(1) QAP is an invertible complex matrix;

@ AZ) = P(QAP) Q.

Proof. The proof follows from Theorem 3.4 and [50, Theorem 3.1]. m

Full-rank representation A}WT defined in Corollary 3.3 allows us to define Algorithm
3.1. for its computation. Full-rank factorization of the matrix 7T A* is based on its QR
decomposition. Construction of the full-rank factorization of 7T A* using its QR decompo-
sition is reused from [51]

Numerical results on test matrices from [52,53] are presented in [39].

4. The T-Restricted Weighted Drazin Inverse

All the results presented in this section are based on [39,40].

A further step will be now to approach the problem of finding an approximate solution
of the quadratic problem with the objective function ®(x) when the set S is empty, by
analyzing the generalized normal equation of the system Ax = b. Then, according to
results presented in Subsection 1.2.2, it is reasonable to choose a new the constraint set Sp
which is defined in (2.11). The minimization problem with the goal function (2.7) subject to
the constraint set Sp is considered in [39]. The generalized inverse arising from the results
derived in [39] is defined and investigated in [40].

Also, an additional reason for replacing the constraint set .S by the constraint set Sp is
evident. Namely, if Az = b is a consistent or inconsistent singular linear system, then the
linear system of equations A**1z = A*b, where k > ind(A) is consistent [54].
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Algorithm 3.1. Computing the generalized inverse A}WT.

Require: The matrix A of dimensions m x n and of rank r and positive semidefinite n x n
matrix 7.
1: Choose arbitrary, but fixed, n X m matrix G of rank 0 < s < 7.
2: Compute W = TTA*.
3: Compute the Q) R decomposition of the matrix W in the form

WP = QR, (3.7

where P is an m X m permutation matrix, Q € C™*", Q*Q = I, and R € C"*"™ is
an upper trapezoidal matrix.

4: Compute t = rank(TTA*).

5: Assume that ) and R are partitioned as

Q

Ri1 Rpo ] _ [ Ry ] 3.8)

[Q1 Q2 ], RZ[O 0 0

where Q1 consists of the first ¢ columns of the matrix () and Rq; € C**! is nonsingular.
Generate the full-rank decomposition of the matrix W by means of

W = Q1 (R P"). (3.9)

6: Solve the matrix equaAtion RiP*AQWX = R P*.
7: Compute the output A}m’T =1 X.

Reasons become more apparent in the case when some additional assumptions on the
matrix A are imposed. Campbell in [16] showed that A”b is a solution of linear system
Az = bif and only if b € R(A¥), k = ind(A) and proved that A”b is the unique solution
of Az = b provided that z € R(AF).

Proposition 4.1. [16, Pages 123, 203] A vector x is a Drazin-inverse solution APb of
Ax = b ifx is a solution of the normal Drazin equation (1.9) of the linear system Ax = b.
Ifb € R(AF) then APb is the unique solution of Ax = b which belongs to R(AF).

It is assumed that 7' € R™*" is a positive semidefinite matrix. Let A € R™*" be such
that ind(A) = k and =, b € R™. As in the previous case, we consider the minimization of
the functional ®(x). Since N (T) # (), there exists vectors belonging to N (T'). Clearly,
(x,Tx) = 0 is satisfied for each z € N(T) and so, we will investigate the minimization
problem

minimize ®(z), z € Sp NN (T)*. 4.1)

Of course, the additional assumption Sp N A (T)* # () must be assumed in this case.

For the sake of completeness, we restate necessary facts required in the rest of this
section. Let us mention that for an EP matrix T' we have 7T = T#. The matrix X satisfying
X2 = Tisalso EP since X is symmetric. Operators 7', X and X = X7 can be considered
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in the form
T=U(A ®0)UT,

X=UReoO)UT, XI=URTe0)UT, R?=A4A,.

Before the review of the optimization results and the properties of the corresponding
generalized inverse, it will be useful to restate an interesting and useful property of the
constraint set Sp. This property makes possible several equivalent definitions of the set
Sp.

Lemma 4.1. [39] For a given matrix A, let k = ind(A). The constraint set Sp is equivalent
to the following two sets:

Sp = Sp, = {z| z € R, A¥z = AP A*p}
= SD2 = {.’L“ x € RH’ADA]C:L, — ADAk—lb}’ k > 1.

Proof. In the first step of the proof it is necessary to verify Sp = Sp,. For this purpose, let
us consider arbitrary z € Sp. Multiplying A*T1z = A*b by AP from the left and using
the property (1) of the Drazin inverse, we immediately obtain # € Sp,. On the other
hand, let us choose arbitrary = € Sp,. Multiplying from the left both sides of the equation
Ak = AP A*p by A, it is easy to conclude that z satisfies

AFtly = AAP AR = AFp,

which, by definition, means x € Sp.

In the second part of the proof it is necessary to verify Sp, = Sp,, for each £ > 1.
Multiplying A*z = AP A*b from the left by AP we obtain

AP Ak = AP AP ARy = AP AAP AF 1 = AP AR,
On the other hand, multiplying both sides of AP A¥z = AP A*~1b by A we get
AAP ARy = AAP AR 1p — AFp = AAP ARy = AP ARy,
which completes the proof. m

4.1. The Symmetric Positive Semidefinite Case

Theorem 4.1 is the main result from [39]. This statement gives two approximate so-
lutions which minimize ®(z) under the constraint set Sp. The first approximation is pre-
sented in three equivalent ways. The results of Lemma 4.1 are very important in deriving
these equivalent representations.

The next auxiliary result gives decompositions of positive semidefinite matrices, i.e.,
positive matrices.

Proposition 4.2. The following statements hold:
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a) If T € R™ " is a positive semidefinite matrix, then there exists an orthogonal matrix
U and invertible diagonal matrix T such that

T:UT(Tl@O)U:UT[j(;l S]U

Also, there exists a unique matrix X such that X* = T which is also an EP matrix,
and which satisfies the following

X=UT"ReO)U, XI=U"(R'®O)U, where R*> =Tj.

b) If T € R™ ™ is a positive definite matrix, then there exist an orthogonal matrix U
and a diagonal matrix D such that

T =UTDU. 4.2)

Also, there exists a unique matrix X such that X? = T which is also an EP matrix,
and which satisfies the following

X = UTRU where R?> = D.

Theorem 4.1. [39] Let A € C™*" be a given matrix of index k = ind(A). The following
two vectors, denoted by T1 and s, are approximate solutions to the problem (4.1):

t 1 1
i = X7 (Ak“XT) AF <b+ 5ATT p1> — 5TT P 4.3)
t 1 1
— xt (AkXT> AD Ak <b—|— 5ATT p1> — 5ATT D1 (4.4)
i (AD Ak T\ 4D k-1 Lt Lo
:X(A AX)AA b+ 3AT'py ) = 5Tlp k21 @45)
D 1 1
&y = XT (AkXT> AD Ak <b+ 5ATTpl> — SATpy, (4.6)

where X% =T and p1 = Pr(7)(p).

Proof. In this case, R(T) = R(T*) and N (T) are complementary spaces. Therefore,
an arbitrary vector p € C™ can be decomposed as p = p1 + pa € R(T) & N(T) and
z € N(T)*. This implies (z, p) = (z, p1).

The rest of the proof is based on the principles from [5]. The vector £ which minimizes
®(x) also minimizes

U(x) = (2, Ta) + (x,p1) + 7 (TTp1,p1)

|

2

1
= HX;U—!— §XTp1 , p1 € R(T).

Let us denote by O the zero block of an appropriate size. It is convenient to denote by

1 1
y:Xx+§XTp1 =Xz + §U (R_l ® 0) U'p.

Complimentary Contributor Copy



36 Predrag S. Stanimirovi¢, Dimitrios Pappas and Vasilios N. Katsikis

Then it can be obtained y, p; € R(X) = R(T') and
1
r=U(RT@0)Uy-sU(RT@0)U" - U(R20)U'p
_ Xty %TTph 4.7
z e R(TH = R(TT) = R(T) = N(T)*.

Now, after the substitution of x defined by (4.7) into A*+1z = A*b, one can verify

1
AR X Ty = AFp 4 §Ak+1TT p1. (4.8)
In the rest of the proof it is possible to use equation (4.8) and later apply (4.7) in order
to derive the solutions (4.3) - (4.6).

First, it is well known that the the vector & = Ab represents the least-squares solution
of minimal norm of the equation Ax = b. Therefore, by exploiting the best-approximate
solution of (4.8), with respect to the variable y, and applying equation (4.7), we immediately
obtain the solution £ given by (4.3).

In order to verify (4.4), let us consider (4.8) in the form
1
A (AkXTy> — Ak <b + §ATTp1> .
Since .
AF <b + 5ATTpl> € R(A)
and
Ak XTy € R(AF)
the Drazin inverse solution of (4.8) is the unique that belongs to R(AF). Therefore, the
unique Drazin inverse solution of (4.8) is given by
1
AR Xty = AP AP <b + 5ATT p1> . (4.9)
Finally, if we look at the best-approximate solution of the equation (4.9), we obtain
N kv i\ 4D gk |
y:(AX> AP AN (b4 AT py
and
- i (akxt)” AP A Lpt Lypt
i =X (AX) AP A (b4 SAT!py ) = SAT py,

which is just the desired representation (4.4).

The final part of the proof is a verification that the solutions (4.3) and (4.4) are identical.
Let us remind that the solution (4.3) is derived by finding the minimizer x given by (4.7),
under the constraint A¥T1z = A*b. It is not difficult to verify that the solution given by
(4.4), also, can be derived by finding the minimizer x given by (4.7), under the constraint
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Akz = AP AFb. Indeed, in this case, by finding the best-approximate solution § of the
system

1
AFX Ty = AP AFb + §AkTTp1
we obtain ; . )
i = xT (AkXT> <ADA’% n §AkTTp1> —5Tpr,

which coincides with (4.4). The equality of the representations (4.3) and (4.4) follows from
the equivalence of the constraint sets Sp and Sp, .

Going further, one can verify that (4.5) is the best-approximate solution of the system
AP Aky = AP Ak=1p, From Sp = Sp, follows the equality of (4.3) and (4.5) for k = 1.

If we continue on this way, we will get the whole set of representations (4.5).

In order to derive the representation (4.6), we again consider (4.9). However, in this
case instead of finding the best-approximate solution of the previous equation we look at its
Drazin-inverse solution, which is given by

D 1
§= (AkXT> AD Ak <b + 5ATTpl> .

This is justified by the fact that both sides of the equation (4.9) belong to R(AF). By
substituting ¢ from the last identity in (4.7), we obtain 22 in the form (4.6). m

Corollary 4.1 gives representations of Theorem 4.1 in the particular case p = 0, which
frequently appears in practical situations.

Corollary 4.1. [39] Let A € C™*™ be a given matrix and let k = ind(A). The following
two vectors, denoted by &1 and o, are approximate solutions to the problem (4.1), in the
casep =10

i = xt (Ak“XT) AFp (4.10)
t( ak vt 4D 4k
:X(AX)AAb 4.11)
_I.
— xt (ADAkXT> AP AR Yy ko> 1 (4.12)
D
By = X1 (AkXT> AP AFp, (4.13)

where X2 =T.

Corollary 4.2. [39] For a given matrix A, let k = ind(A). The solution I defined in
Theorem 4.1 can be given with the following representation

f 1 1
g =UTVT Ak“UTVT) AF <b—|—§AUT(VT)2Up1> —§UT(VT)2Up1 (4.14)

T 1
=yTyt (AkUTVT> AD Ak <b—|—§AUT(VT)2Up1>
1
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Table 1. Minimal values for indicative matrix sizes

Matrix size mingy_n, ®(#) minp ®(7)

10 1.5123e + 06 13.6404
50 1.4548e + 15 160.8436
100 3.9246e + 09 1.524.4161
200 9.3852¢ 4+ 20  2.1914e+ 04

T 1
=yTyt (ADAkUTVT> AD Ak <b+§AUT(VT)2Up1>

1
—§UT(VT)2Up1, (4.15)
E>1

where X? =T,V =R& 0, S =T1 ® O and p1 = Pr(r)(p).

Proof. Using the notation above, it is obvious that X = UTVTU and TT = UT(VT)2U.
Let us denote U; = A*T1UTVT and Uy = U. Noting that U is an orthogonal matrix, from
which UT = U~! = UT holds, we conclude that UsU{ = UJ'Us = I. From here we
immediately see that the Bouldin’s theorem for the reverse-order law of the matrices Uy
and Us holds, which is sufficient to complete the proof, by using Theorem 4.1. m

Example 4.1. In Table 1, we present the minimizing values ® (&) for random tested singular
matrices A and positive semidefinite matrices T. For comparison reasons we have calcu-
lated the minimizing values with the restricted {1}-inverse from [38] and with the proposed
T-restricted weighted Drazin inverse. The notationmingyy _, O () refers to the restricted
{1}-inverse proposed in [38] and the notation minp ® (i) means the minimum defined by
the T'-restricted weighted Drazin inverse.

4.2. The Symmetric Positive Definite Case

In this subsection it is assumed that 77 € R™ ™ is a positive matrix. Let A € R™*"
be such that ind(A) = k and z,b € R". Since N(T') = {0}, we have that ®(x) = a if
and only if x = 0. So, in what follows we suppose that x % 0 and we will investigate the
quadratic minimization problem

minimize ®(z), z € Sp N{0}°, (4.16)

In this section, it is assumed that U, D, X and R represent the notions from Proposition
4.2 part b).

Corollary 4.3. [39] The following two vectors, denoted by &1 and I, are solutions to the
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problem (4.16):

t 1 1
B = T3 (A’f“T—%) Ak <b+ 5AT—1p> ~5T7'p 4.17)
_I.
— T3 (A’fT—%> Ak <ADb n %T—1p> - %T_lp (4.18)
t 1 1
— T3 (ADA’fT—%> AD k=1 <b n 5AT—1p> —5T7p k=1 (419
D 1 1
Gy = T3 (A’fT—%> AD Ak <b—|— 5AT—1p> — AT p. (4.20)

Proof. The matrix X defined by X2 = T is invertible. It is equal to X = U TD3U and its
inverse is ) L

X 't'=U"D:U=T"%.
The rest of the proof follows from Theorem 4.1. m

Corollary 4.4. [39] The following two vectors, denoted by &1 and I, are solutions to the
problem (4.16), in the case p = 0:

B =T3 (A’f“T—%)TA’fb 421)
— T3 (AkT—%>TADAkb (4.22)
— T3 (ADAkT—%>TADA’f—1b, k>1 4.23)
By = T3 (AkT—%>DADAkb. (4.24)

Corollary 4.5. [39] The solution &1 defined in Corollary 4.3 can be given with the follow-
ing representation

t 1 1
i =UTD™> (A’f“UTD—%) <Akb—|—§Ak+1UTD_1Up>—§UTD_1Up (4.25)
TrH—1 kp T y—1\T D sk Lok -1 1 721
:UD2<AUD2> AP A%+ S AMUTDTUp ) - SUTDTUp  (426)

_I.
—UTD3 (ADAkUTD—%> <ADAk‘1b n %ADAkUTD_lUp> - %UTD_lUp,
k> 1, 4.27)
where T~ =UTD~1U.

Corollary 4.6. [39] The solution &1 defined in Corollary 4.4 can be given with the follow-
ing representation

_I.
i = UTD 3 (A’f“UTD—%) AFp (4.28)
_I.
— UTD 3 (A’fUTD—%> AD ARy, (4.29)
_I.
—uTp3 (ADA’fUTD—%> AP AR k> 1 (4.30)
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Remark 4.1. The solution represented by (4.17) and (4.15) could be derived from the cor-
responding approximations corresponding to the restrictions x € S (Proposition 2.3 and
Proposition 2.4), by simply replacing A with A*™' and b with A*b. However, with our
approach we introduce several additional representations. Moreover, the solutions (4.17)
and (4.15) are derived from more general results derived for the positive semidefinite case.

In the following theorem we show that the solution of the constrained quadratic mini-
mization can be represented by an outer inverses with prescribed range and null space, i.e.

)

as a certain A% g-inverse solution.
Theorem 4.2. [39] The solution of the problem (4.16) given by (4.28) can be represented

2) . .
as A(T’)S—znverse solution, i.e.,

@
1= A7 R ((abyr) arak)

where

T=UTpD 2D 2)TU =7 =UTD'U.

Proof. Let us denote ;
X =0TD"3 (A’fAUTD—%> AF.

Consequently, the solution (4.15) can be represented in the form X b. Simple algebra reveals
that matrix X satisfies the equation X AX = X, i.e., itis {2}-inverse of A.

Next we will determine the range and the null-space of X. Let us notice that

R(AFUTD=3) = R(AF]) = R(AF). 4.31)

By using the singular-value decomposition of the matrix A*+1U/ TD~% we see that

A 0] R <<Ak+1UTD—§>T> R(AMLUTD—3)
. —

: ! E+177T -3 T )
0 0 N(Ak+1UTD—§) N((A + U D > >_
(4.32)

Ak—i—lUTD—% ~ |:

where A1 is an invertible matrix, from which, by using (4.31), follows that

R((A’fHUTD—%)T)_

N (aFiuTDE)

4 R(AF)
(AT D)t [(Alo) 8] : {N ((Ak+1UTD—%)T

(4.33)
From here, it is clear that

R((AFUT D3t AF) = R((AF10T D™3)T) = (D75)TU - R((AF)T).
Finally,
f t
R(X)=R <UTD_% (Ak“UTD—%) Ak> —UTp 3. R <<Ak+1UTD—%> Ak>

=U"D2 (D7) U - R((AM))
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If we denote D = D~ 3(D2)T and T = UTDU, we obtain R(X) = T - R((A5)T).
Clearly if T € R"™", then (D~2)T = D~% and D = D,

In order to find the null-space of X we proceed as follows.

Clearly, N'(A*) ¢ N((AF! UTD_%)TA’“). On the other hand, let us suppose that
z € N((A1UTD2)TA%). If we assume that z ¢ N(AF) then Az # 0 and
Akx € R(AF), since R(AF) @ N((AF)T) = R™ ™ it follows that A¥z ¢ N((AF)T) =
N((Ak AU TD_%)T) which is contradiction. So, in this case = € N'(A*) must hold, which
completes the proof. m

4.3. Definition of the Restricted Weighted Drazin Inverse

From the results presented in Subsection 4.1, we can see that a new kind of inverse,
similar to the restricted weighted generalized inverse, can be defined:

Definition 4.1. [40] Let T € R"*"™ be a positive semidefinite Hermitian matrix and let
A € R™™ be singular. Then the n X n matrix

) N (4.34)
= (rt) (e (1))
is called the T-restricted weighted Drazin inverse of A.

The vector 4° = Agk »b 18 aminimal 7" semi-norm solution of the consistent equation

AF+ly = AFp, restricted on N(T)+ = R(T) = R(T*).
Example 4.2. Let H = R3, the matrix

1 0 1
A=10 2 -1
3 -4 5
and the positive semidefinite matrix
2 3 -6
T= 3 45 -9
-6 -9 18
In this case one can verify ind(A) = 1.
4
The equation is Ax = bwhere b= | 1 |, which is inconsistent.
9

Therefore, we will use as a constraint the equation A%x = Ab which is the Drazin normal
equation:

4 -4 6 13
-3 8 =T |r=| -7
18 —28 32 53
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We will compute the T-restricted weighted Drazin inverse of A, Agk o using Definition

4.1. We have that
-0.2 —-0.2 -0.1

AD =1 045 07 01
06 06 0.3

The vector
-1.9

a=AR ;b= | 34
5.7

is a minimal T' semi-norm solution of the consistent equation A2z = Ab, restricted on
N(T)t = R(T) = R(T).

The vectors in N(T') have the form v = (x,0, %)T, x € R, therefore the vectors
u € R(T) have the formu = (x,y, —3z)T,x,y € R, so the solution i has the expected
form.

In addition, we have that the normal Drazin equation A*i = Ab is also satisfied.

In the present survey paper we derive an exact minimal property of the generalized
inverse Agk o~ This result is given in Corollary 4.7. It is well known that the vec-operator
applied on a matrix A, denoted by vec(A), stacks the columns into a vector.

Corollary 4.7. Let A € C"*" is a given matrix satisfying ind(A) = k. The matrix Agk 7
defined by (4.34), is a minimizer of the minimization problem

minV(2) = (Z,TZ) = Te(ZTTZ) = vec(Z" )vec(T Z),
where T is a positive semidefinite n X n matrix and Z € R™* ™, subject to the constraint set

ZGQAk, QAk _ {Z ZeRan’ Ak—HZ:Ak, AGR;LXTL}

4.3.1. Properties of the T-Restricted Weighted Drazin Inverse

A natural question to ask is: what kind of generalized inverses are Agk o and A}m 7?
It is easy to verify that both of these generalized inverses satisfy the Penrose equation (2).

D

o _
AR and AIm’T are outer inverses of A,

Proposition 4.3. [40] The generalized inverses A
for arbitrarily chosen matrixT'.

Proof. The proof can be verified by replacing definitions (4.34) and (3.1) in the matrix
equation X AX = X. m

Therefore, a new application of outer inverses is presented in this work: application in
the minimization of quadratic forms under linear constraints.

D

Ak T inverse. In what follows P4 denotes the

We examine further properties of the A
orthogonal projector onto the range of A.

Proposition 4.4. [40] The matrix AD

‘uk 1 has the following properties:

(i) AR, LA(TY)E = (T1)2 Plgeragy..
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(i) Ak+1A§k7T — Ak,

(iii) Ak+1A§k7TAT = AkFLIT,

(iv) AFAD, A= Ak,

Proof.

N T
() AD, LA(T)E = (T7)2 (Akﬂ(TT)%) ARA(TY)? = (T1) P gray-.

(i1)) We have that
. T
AkHAﬁ)k’T _ Ak—i—l(TT)% <Ak+1(TT)%> AR = Py p AP,

Moreover, since the minimization takes place for the vectors 2 € N (T)*+ = R(T),
we have that z = T'u for some v € H and therefore Pyr+1702 = ParripTu. So,
the orthogonal projector P4x+17 Which projects all vectors on the range of the matrix
AF+1T is equal to the orthogonal projector onto the range of A**! for all the vectors
x = Tu. (It holds that Pp(Tz) = Prz = Tx).

It is easy to see that every vector w € H can be written in the form w = x + v with
x € N(T)* and v € N(T). Therefore, Tw = Tx.

Consequently, Pys+1i7w = Pyriip® = PyrvipTu = Pgr+1Tu. In other words
Pes1px = Pyesrz forall 2 € N(T)* and for every w € H of the form w = = + v.

So, using the relation Ak“flgk = P yir17AF, we have that
Ak—HAgk Tw = PAk+1TAk’UJ = PAk+1TAkSL‘ = PAk+1 Ak{L‘.

Since R(A¥1) = R(A¥) we get Pyni1 AF = AF,

(iii) AFHLAD, AT = Pjpsrp AT = ARHIT,

(iv) We have from (ii) that Ak“/lgk T

again, we have Ak“flgk A = AP By multiplying this equality from the left

A = P10 A1 and so, using the same idea

with AP we get the result.

]
We also investigate relations between flgk o and the V-orthogonal projector Px.y,
defined in (3.3). The V-orthogonal projector becomes unique under the assumption

rank(V X) = rank(X), as it is stated in Proposition 3.4.

Theorem 4.3. [40] Let T € R™ " be a positive semidefinite matrix and A € R™*", If
N(T) N R(A*) = {0}

then

AD *
AAk,TA — P(Ak+1)*:TT'
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Proof. When \V(T) N R(AF) = {0} then it holds that
rank (7T AF1) = rank(AF*1),

so following Proposition 3.4 it is not difficult to verify that

Plyseryipt = (Ak“)* ((TT)% (Ak“)*)T (Th3.
Therefore,
eyt = (TT)% <Ak+1(TT)%>TAkA7

which completes the proof. m

How is it possible to compute the generalized inverse defined in (4.34)? Straight com-
putation by means of (4.34) requires two sequential computations of the Moore-Penrose
inverse. This is a time consuming job which is sensitive to the effects of rounding off er-
rors. To avoid this difficulty, we define an alternative representation of the matrix expression
(4.34) and define corresponding algorithm for its computation.

Theorem 4.4. If A € R™"™ and ind(A) = k, then
ABy = AR, U =R (THATHAR) v = N (T (A AF).
Proof. Since ind(A) = k = ind(A*), it follows
N((A*)k—i-l) :N((A*)k> R ((A*)k—i-l) —R ((A*)k> '
Also, it is possible to verify R (TT (A*)kH) =R (TT (A*)k>
But, R (Afth) — R(TT(A*)*) = U and

N ((A’f“ (T%>T>TAk> N(AR, ) C (A’f“ (T%)T <Ak+1 (T%>T>TAk>

N

Hence,

N(@AD, ) =N ((Ak“ (T%>T>T Ak> =N <<T%>T (A*)k“Ak) =V

Evidently, flgk 718 Ag)v with previously described U and V. =
Corollary 3.3 gives a full-rank representation of the 7-minimal G-constrained inverse
and can be useful in its numerical computations.

Corollary 4.8. Let A and T satisfy the conditions of Definition 4.1. If TTA*G*G = PQ is
an arbitrary full-rank decomposition of TT(A*)*+1 AF then:

(1) QAP is an invertible complex matrix;

@) AZ) = P(QAP)™1Q.
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Full-rank representation of the outer inverse Ag)T defined in Corollary 4.8 allows us

to define Algorithm 4.1. for its computation. Full-rank factorization of TT(A*)**1A¥ is
defined using its QR decomposition.

Algorithm 4.1. Computing the /lgk - outer inverse.

Require: The matrix A of dimensions m x n and of rank r and positive semidefinite n x n
matrix 7.

1: Choose arbitrary, but fixed, n X m matrix G of rank 0 < s < r.

2: Compute W = T'T(A*)k+1 Ak,

3: Compute the QR decomposition of the matrix W in the form (3.7), where P is an
m X m permutation matrix, Q € C™ ", Q*Q = I, and R € C™™ is an upper
trapezoidal matrix.

4: Compute t = rank(TT(A*)k+1AR),

5: Assume that () and R are partitioned as in . Generate the full-rank decomposition of
the matrix W by means of

W = Q1(R1P"). 4.1)

6: Solve the matrix equaAtion RiP*AQWX = R P*.
7: Compute the output Agk r=@Q1X.

Numerical results on test matrices from [52,53] are presented in [40].

M. Drazin in [55], introduced the notion of a (b, ¢)—inverse of an element « in a semi-
group:
Definition 4.2. Let S be any semigroup and let a,b,c,y € S. Then we shall call y a
(b, c)—inverse of a if both of the following two relations hold:

1.y € (bSy) N (ySe).

2.yab =band cay = c.

In what follows we will show that AL,

is a particular (b, ¢)—inverse of A.
Proposition 4.5. [40] Let S be the semigroup of all real square matrices and let also

b=AD _andc= A*. Then, Agk 7 is a (b, c)—inverse of A.

Ak T
Proof. The proof comes easily from propositions 4.3 and 4.4. m

We will now make use of Theorem 3.2, in order to generalize its results. In what follows,
T will denote a positive semidefinite matrix having a canonical form 7' = U(A; & 0)U*,
R is the unique solution of the equation R?> = A; and we can define

R 0
v 5 9] oo

so that

RY 0
T _ _ —1
V_[ 0 0]_1% ®0.

Note that in the following theorem, Theorem 4.5, we avoid the constraint x € R(7'), and
hence we can find a more general set of minimizing vectors belonging only to the set Sp.
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Theorem 4.5. [40] Let T € R™*™ be a positive semidefinite matrix, A € R"*" be singular
and consider the non consistent equation Ax = b. By considering the set of the Drazin
normal equation (2.11) we have that the problem of minimizing ®(z) = (x,Tx), x € Sp
has a set of solutions defined by

&=y <(Ak+1UV(1’3)> G 4 (b — AUw + AV(l’?’)w))

+UI = VIIV)w,

4.2)

where w € R"™ is an arbitrary vector.

Proof. It is not difficult to verify
(2, Tz) = (2, U(4 & 0)U*z) = (U*z, (A1 ® 0)U*z) = (U*z, (R ®0)U*z) .
We have that U*x = (21, 22), 1 € R(T), 22 € N(T') and
(Urz, (A1 ®0)U"x) = (11, A1271).
Therefore
(z,Tz) = (R®0)U'z, (RS 0)U"z) = (Rr1, Rr1) = (y,y),

where y = Rzy, with z; € N(T)L. Therefore, the problem of minimizing (x, Tx) is
equivalent to minimizing || y ||? where y = Rz = VU*x.
So, we can have the set of least squares solutions using a {1, 3}-inverse:

z=UVIy + U1 - VIV, (4.3)

where w is an arbitrary vector.
Since A¥t12 = AFb we have AFH1(UV 13y + U(T — VL3V)w) = A*b. Therefore

ARy 8y + AR (1 - VIV )w = AFp
and the minimal norm solution  can be found using a {1, 4 }-inverse this time:
g = (AFUv DAk (h — AUw + AVESV ),
Therefore, applying (4.3) it is not difficult to verify that Z is defined by (4.2). m

Corollary 4.9. If A € R"*" is an arbitrary matrix such that ind(A) = k and T' € R™*" is
a positive semidefinite matrix, then AL, . is a (TT(A*)F T AR TT(A*)F+1 AR)-inverse of

AR T
A.
4.3.2. Properties in the Symmetric Positive Definite Case

Let T be a symmetric positive definite matrix. Then, there exist an orthogonal matrix
1
U and a diagonal matrix D such that the decomposition 7' = U” DU holds. Let D2 be the
1
positive solution of the equation R2 = D, and let D2 denotes the matrix (Dz)~} = R~1.
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Since T is positive definite matrix the existence of the matrices 7! and R~! is ensured.
Similarly, by X ~2 we denote the matrix (T 7 ) t=X"1

One solution of the matrix equation X2 = T is equal to X = U Tpsy , where D2 is
a diagonal matrix in which each element along the diagonal is a square root of the corre-
sponding element of D.

Let us consider the function ®(z). Since N (T') = {0}, we have that ®(z) = a if and
only if x = 0. So, further in the paper we suppose that x # 0.

Corollary 4.10. [40] Let T be a positive definite matrix which satisfies decomposition
of the form (4.2). The following two vectors, denoted by &1 and &, are solutions to the
problem (2.12) with T being a symmetric positive definite matrix

f 1 1
i = T3 (Ak“T—%) AF <b+ §AT_1p> — =T 'p (4.4)

2

1 1
T3 (A*T —5) Ak <ADb—|—§AT_1p> ~5T7'p (4.5)

l\)l»—t

(
T3 (ADAkT“> Ak <ADb n %AT‘lp — %T_lp, k>1  (4.6)
=7

D 1 1
AT —%> AD AF <b n 5AT—1p> — AT p. @.7)
Proof. The matrix X deﬁned by X2 = T is invertible. It is equal to X = U TD3U and its

inverse is X! = UTD~2U = T~3. The rest of the proof follows from Theorem 4.1. m

Corollary 4.11. [40] The following two vectors, denoted by 1 and s, are solutions to the
problem (2.12) with T being a positive definite matrix for which the decomposition of the
form (4.2) holds, in the case p = 0,a = 0.

41 = T-3(AMIT-3)T Akp 4.8)
e (AkT—%>TADAkb 4.9)
Y (ADAkT—%>TADA’f—1b, k> 1 (4.10)
fg = T3 (AkT—%>DADAkb. @.11)

Theorem 4.6. [40] Under the assumptions of Corollary 4.10 the solution &1 of the problem
(2.12) with T being a positive definite matrix for which decomposition of the form (4.2)
holds, has the following equivalent representations:

_I.
i =UTD"3 (A’f“UTD—%) <Akb n %Ak“UTD_lUp) —%UTD_lUp (4.12)
TrH—1 fep T y— 1\ T D 4k L kT 1 |
—UTD 2<AU D z) AP ARb 4 ZAFUTD U ) = SUTDT U (413)
1 1
=U"D —%<ADA’fUTD——> <ADAk_1b—|—§AkUTD_1Up>—§UTD_1Up,

k>1, (4.14)
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where T-1 = UTD-1U.

Proof. Since T_% = UTD_%U, let us denote Uy = Ak“UTD_% and Uy = U. Noting
that
R(UL\TULUR) € R(Us) = RV, R(UU,TULT) = R(ULT),

we conclude that the reverse-order law for the matrices Uy and Us in (4.4), (4.5) and (4.6)
holds. Applying the reverse-order law on the representations (4.4), (4.5) and (4.6) we im-
mediately obtain desired representations. m

Corollary 4.12. [40] Under the assumptions of Theorem 2.3 the solution &1 of the problem
(2.12) with T being a positive definite matrix for which the decomposition of the form (4.2)
holds, has the following equivalent representations:

_I.
i = UTD 3 (A’f“UTD—%) AFp (4.15)
_I.
— UTD 3 (A’fUTD—%> AD Ak (4.16)
_I.
—uTp3 (ADA’fUTD—%> AP AR k> 1 4.17)

5. Some Possible Perspectives

In this section we describe several possibilities for further investigations on the consid-
ered topic.

(A) In the general case, it is possible to consider the minimization of the functional
®(x) under a more general constraint set

r€8q, Sa={r: xeR", GAz =Gb, AcR]™", GeERY™, 0<s<r,

rank(GA) = rank(G)} S.D

which includes all previously considered constraints, namely « € S and z € Sp. Under
the assumption rank(G A) = rank(G), taking into account
GAzr € R(GA), GbeR(G)=R(GA),

we conclude that the system (5.1) is consistent. Since (z, Tx) = 0 for all x € N (T), we
will investigate the constrained quadratic minimization problem

minimize ®o(z), z € Sg NN (T)*. (5.2)

(B) Moreover, instead of analyzing the set S, it is possible to analyze the following set,
which presents the sets of all solutions of the normal equation of the system Ax = b:

Sy = {z: A*Az = A*b}. (5.3)

(C) In the case A € C™*™ it seems interesting to generalize the constraint set {2 4» and
consider the constraint set

Oy = {Y . AY = D,R(Y) C R(A%), R(D) C R(Ak).} (5.4)
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Any solution of this problem should lead to a generalization of the following result
from [56].

Theorem 5.1. [56] Let A € C™" with ind(A) = k, D € C™™ and R(D) C R(A¥).
Then the restricted matrix equation

AY =D, R(Y) C R(A) (5.5)

has a unique solution
Y = APD. (5.6)

An analogous generalization of the dual result and a general result from [56] can be
derived.

Theorem 5.2. [56] Let B € C™*™ with ind(B) = k, D € C™™ and N'(D) D N(B*).
Then the restricted matrix equation

XB=D, N(X)2N(B") (5.7)

has a unique solution
Y = DBP. (5.8)

Theorem 5.3. [56] Let A € C™*™ with ind(B) = ki, B € C™*™ with ind(B) = ki,
k = max{ky, ko} and D € C™™. Suppose R(D) C R(A*) and N' (D) D N (B¥). Then
the restricted matrix equation

AXB =D, R(X)DR(A*),N(X) D N(B" (5.9)
has a unique solution
Y = APDBP. (5.10)
5.1. Definition of the Minimal (7', G) Inverse

In this subsections we investigate several preliminary results concerning proposition
(A).

Lemma 5.1. The vector
&= xT (GAXT>T Gb, X2=T (5.11)
is a solution of the problem (5.2).
Proof. Let X2 = T and 2 € N(T)* = R(T). Then
®o(z) = (2, Tx) = (x, X°z) = (Xz, Xz).

If y = Xz, then the problem of minimizing ®((x) is equivalent to the problem of mini-
mizing ||y||. Since y = Xx and € R(X), we have that z = X Ty. In addition, because
x € Sg NN (T)*L, it follows that GAx = Gb and so, GAX Ty = Gb.

In this case, the minimal norm solution for y will be y = (GAXT)TGb, and so Xz =
(GAXT)TGb and therefore the minimal norm solution of (5.2) is the vector & defined by
4.10). m
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Definition 5.1. Let T' € R™ " be a positive semidefinite Hermitian matrix, G € R™*™ be
a singular matrix and let A € R™*" be also singular, such that rank(GA) = rank(G).
Then, the n X m matrix

(5.12)

is called the T-minimal G-constrained inverse of A (or the minimal (T, G) inverse of A).

Corollary 5.1. The matrix defined by (5.12) is a minimizer of the minimization problem
minV(Z) = (Z,TZ), where T is a positive n x n matrix and X € R™*™, subject to the
constraint set

ZeQq, Qe={Z: X eR™™ GAZ =G, Ac R™" GeR™", 0<s<r}
T S

Remark 5.1. The vector 42 = Ag)Tb is a minimal T semi-norm solution of the consistent
equation G Az = Gb, restricted on N (T )+ = R(T) = R(T*).

In the general case, it is possible to generalize the results derived in [57] concerning
with the general solution of a general restricted matrix equation

AXB=D,R(X)CT,N(X)D S5, (5.13)

where A € C"™*", B € CP*1, D € C"™*% and T, S are subspaces of C" and CP, respec-
tively.

5.2. Particular Cases of the Minimal (7, G) Inverse

In accordance with previously presented results, it is clear that such a constrained
quadratic programming problem implies a definition of a new kind of generalized in-
verse. In the present article we define corresponding generalized inverse, called the minimal
(T, G) inverse of A, and investigate its basic properties.

The particular case G*G = I, gives the results corresponding to constrained optimiza-
tion from [35,46] and produces the restricted generalized inverse A}M’T from [34].

In the case m = n, for the particular choice G = AkAwe obtain the results of con-
strained optimization form [39] and the generalized inverse Agk . which is introduced and
investigated in [40].

Surprising minimality property of a particular class of {2, 3} inverses can be obtained
from Ag’)l (where the choice T = I is assumed). Corollary 5.2 shows that Aff’(‘g A)LN(G) b

is a minimizer of (x, z) subject to constraint G Ax = Gb.

Corollary 5.2. Let A € C™*" be given and G € C™ ™ is chosen matrix satisfying
rank(GA) = rank(G). Then the following statement is valid in the case T = I:

12 _ 4(23)
ASh = AN 2w (5.14)
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Proof. It is clear that .

A = (GA)G.
The rest of the proof can be completed using known representations of {2, 3}-inverses from
[58]. m

Corollary 5.3. Let U be appropriate positive semidefinite n X n matrix. For a given A €
1 ~ .

C™*"™ in the case G = U? the outer inverse A(G2)I becomes the weighted Moore-Penrose

inverse:

AZ) = Al (5.15)

Proof. Follows from known representation of the weighted Moore-Penrose inverse with
singular weights from [59]. =

Corollary 5.4. Let A € C™*" be given and G € C"™™ satisfies rank(GA) = rank(G)
and G*G = 1,,. Then A
AD) — At (5.16)

Proof. Follows from the representation of outer inverses and uniqueness of AT =

@)
AR(any N(axy- ®

6. Conclusion

We investigate the quadratic minimization problem under linear constraints. Our global
objective is to define and investigate the restricted generalized inverses corresponding to
minimization of constrained quadratic form.

Results derived in [34,35] are surveyed in the third section. The constraint set defined
by the linear system Ax = b is considered in this section. As a consequence, the T-restricted
weighted generalized inverse of a singular matrix A with respect to a positive semidefinite
matrix 7' is considered. It is interesting to mention that the matrix 7" defines a seminorm
for the space. The generalized inverse is denoted by A}m b and it represents a minimal 7’
semi-norm least squares solution of Ax = b, restricted on the range of 7. It is assumed that
T is positive semidefinite, so the minimal seminorm solution is considered for all vectors
belonging to NV(T')*.

The originality of the results derived in [39, 40] is the assumption that the constraint
equation Az = b is not consistent. In this case, the constraints set .S is empty. This situation
may appear in many practical applications. Therefore, the minimization is an approximate
solution of the original problem, and it is obtained using the Drazin inverse solution of the
set S. This intention leads to the usage of the constraint set Sp, defined by the linear system
Aktly = AFp,

Several possibilities for further investigations on the quadratic minimization under lin-
ear constraint sets are presented and preliminary considered.

The proposed solutions of considered optimization problems can find applications also
in many financial problems, apart from the usual matrix optimization areas such as statisti-
cal modeling, linear regression, electrical networks, filter design, etc.
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Chapter 2

THE STUDY OF THE INVARIANTS
OF HOMOGENEOUS MATRIX POLYNOMIALS USING
THE EXTENDED HERMITE EQUIVALENCE &,
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and Athanasios A. Pantelous®>*
1Department of Mathematics, University of Athens, Greece
?Department of Mathematical Sciences,
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Abstract

In systems and control theory, Linear Time Invariant (LTI) descriptor (Differential-
Algebraic) systems are intimately related to the matrix pencil theory. Actually, a
large number of systems are reduced to the study of differential (difference) systems
S (F, G) of the form:

S(F,Q): Fi(t) = Gx(t) (orthe dual Fx = Gi(t)),
and
S(F,Q) : Fxgy1 = Gxy, (or the dual Fzy = Gzgyq), F,G e C™*"

and their properties can be characterized by the homogeneous pencil sF' — 5G. An es-
sential problem in matrix pencil theory is the study of invariants of sF' — $G under the
bilinear strict equivalence. This problem is equivalent to the study of complete Pro-
Jjective Equivalence (PE), Ep, defined on the set C,. of complex homogeneous binary
polynomials of fixed homogeneous degree r. For a f (s, §) € C,, the study of invari-
ants of the PE class Ep is reduced to a study of invariants of matrices of the set C**2
(for k > 3 with all 2 x 2-minors non-zero) under the Extended Hermite Equivalence
(EHE), &.. In this chapter, we present a review of the most interesting properties
of the PE and the EHE classes. Moreover, the appropriate projective transformation
d € RGL (1,C/R) is provided analytically [1].

*E-mail address: A.Pantelous @liverpool.ac.uk
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1. Introduction

The matrix pencils sF'—G and F'— 3G can be defined by the homogeneous matrix pencil
sF — $G (or equivalently by an ordered pair of matrices (F, —G)), since the existence of
the important notion of duality -the so-called elementary divisor type duality or integrator-
differentiator type duality- has already been demonstrated in the literature; see [2]. Thus,
the dual matrix pencils sF' — G and F' — $G are related by the special type of bilinear
transformation: s — %, which clearly transforms relatively, the points 0, co, a # 0 of the
compactified complex plain (C U {oo}) (or of the Riemann sphere) to the points oo, 0, %;
see for further details [3].

In the existing literature, the study of bilinear-strict equivalence of matrix pencils has
been initiated by the work of Turnbull and Aitken ([4]). In this early research work, the
co-variance property of invariant polynomials and the invariant of minimal indices are es-
tablished. Kalogeropoulos (see [3]) defines a complete set of invariants for the bilinear-strict
equivalence class of a matrix pencil (or equivalently of an ordered pair (F, G)).

Let us define (F, G) € F™*" x F™*" (where F is a field, i.e., F = R or C) and (s, §)
be a pair of indeterminates. Thus the polynomial matrix sF' — §G € F™*" [s, §] is defined
as the homogeneous matrix pencil of the pair (F,G). Clearly, sF' — 3G is a matrix over
the ring F [s, §], i.e., polynomials in (s, §) with coefficients from F, which might also be
viewed as a matrix over the (algebraic) rings I (s) [§] or F () [s]. Now, the following series
of definitions are significant for what they follow.

Definition 1. Denote
LE{L:L=(F,-G); F,GeF™"},
to be the set of ordered pairs of m X n-matrices and
O2{0:0=s3)},
to be the set of ordered pairs of indeterminates.
Now, forevery L = (F, —G) € Land § = (s,8) € ©,[L] = [ F -G | e F™*?" s
called the matrix representation of L. The homogeneous polynomial matrix

sl,

Lo=L(s,8)=[F —G][éln]:sF—éG,

is referred as the #-matrix pencil of L.

Definition 2. Define the following sets of matrix pencils
Ly 2 {Ly :fora fized 0 € © and for every L € L},
L(0) £ {Ly : for every 6 € © and for every L € L} .
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In the following part of the introduction, three types of equivalence are presented on
L (or equivalently on £ (©)). These equivalence relations are generated by the action of
appropriate transformation groups acting on £ (or equivalently on £ (©)). Consider first
the set

K2{k:k=(MN); M eF™™ N eF" " det M,det N # 0}
and a composition rule (x) defined on K as follows:
x: IO x K — K : forevery ky = (M1, N1) € K and ko = (M2, N3) € K,

then kq * ko = (Ml, Nl) * (Mg, Ng) = (MlMg, NgNl) .

We can easily verify that (KC, ) is a group with identity element (I,,, I2,,). The action of K
on L is defined by

0: K xL— L:foreveryk € K, L€ L,thenkoL=ko(F,-G)=L'€L:[L']=MI[L]N.

99 _ 99

Here, the action “o” defines an equivalence relation E¢ on £, and & (L) denotes the
equivalence class or orbit of I € £ under K.

(i) (Strict Equivalence) The subgroup (H, *) of (I, ), where

Hé{h:h:(R,P);RGF"X",P:[g g],QGF”X"; det R, detP#O},

is called the Strict-Equivalence Group (SEG). The action of H on £ is defined by
o:HxL— L:forevery h € HandforaL € L, then

hoL% (R,P)o(F,—-G)=L'e€L:[L'|=RI[L]P.

The equivalence relation &y, which is defined on £ as above, is called Strict-
Equivalence (SE), see also [5] and [3]. Two pencils Lé = sF; — 3G1 € Ly, and
Lg = sFy — 5G9 € Ly are strictly equivalent, i.e., LéEHLg, if and only if there exists

h € H: (Fy,—G3) = ho (F1,—G1). By & (F,G) is denoted the SE class or orbit of
Ly = sF — s§G.
(ii) (Bilinear Equivalence) The subgroup (B, *) of (K, %), where
B2
. al, B, _ _|a B 2%2. s
{b.b_ <Im, [ ey D = (L, Ty) ,d = [ = ] € 722, detd = ad m;ﬁo}

is called the Bilinear-Equivalence Group (BEG), see [6]. Every b € B is generated by a
projective transformation d = [ ?; g ] € F2%2, The action of B on L is defined by
boL£bo(F,-G)=L'=(F,-G')eL:[L'] =I1,[L] Ty

The equivalence relation £, which is defined on L, is galled Bilinear-Equivalence (BE).
Two pencils L} = sFy — Gy € Lg, and L}, = A\Fy — AG3 € Ly, where 6 = (s,3) € ©
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and 0’ = ()\, 5\> € O are bilinearly equivalent, i.e., L}EgLZ,, if and only if there exists a

transformationd : (s, §) — ()\, 5\> and thus a b € BB generated by d, such that (Fy, —G3) =

bo (F1,—G1). By Eg(F, Q) is denoted the BE class or orbit of Ly = sF' — $G, or
equivalently L = (F, —G). Note that the composition rule (x) is not commutative on K,
However, it can be easily shown that for every b € B and for every i € H, the equality,
b h = h % b holds, see also the following lemma; see [3].

Lemma 1. For every b € B and for every h € H, thenbx h = h x b.

Proof. Start with

wo= (0§ G ) ([ 50 ]) = (o |
=(r[56 50 )= (=m0 on o))

(o[ 22 ) ([ 2]) oo

(iii) (Bilinear-Strict Equivalence) The subgroup (H — B, ) of (I, ), where
H — B2 {r:r=nhxb; forevery h € H and for every b € B}

is called the Bilinear-Strict Equivalence Group (BSEG). The action of H— B on L is defined
by
o:H—BxL— L:foreveryr € H— B,

and fora L = (F, —G) € L, then
roL 2 (hxb)o(F,~G)=ho{bo(F,~G)} =bo{ho(F,-G)}
=L' = (F,-G")eL:[L] =1,R[L] FTy,

or equivalently

/ 1] A O‘In ﬁlﬂ
| F/ -G |£I,R| F —G}Q[ﬂn 5In]

— [ aRFQ —yRGQ BRFQ —6RG Q]

where b = <Im, [ ?;Z ?Z ]) and h = <R, [8 g ])

The equivalence relation &g, which is defined on £, is called Bilinear-Strict
Equivalence (BSE), see [6]. Two pencils Lé = sF| — §G1 € Ly, and L§, =\, — \Gs €

Ly, where § = (s,8) € © and ¢ = ()\, 5\> € © are bilinearly-strict equivalent, i.e.,

L&y—pL2, if and only if there exists a transformation d : (s, §) — ()\, 5\> and thus a
b € B generated by d, and an i € H such that

(Fg, —Gg) = (h * b) ©) (Fl, —Gl) .
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The matrix form of the above condition is given by [L3,| = [(h % b) o Lj], or equivalently

(B -G2 |2R[ R —Gl}[:g gg]:

[ OzRFlQ - 'yRGlQ ﬁRFlQ - (5RG1 Q] .

By &1 (F, G) is denoted the BSE class or orbit of Ly = sF' — $G, or equivalently of
L=(F,—G).
Proposition 1. [3]Let L € L, b€ B, andh € H
() IfL-2bo L2 LY then & (L) > & (L) is a bijection.
(i) If L ho L2 L, then &5 (L) & (L) is a bijection.
Proof. (i) Let L' € &y (L"), then there exists h € H : L' = ho (L°) and since L® = bo L,
it derives that L' = ho (bo L) =bo (ho L) =bo (L"), where L" = ho L € £ (L) , so
bo (L") = L. Now, if we assume that there exists L" € &, (L), such that bo (Lh/> =T,
thenbo (h' o L) =L =ho(boL)orh o (L") =ho (LP).

Now, we further assume that h = (R, P), ' = (R', P'), then R [L*] P = R' [L%] P/
implies that (R"lR, PP"1> — (Im, Izn) and thus R’ = R, P’ = Por h = h'. The proof
of part (ii) follows along similar steps. O

Note that the action of h = (R, P) € H on the pencil Ly = sF —$G may be interpreted
as

boL(;:R[F —G][g g][Z?]zR(sF—éG}Q:sF’—éG’: 95

and thus SE implies a coordinate transformation in the domain and co-domain of the ordered
pair (F, —G), but not a change in the indeterminates (s, §). However, the action of b =
(I, Ty) on Ly = sF' — $§G may be interpreted as

N OLIn ﬁIn )\In
boL(s,8)=1In| F -G | [ vI, oI, ] [ S\In]
:)\(aF—’YG)_S\(_ﬁF‘F‘SG)
:)\F/—S\G/:L/Q’a

which clearly expresses a change in the indeterminates from (s, §) 4, ()\, 5\> by the bi-linear

A s=a)+ A\
R A FY RS P ®
s Yoo LA §=A+ 6\
where o, 3,7, € Fand ad — 5 # 0.
Thus, as a conclusion of the introductive section, our bilinear transformation expresses

a coordinate type of transformation in the indeterminates but not in the domain and co-
domain of the pair (F, —G). The action of r = h * b on the matrix pencil Ly = sF' — §G

transformation:
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has the features of both H and B groups and thus it implies a coordinate transformation
in the domain and co-domain of (F, —G) and a change of indeterminates from (s, §) to

()\, 5\> according to the expression (1). The nature of the transformation d, that generates

the transformation b € B, is discussed next.

It is known, see for instance [7], that a n-dimensional projective domain over a field
[F or a projective space P, (IF) is a set of entities (usually called points of the space) that
admits a certain class { R} of representation by homogeneous (z,, 21, . . ., =) in F.

This class is such that, if Ry is any representation, the whole class {RR } consists of all
those representations that can be obtained from R by using a non-singular linear transfor-
mation, i.e.,

n
.CL‘; = Za,’jxj,fori = 0, 1, SN 1%
j=0
Thus, the representation R of P,, (IF) are connected by a group of non-singular linear trans-
formations. This group is referred to as the general projective group and it is denoted by

PGL (n;F). In our case, n = 1 and [F will be replaced by C/R, i.e., the projective domain
P, (C) is the projective straight line on the compactified complex plain (C U {oco}); the

{R} is the class of all bilinear transformations d : (s, §) — ()\, 5\> defined by
d:s=aX+ BN\ E=7A+0\ o, 8,7, 0 €R, ad — By # 0.

Consequently, we are interested for subgroups of {R}, {Rr} for which o, 3,v,6 € R .
The nature of homogeneous coordinates of points in a line and the geometric meaning of d
has been discussed analytically in [8].

2. Significant Properties of the Set of SE Invariants under BE
In this section, the basic properties of the set of SE invariants are revisited. Now, let
us remind that L = (F, —-G) € J,0 = (5,8) € © and Ly 2 L (s,5) = sF — 3G be the

associated pencil for the relative pair of intermediates § = (s, §), then we will assume that
p = rankp(s 3 Lg < min{m,n}.

The Smith form of L(s, §) over F[s, §] is defined by

o | ST(s, 8)  Op oy
S 8)_[ Om—p.p Ompnyp |’

where
§*p(s, 8) = diag{ fi(s, 3). fals, 9), ..., (s, )} and fils, 3) € Fls, 3,

are the invariant polynomial of L(s, 5) over F[s, 5] with the property that fi(s, 3) divides
fiv1(s, §) foreveryi =1,2,....,pand f;(s, §) =0, fori > p.
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The set of {ﬁ(s, 8),i=1,2,.., p} is defined by the standard Smith algorithm,

di(sa §)
di—l(sv 3)
where d;(s, 3) is the i*"-determinantal divisor of Lg, which is the greatest common divisor

(GCD) of all 7 x i- minors of Ly; see for instance for more details [9] and the references
therein.

fi(s, 8) 2 fori=1,2,..,pand do(s, §) =1,

Let k is non-zero trivial elements in {ﬁ(s, 8),i=1,2, ...,p}, ie.,

S*p(s, 8) =diag{l, 1, ..., 1, fi(s, 8), ..., fp—k(s, 8)},
k

k is the power of Ly and the ordered set F (F, G) = {fi(s, §);i=1,2,...,p— k} is called
as the homogeneous invariant polynomial set of Lg. Note that the order is defined by the
divisibility property, i.e., fi(s, §) | fit1(s, §) foreveryi=1,2,...p—k — 1.

Here, it is important to denote the set of column and row minimal indices, respectively
Z. (F,G) (set of c.m.i) and Z, (F, G) (set of r.m.i) of Ly. It is a well-known result, see [5]
and [4], that the set F (F, G), Z. (F,G), and Z,. (F, G) form a complete and independent
set of invariants for the SE class &y (F, G)Ex (F, G). In the next lines, the action of b € B
into the set of SE invariants is investigated. At the end of this section, we will transfer
our study into the determination of a projective transformation, d € PGL (1, C/R), onto
homogeneous polynomials, see also [S] and [6].

Let us define Ry {6} be the set of homogeneous polynomials of degree d with coeffi-
cients on R for all the possible indeterminates § = (s, §) € ©. Now, the action of d on the
polynomial f(s, §) € Ry {60} is defined by (2):

do f(s, 8) = f(A, A) = f(aX + BA, 7YX+ 5N). )

Two polynomials, f(s, $) and g(A, A) € Rg{6}, are projectively equivalent (PE),
f(s, 8§)Epg(A, A),ifthereisd € PGL (1,C/R) and ac € R\ {0} such that
do f(s, 8) =c-g(A, A). (3)
Clearly, (3) plays a significant role in this paper, since (3) defines the Projective Equiv-
alence (PE) on R, {6}. Let

fl = {fi(sa é) € Rdi {9}7Z = 1a2a "'ap}a f? = {fl()‘a 5\) € Rdi {9}7Z = 1a2a ap}

be two ordered sets of homogeneous polynomials.

F and F, are projectively equivalent, F,Ep Fo, if and only if f;(s, 8)Epfi(\, ) for
every i = 1,2, ...,p and for the same transformation d € PGL (1,C/R). The projective
equivalence class of f(s, §) and the set F are denoted by Ep (f) and Ep (F), respectively.
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Lemma 2. [3] Let fi(s, 5) € Ry, (0), and fa(s, §) € Ry, (8) and g(s, 8) € R,(0) be the
GCD. Letd € PGL(1,C/R) : (s, 5) > ()\, X), and
FiN N =do fi(s, §), fah, A =do fo(s, §) and G(A, A) =dog(s, 8).
Then §(\, A) isa GCD of fi(A, A), fa(A, A).
Proof. Since g(s, §)is a GCD of f1(s, §) and fo(s, 8), then
f1(s, 8) = hy(s, 8) - g(s, 8) and fo(s, 8) = ha(s, 8) - g(s, 3)

where h(s, §) and ha(s, §) are homogeneous polynomials.
Clearly, d o f1(s, §) = (dohi(s, §))(dog(s, §)). Now, we assume that

hi(A, A) =dohi(s, §)and G\, \) =dog(s, 3).

Similarly, we have do fa(s, §) = (d o ho(s, 3)) (do g(s, 8)) and dohs(s, 3) = ha(A, A).
Then, we obtain

AOGA) =R (A A) -G A) and fo(A, X) = ha (A, A) -GN, A).
Consequently, it is derived that
GO A | A ), and gy, A) | (A A).
Let us consider that the GCD of f1(\, A) and fo(A, A)is §'(A, A).
Since §(A, ) is the GCD of fi(A, A) and f2(A, \), it holds that
So §'(A, A) = g(A\, A)- (A, ), where (A, \) is a homogeneous polynomial.
By applying the inverse transformation d~* : (A, A) — (s, §), we obtain
a7 og(n, A) = (a700g0 V) (470 d0, 1) & als 8 = g(s, §) - 6(s, )
(note that G(s, §) =d Lo gG(\, A)and ¢(s, §) =d Lo @(\, A)). Thus, we take

9(s, 8) | g(s, 8). @)

However, since we have

GO N | LK) = a7t egh N | a7t e Fix, V) then g(s, 8) | T

w>
S—

Moreover, we have also

>
S—

F0 N | EOY) = ateg M| d e LY & (s 9) | Fuls
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From the statement, g(s, $§) is the GCD of fi(s, §) and fa(s, §), so

9(s, 8) | (s, 3) (5)

From (4) and (5), we obtain

g(s, 8)=g(s, 5) = dltog(s, §)=dtog(s, 5) < g\ N =g\ N.

Consequently, §(A, A) is the GCD of f;(\, A) and fo(A, A). O
An immediate consequence of the above lemma is the following interesting and known
Proposition, see [4].

Proposition 2. [4] Let Ly(s, §) = sFy — Gy, and Ly(\, \) = AFy — AG4 € L (©), and
define

~7:(F17 Gl):{ﬁ(sv ¢§)7’L:1, 27 SR pl_kl}a
‘F(FQa G2):{ﬁ()\’ 5‘)7 Z:L 25 ceey p2_k2}

be the corresponding homogeneous invariant polynomial sets of L1(s, §) and La(\, 5\),
where (p1, k1), (p2, ko) are the ordered pairs with rank (p) and power (k), respectively.

Ile( S,
such that (s,

)EH sLa(X, A) for h € H and b € B is generated by d € PGL (1,C/R)
)2 ()\ )\> then

(i) p1 = p2 = pand k1 = ko = k.

5
5

(ii) F(F1, G1)EpF (Fa, Ga).

Another, quite interesting result of the effect of SBE (3,_g) on the sets Z.. (F, G) and
Z, (F,G) of Ly is given by the next Proposition, see again [4]. Here, a slightly different
proof is presented.

Proposition 3. Ler Ly (s, §) = sF, — 3Gy, and La(\, \) = AFy — AGy € L (©), and
(Fl,Gl) (FQ,GQ) andI (Fl,Gl) (FQ,GQ)

be the corresponding sets of column minimal indices (cmi) and row minimal indices (rmi)
of L1(s, §) and La(\, N), respectively. If L1(s, §)Ex—pLa(\, ) then

(Fl,Gl) (FQ,GQ) (de (Fl,Gl) (FQ,GQ)

Proof. Generally speaking, let assume that U(s, §) is a homogeneous minimal basis for
N, {sF| — §G1} and let u(s, §) be a minimal degree vector of U(s 3).

Here, we shall mention that the linear transformation (s, §) — ()\ )\> can not increase
the degree of the vector @ (A, )\) = dou(s, §),which lays into the set of \/;. {)\Fg - S\Gg}

(where A\Fy — 5\G2 is the transformed pepcil). On contrary, our linear transformation is
possible to decrease the degree of w(A, A) by canceling some common factors with the
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vector u(s, §). However, considering the last case, if we apply the inverse transformation
d-1: ()\, 5\> — (s, 8), a new vector, u/(s, §) in N, {sFy — §G1} is obtained. This fact
contradicts our initial hypothesis, since u(s, §) is a minimal degree vector of U(s, §).
Consequently, we have proved Z.. (Fy, G1) = Z. (F5, G2) .

Using exactly similar approach to the transposed pencil (sF; — éGl)t, the second
equality can be straightforwardly proved. U

Indeed, Proposition 2 and 3 express respectively the covariance property of the homo-
geneous invariant polynomials and the invariance property of the sets of cmi and rmi of Ly
under £y _p equivalence. Now, by simply combining the two above-mentioned results, the
following significant Theorem (criterion) for the £ equivalence of the matrix pencils is
finally obtained.

Theorem 1. [3] Let L1(s, §) = sF} — 8G1, and La(\, 5\) =\, —\Go €L (©).
Li(s, 8)En—pLa(A, 5\) if and only if the following conditions hold true:
(i) Z. (F1, G1) = I (Fy, Ga) and I, (Fy, G1) = I, (F2, Ga).

(ii) F(F1, G1)EpF (Fa, Ga).

Proof. The necessity ("=-") derives immediately by simply combining Proposition 2 and
3. Now, in order to prove the sufficiency (<), we will assume that (i) and (ii) hold.

Since F(Fy, G1)EpF(Fy, Gs), then Li(s, 8) and Lao(A, ) have the same rank
(p1 = p2 = p) and the same power (k1 = ko = k), and there exists a transformation

d € PGL (1,C/R) such that (s, 3) % ()\, X), and
do fo i\ N =Cy ifoi(s,8) Vi=1,2 ..., p—k
The transformation d € PGL (1, C/R) generates a b € B such that
boLy(\, A) = sFy — §Gy = La(s, 3).
Since Lo(s, §)EgLa(\, ), then
7. (F2, é2> = 1. (Fa, Go) = 1. (F1, G1)

and
Z, (Fz,é2> =1, (Fy,Go) =1, (F1,Gh).

Furthermore, the sets of homogeneous invariant polynomials of Lo(s, §) and Ly (s, 3)
differ only by a scalar value c (see the definition of Ep-equivalence).

Thus, Ly (s, 8)and Ly (s, §)have the same Smith form over R [s, §] (or equivalently the
same sets of e.d.), and the same sets of cmi and rmi. Consequently, Lo(s, §)ExLi(s, 8).
Therefore, there exists a h € H such that L1 (s, §) = ho Lo(s, 3).

Given now that Ly (s, ) = bo La(\, ), it follows L1 (s, §) = (h*b)o La(X, A),and

thus Ly (s, 8)Ex_sLa(\, N). O
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As a strong result of the above-mentioned theorem, the key factor of the characterization
of &4_p-equivalence is the Ep-equivalence, which is defined on the set of homogeneous
invariant polynomial F(F, G) of the pencil sF' — §G. Consequently, in order to investigate
if two pencils are £y equivalent, it is equivalent to investigate the conditions under which
two polynomials f(s, §), f(\, A) € Ryq(©) are Ep -equivalent. Now, the problem is being
transposed to determine the conditions under which f(s, 8)&pf(A, ). Equivalently, the
complete and independent set of invariants for the orbit £p (f (s, §)) should be determined.
This new status is being considered next.

3. Projective Equivalence of Homogeneous Binary Polynomials

The aim of this section is to give a number of results for the £p - equivalence defined
on the set Ry(©). The origin of &p - equivalence stems back to the classical book by
Turnbull, see [10], for the algebraic theory of invariants. Initially, we will try to provide all
the necessary conditions and definitions in order to become clearer that the determination
of the compete set of invariants for Ep-equivalence is the same with the determination of
the conditions under which two symmetric sets of points on C U {oo} can be connected
under a projective transformation d € PGL (1, C/R); see [3] and [7].

As we will see in the next sections, the latter problem can be expressed equivalently
by the study of invariants of matrices under the notion of extended Hermite equivalence
(EHE). Let us start with some interesting lemmas; some slightly modifications to proofs of
some known results have also been proposed.

Lemma 3. [9] Let
f(s, 8) = r1s® + p1s§ + qué%and f(A, A) = 1202 + podd + A2 € Ry(O)

and
Ay = p? —4riqrand Ay = p3 — 4rage

be their corresponding determinants, respectively.
If (s, 8)Epf(N, N, ice, do f(s, 8) =c- f(X, ), then

(a0 — Bv)* |

A, =2 A, ©)

Proof. We can write the polynomial

F(s, 8) = [s, 31'[19:}2 p1/2].[3]:§t.1}1.

1 5 &
where
s re pi1/2
=| .| and D; = .
* [ 8 ] ! [ P1/2 @ ]
Similarly, we have
3 ; ry  p2/2 A ¢
= . T = A D, -
f)\v )\) [)\7 )\] |: p2/2 q2 :| |: )\ :| A 2 A’
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where

A T9 p2/2]
A= % d Dy = .
B [A]an ? [p2/2 D)

Obviously, we take
1 1
det D1 = —ZAland det Dy = —ZAQ.

The transformation d € PGL (1, C/R) gives
[2]:[3 g][i] < [2]:[‘”'[;] & s=1[d-

|[d]| = ad — By # 0.

and

Then, we derive
do f(s, §) = ([d] - A)'Dy ([d] - A) = A'[d]' Dy [d] A,

Moreover, we take

Since, the following equality holds

dof(s, 8)=cf(\, A\) & A[d'-Dy-[d-A=X-¢-Dy-A ¥V AeO.

Thus,
[d]'-Di[d]=c-Dy = det([d]' D;-[d]) =det(c-Dy) &
1
det [d]* - det Dy - det[d] = ¢® - det Dy < (ad — B7)*- <_Z> WANEES
1 §— 2
C2 <_Z> Ag = (a5 — ﬁ'y)2 . Al = C2 . Ag = Ag = WAL

O

Remark 1. The condition (6) implies that the determinant A; is an invariant of the poly-
nomial f(s, 3) = rs® + pss + ¢5> of weight 2 under the Ep-equivalence, see also [10].
Furthermore, the equality sign {A1} = sign {As} and the reducibility property over R of

f(s, 8) € Ry {O} are invariant under Ep-equivalence.

A straightforward consequence of Lemma 4 and Remark 1 is the following proposition.
Its proof follows immediately by the way the projective transformation d € PGL (1, C/R)

is applied on the unique factorization of f(s, 3).

Proposition 4. [3] Let p;(s, §) = (8 — 6;8) with;, 0; € C and (;, ;) # (0,0) be the

primes over C of f(s, §) € Rq(0), i.e.,

d
(s, 8) =] pils, 3.
=1

Complimentary Contributor Copy



The Study of the Invariants of Homogeneous Matrix Polynomials ... 69

If we take o ~ X
fAA) € Ra(O) and f(s, $)Epf(A, A),

forad € PGL(1,C/R), then

(i) any pair pi(s, 8), p;(s, 8) (with (v;,0;) # C(yl, 5j)AVC € C\ {0} of is being
mapped under d to a pair of complex conjugate primes of f(\, A) and vice versa.

(ii) any pair of complex conjugate primes of f(s, §), i.e.,

p(S, ’§) = (’YS - 5’§) and ]_9(57 3) = (75 _Sé)a
is being mapped under d to a pair of complex conjugate primes of f()\, 5\) and vice versa.
(i) any pair p(s. 3). p(s. 3) of repeated primes (v:,5) # ((+.}).¢ € C\ {0} of

f(s, 8) is being mapped under d to a pair of complex conjugate primes of f (X, 5\) and
vice versa.

Now, consider a polynomial f(s, §) € R;(0O) and we denote with
Dr(f) = {(ais — 5;i8) "y, Bi €R, (v, B;) #(0,0)and =1, 2, ...,u}, (1)
and
De(f) = {(vis — 6:8)", (s — 88", i, 6 €C, (v, 6:;) #(0,0), i=1,2,...,v}, 8)

the set of real and complex e.d. of f(s, §) over C, respectively. Note that Dc(f) is
symmetric, i.e., if (y;8 — §;8)P" € Dc(f) & (3is — 0;8)P" € De(f). Moreover, it is true
that

o v
Y r+2> pi=d ©)
i=1 i=1

Reminding Proposition 4, the Ep-equivalence can be expressed by defining the sets (7)
and (8), see Proposition 5. The proof is a very straightforward result, so it is omitted.

Proposition 5. Let f(s, 3), f(\, A) € Ry(©) and
(Da(f), Pelf), (Do(h), De(f)

be the unique factorization sets, then f(s, 3)Epf(A, 5\) if and only if there exists
d € PGL (1,C/R) such that the following conditions hold

(i) For every e;(s, §) € Dr(f), there exists a é;(\, \) € Dg(f) such that
6,‘(5, é)gpéz()‘a S‘)a

or equivalently d o e;(s, §) = ¢; - &;:(\, \), ¢ € R\{0} and vice versa.
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(ii) For every e;(s, 8) € Dc(f), there exists a €,(\, \) € Dc(f) such that
62(57 g)g’/’é;,()‘v 5‘)7
or equivalently d o (s, ) = ¢; - &}(\, \), ¢ € C\{0} and vice versa.

Proposition 5 expresses the covariance property of the sets (7) and (8) of f(s, §) under
the Ep-equivalence. With the above result, it becomes clear that the study of the invariants
of Ep (f) is equivalent with the study of properties of the elementary divisor sets under a
d € PGL (1, C/R) transformation.

Before, we go any further, it is important to underline that the real e.d. (a.s — 38)7 can
be represented by an ordered triple (o, 3; 7) where «, 5 € R and 7Z. Similarly, the pair
of complex conjugate e.d. (ys — 03)P, (s — 65)P can be also represented by an ordered
triple (v, 0; p) where v, 6 € C and p € Z. Using now the two representations, we define the
following sets.

Definition 3. (i) We define the set
Bz/é (’Y]z’ (5; ; pz) with ,sz’ (5; G(C, bi GZa ]Zla 25 cees Vg

(7, 05) # &k ) Vi # k, € € C\{0}},

as the set of all ordered triples corresponding the elements
(vis = 818)%, (i — 8L6)P,
in D¢ (f) with the same degree p;.

An ordering of the set B;’ is defined by any permutation of its elements which is
defined by 7 (B;'). The set of all such permutations is denoted by < B;" >.

(ii) We define
B(c(f) £ {Bll, 82/, ey Bg/ pr<p2<...< pg},

which corresponds to the set of all pair of complex conjugate e.d. and it is referred as the
unique complex factorization set (C-UFS) of f(s, §).

The set Jc(f) = (p1, 1), (p2, 12), (po, Vs), Where v; is the number of elements for
B;’, is known as the complex list of polynomials. Every permutation of B¢ (f), i.e.,

7 (Be(f) = {x(B)), ..., 7(B,)) : m(B/) €< By >},

defines a normal ordering of B¢ (f). Note that the set of all such permutations is denoted
by < Be(f) >.

(iii) Let 7 (Bc(f)), where

(B ={(1, 6t pi)s ooy (), 0L pi)} €< B >
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A matrix representation of 7 (B¢(f)) is given by
o] i o
B s , ,yl 57,
B = | U2 | where [B7] = | P 7 [ec (10)
Vekd S
The matrix (10) is referred as a (C — ) basis matrix of f(s, §).
(iv) For the set Dy (f), we define in a similar manner the sets
Bjé{(aé», ﬁ;; T,;):aé», ﬁ; eER, neZ andj=1,2, ..., p

with (af, %) # C(aj, Bi), Vj#kwith ¢ € R\{0}},
Br(f) £={B1,Ba,...,Bym < T2...<T,}

and

Tr (f) £ {(11, 1), (T2 12), - - -, (T 11p)

as well as the notions of normal ordering and of the matrix representation. The sets Bg (f),
and Jg (f) are referred as the unique real factorization set (C-UFS) and the real list of
f(s, 8), respectively. The matrix [BE(f)] is defined similarly as in (10) and it is referred

as a (R — 7) basis matrix of f(s, $).

(v) Now, the sets B (f) = {Br (f),Bc (f)}yand J (f) = {TJ= (f), Jc (f)} are called

the unique factorization set (UFS) and the list of f(s, §), respectively.

For every m €< Bgr (f) > and 7’ €< B¢ (f) >, a matrix representation of B (f) for

the pair (7, 7’) is defined by

877 ()] =

BE(S)
(52 (1) ] |

The matrix [B”’ T (f )} is referred as a (7, 7’) basis matrix of
Remark 2. Following the above definitions, it is clear that since

#B. = viand #B; = p;, then # < B, >= v;!, # < B; >= p;!,
we obtain

# < Be (f) >=wvilva! - v, # < Br (f) >= palpa! - pp!,

and
# < B(f) >=vilva! - vl lpa! - -yl
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With the following numerical example, the matrix representation of B (f) for a pair of
(m,7"), where m €< Bg (f) > and 7’ €< Bc (f) > for a particular f(s, §), is calculated
analytically.

Example 2. Assume that we have the following homogeneous polynomial

f(s, 8) =

(s —28)(s+38)%(s — 8)% (s +j3) (s — 38) (s + (2+4)3) (s + (2 — 5)3) (s + 8)*
(=354 8)2((1+4)s — 28)%((1 — 5)s — 28)%(35 4+ (1 + 7)8)°(35 + (1 — 1)3)°(s + 8)%,
where j2 = —1. Then, the following sets derive

Bl/ = {(L J; 1)(1a -2+ 7; 1}a
By ={(j, =1 2)(1+J, 2; 2)(3, =1 +J; 2)},
Bl = (1a 27 1)a
By = (1,3;2)(1,1;2)(1,1;2).

Then, the set
B(C(f) = {Bla BQ}a and jC(f) = {(L 2) ) (2a 3)}

Moreover,

Br(f) = {B1, B2}, and T (f) = {(1,1), (2,3)}.

So, we can have a permutation 7’ such that

J -1

B8] = [ LS ] ec®? B = | 14j 2 |ec®
J 3 -1+
And a permutation 7 such that
1 -3
Bf]=[1 2] and [Bf]=|1 1
1 -1
Then, the set
1 J
y By 1L —2+)
[BC (f):| - Il = J 1 )
B, 1+ 2
3 -1+
and
1 2
- |1 =3
1 -1
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Finally, we obtain the matrix representation,

1

1

1

1

1 J
1 =247
J

_|_

3

1
i2
—1+j |

1

Now, having in our mind the proposed notations and definitions, the main result of this
section is presented. The proof of Theorem 3 derives straightforwardly by Propositions 4
and 5, and the fact that the pair (v, 0) (see Proposition 4) which characterizes an elementary
divisor is different from any other pair of the same homogeneous polynomial.

Theorem 3. Let f(s, §), f(\, A) € Ry(©). Now, let

{BR(f)a jR(f)a B(C(f)a j(C(f)} and {BR(f)a jR(f)a B(C(f)a j(C(f)}a
be the corresponding sets associated with f(s, §) and f()\, 5\), respectively.

Then f(s, 8)Epf(A, 5\) if and only if the following conditions hold

@) Jr(f) = Te(f) and Jc(f) = Te(f).

(ii) There exist the permutations

7 (Ba(f)) €< Bx(f) >, 7 (Ba(F)) €< Ba(]) >.

and

7 (Be(f) €< Be(f) >, 7 (Be(f)) €< Be(f) >,
the transformationd € PGL (1, C/R) and ; € R\ {0}, & € C\ {0} such that

[BE()] = diag(¢) BE(F) ), (an

(BT (7)) = diag(&) [BE ()] 4] (12)
Another straightforward result is described in the next Corollary. The proof is omitted.

Corollary 1. The real and the complex list Jr(f), Jc(f) of f(s, §) are invariants over
the Ep (f)-equivalence class.

Now, let us take two pairs of sets

Br(f) = {Br(f), Be(f)}, and B(f) = {Br(f), Bc(f)}
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for which

Te(f) = Tr(f) and Jc(f) = Tc(f),
and the conditions (ii) of Theorem 3 hold for a transformation d € PGL (1,C/R) and

nonzero constants (;, &;, then the B(f )5758(f) is called normally projective equivalence
(NPE).

Profoundly, the notion of NPE on the set 5 (f) is equivalent to the Ep-equivalence no-
tion defined on Ry {©}. In other words, Es-equivalence is nothing else but Ep-equivalence
defined on the UFS of the polynomials in R; {©}. The reason why we want to use this
equivalence has to do with the fact that the NPE reduces the study of invariants of Ep (f)
into a standard matrix algebra problem, which has to do only with the calculation of expres-

sions (11) and (12).

Remark 3. Itis worth to point out that the study of Ep-equivalence, as it has been expressed
by the significant Theorem 3, is equivalent to a classical algebraic projective geometric
problem, i.e., given two symmetric sets of points ¢, ¢ of C U {0}, find the necessary and
sufficient conditions for the existence of the projective transformationd € PGL (1,C/R) :

d =~
=1¢

In this part of the section, in order to be able to calculate analytically the complete set
of invariants for Ep (f), we should remind the extended Hermite equivalence of matrices,
which is a straightforward result of £5-equivalence.

Let T' € CF*2. The matrix T is called entirely nonsingularif none of its 2 x 2 minors is

zero. The set of the entirely non-singular matrices of k& x 2 dimension is denoted by CF*2,
The subset of C¥*2, which is constructed by real T matrices is denoted by R¥*2. Clearly,

the matrices [BZ{; (f )} , [BR(f)] are entirely nonsingular complex and real matrices, re-
spectively.

Definition 4. Let Ty, T5 € C**? (or R¥*2) . T} and T, will be complex (or real) extended
Hermite equivalent, and they will be denoted by 7T} 15SLT D) (or T 155LT 2) if and only if there
exist & € C\ {0}, = 1,2, ...,k and a matrix Q € C?*2 with det (Q) € R\ {0} such that

Ty = diag {&} T1 Q. (13)
Remark 4. In the case of ESL—equivalence, we can always assume that
det(Q) = 1.
However, in the case of Eﬁ—equivalence, we can always assume that
det(Q) =1or 1.

This is due to the fact that if det(Q)) # =1, then |det (Q)| can be absorbed by the &;
parameters, see next Lemma.

Clearly, the study of £p-equivalence of the set B (f) is reduced to the study of £%

equivalence over [B”’ ~(f )} .
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Lemmad. [1] Let Ty, To € C**? and T\EX T, then
Ty = diag(&)T1Q with det(Q)=1 or —1 (14)
and @ € R?*2,

According to Lemma 4, the definition of the real extended Hermite equivalence can be
slightly reformulated.

Definition 5. Two matrices 7}, T € CF*2 are called real extended Hermite equivalent,
ie., T1ER Ty if and only if there exist & € C\ {0}, = 1,2, ..., k and a matrix Q € R**2
with det (@) = =1 such that (13) is valid.

Now ending this section, we would like to remind that two matrix pencils,
Li(s, 8) = sFy — 3G, and La(A, \) = AFy — AGa,
are SBE if and only if we have

I.(F1,G1) = 1. (F3,Go) , I, (F1,G1) = I, (F5, G2),

Te(f) = Te(f), Jc(f) = Tc(f),
and the permutations 7, 7/, 7, 7 such that [Bi%/(f)} ER [B”’”/( f )} for every homoge-

neous polynomials f, f of Li(s, §), La(X, X),respectively.

Following now the above discussion, [Bi%/(f)} ER [B”’”/( f)} for every homoge-

neous polynomials f, f if and only if there exist & € C\ {0}, ¢ = 1,2, ..., k and a matrix
Q € R?*2 with det (Q) = £1 such that

(577 (/)] = diag(c:) [B™ (1] @ (1s)
for every f, f and the same Q € R2*2.

In the next section, we will determine analytically the matrix Q € R?*? and &; when
the matrix [B”’”/ (f )} exists for a homogeneous polynomial of L (s, §), with dimension

k x 2 and k > 3, i.e., with rectangular coefficients. Note that the matrix () is the projective
transformation d € PGL (1, C/R).

4. de€ PGL(1,C/R) When Two Pencils are SBE

In order to calculate the matrix (), the first step is to provide the following significant
Theorem 4 which has been proven in [1].

Theorem 4. [1] Let Ty, Ty € CF*2 with k > 3 and

Ty = diag(&)T1Q1 and Ty = diag(G;)T1Qo,
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where &, ¢ € C\{0}, i = 1,2,..,k and matrices Q, Q2 € R>**? with
det (Ql) s det (Qg) = +1. Then,

a) ;= & foreveryi=1,2,....k and Q2 = — Q.

b)(; =& foreveryi=1,2,....k, and Q2 = Q1.

Based on the above Theorem, the following corollary is derived, the proof also is given
in [1].

Corollary 2. [1] Let T1, T5 € (C’;jx2 with k > 3. Ileci'f}LTg, then there exist unique &;,
i=1,2,...ksuchas & € C\ {0} and a unique Q € R**? with det(Q) = 1 or 1, then

Ty = diag&iTh Q.
Remark 5. Assume that
Li(s, 8) = sFy — 3G, and La(A, \) = AFy — AGa,

which are BSE, Ly (s, §)Ex_pLa(\, A).

Now, let .7'-(F1, Gl) = {fl(S, §), R fp_kl(s, §)} and .7'-(F2, Gg) =
{ fi(A, 5\), . fp_kl()\, 5\)}, be the set of homogeneous invariant polynomials of

Li(s, 8) and La(X, \), respectively. Assume that there exists a polynomial fi(s, 8)
for the pencil L; (s, §) and the permutations 7, 7 such that (7 — ') be a k x 2 base matrix
of fj(s, §) withk > 3forj=1,2,...,p— kq. Then, since L1 (s, 8)Ex—_pLa(A, 5\), there
exist permutations 7, 7’

Note that the matrix Q € R?*? with det(Q) = 1 or —1 and the &;,i = 1,2,...,k are
unique (see Corollary 2). Also the matrix () creates the projective transformation d €
PGL(1,C/R).

With the next significant Proposition, we provide the analytical formulas for the unique
determination of §; and (). Let T € (C’fLXQ, then we denote with a;; the determinant of the
sub-matrix of 7" which is constructed by the i*" and j*" row

i<ji=1,2... k—1landj=23,...,k.

Proposition 6. [1] Let T\, Ty € CF*2 with k > 3.

If T 155LT b and det(Q) = =+1, and & the parameters of the real extended Hermite
equivalence, then

(@ @ @
€2 Lo %% Y
L7 det (Q) o 0 @

1,41 1,42 i, 12

(16)
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forevery iy, igwithl < iy <igandii =2,3,...,(k—1),i2 =3,4,5,...,k.

(b) 2
R

a af) “det (Q) &

7

§i

A7

(1)

Joreveryi=2,... kandc; ', whichis the determinant of the sub-matrix of T which is

defined by the itlh and igh row, and az(-i) i, Tespectively the determinant of the matrix I with
11 < t9.

So far, we have determined analytically the extended Hermite equivalence in R for
two matrices. The parameters ; are calculated from equation (16); see also Proposition 6.
The last part of this section deals with the calculation of matrix (), such as the projective
transformation d € PGL (1, C/R) is fully determined. Since,

B ()] e [B27 ()] =[BT (5] = diag(e) B ()] - @,
forj =1,2,...,(p— k1), where the base matrices have dimension k x 2 with k > 3.
Now, if we choose the first two rows of [B%’ %/ (f])} and [B”’ ( fj)} , then (18) holds

M (f;) = [ o g ] Tha(f) - Q. (18)

where ng(fj), IT12(f;) are sub-matrices of [B%’ %/(f])} and [B”’ ( fj)}, respectively.

Note that IT;2(f;), IIi2(f;) are non-singular 2 x 2 matrices, and

& 0 , & 0 _1_ & 0
[0 52] with [0 52] —[% g%]

Finally, the matrix () is determined by (19)

o=

Q= H1_21 (fj) [ NEP <fj> . 19)
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Abstract

By a generalized inverse of a given matrix, we mean a matrix that exists for a larger
class of matrices than the nonsingular matrices, that has some of the properties of the
usual inverse, and that agrees with inverse when given matrix happens to be nonsin-
gular. In theory, there are many different generalized inverses that exist. We shall
consider the Moore Penrose, weighted Moore-Penrose, Drazin and weighted Drazin
inverses.

New determinantal representations of these generalized inverse based on their limit
representations are introduced in this chapter. Application of this new method allows
us to obtain analogues classical adjoint matrix. Using the obtained analogues of the
adjoint matrix, we get Cramer’s rules for the least squares solution with the minimum
norm and for the Drazin inverse solution of singular linear systems. Cramer’s rules
for the minimum norm least squares solutions and the Drazin inverse solutions of the
matrix equations AX = D, XB = D and AXB = D are also obtained, where
A, B can be singular matrices of appropriate size. Finally, we derive determinantal
representations of solutions of the differential matrix equations, X’ + AX = B and
X’ 4+ XA = B, where the matrix A is singular.

Keywords: generalized inverse; Drazin inverse; weighted Drazin inverse; Moore-Penrose
inverse; weighted Moore-Penrose inverse; system of linear equations; Cramer’s Rule; ma-
trix equation; generalized inverse solution; least squares solution; Drazin inverse solution;
differential matrix equation
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1. Preface

It’s well-known in linear algebra, an n-by-n square matrix A is called invertible (also
nonsingular or nondegenerate) if there exists an n-by-n square matrix X such that

AX =XA =1,.

If this is the case, then the matrix X is uniquely determined by A and is called the inverse
of A, denoted by A1,

By a generalized inverse of a given matrix, we mean a matrix that exists for a larger
class of matrices than the nonsingular matrices, that has some of the properties of the usual
inverse, and that agrees with inverse when given matrix happens to be nonsingular.

For any matrix A € C™*" consider the following equations in X:

AXA = A; (1.1)
XAX = X; (1.2)
(AX)* = AX; (1.3)
(XA)* = XA. (1.4)
and if m = n, also
AX = AX; (1.5)
AFFIX = AR, (1.6)

For a sequence G of {1, 2, 3,4, 5} the set of matrices obeying the equations represented in
G is denoted by A{G}. A matrix from A{G} is called an G-inverse of A and denoted by
A9

Consider some principal cases.

If X satisfies all the equations (1.1)-(1.4) is said to be the Moore-Penrose inverse of
A and denote AT = A(1:234) The MoorePenrose inverse was independently described
by E. H. Moore [1] in 1920, Arne Bjerhammar [2] in 1951 and Roger Penrose [3] in 1955.
R. Penrose introduced the characteristic equations (1.1)-(1.4).

If det A # 0, then AT = A~L,

The group inverse A9 is the unique A (1:2:5)
Ind A = min{k : rank A1 = rank A*} = 1.

A matrix X = AP is said to be the Drazin inverse of A if (1.6) (for some positive
integer k), (1.2) and (1.5) are satisfied, where £k = Ind A. It is named after Michael
P. Drazin [4]. In particular, when IndA = 1, then the matrix X is the group inverse,
X = A9 If IndA = 0, then A is nonsingular, and AD =A"1

Let Hermitian positive definite matrices M and N of order m and n, respectively, be
given. For any matrix A € C"*", the weighted Moore-Penrose inverse of A is the unique
solution X = AM  of the matrix equations (1.1) and (1.2) and the following equations in
X [5]:

inverse of A, and exists if and only if

(3M) (MAX)* = MAX; (4N) (NXA)* = NXA.

In particular, when M = I,,, and N = I,,, the matrix X satisfying the equations (1.1), (1.2),
(3M), (4N) is the Moore-Penrose inverse A ™.
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The weighted Drazin inverse is being considered as well.

To determine the inverse and to give its analytic solution, we calculate a matrix of co-
factors, known as an adjugate matrix or a classical adjoint matrix. The classical adjoint of
A, denote Adj[A],is the transpose of the cofactor matrix, then A~ = AdﬁA] . Representa-
tion an inverse matrix by its classical adjoint matrix also plays a key role for Cramer’s rule
of systems of linear equations or matrices equations.

Obviously, the important question is the following: what are the analogues for the ad-
joint matrix of generalized inverses and, consequently, for Cramer’s rule of generalized
inverse solutions of matrix equations?

This is the main goal of the chapter.

In this chapter we shall adopt the following notation. Let C"*" be the set of m by n
matrices with complex entries, C!™"*" be a subset of C"™*" in which any matrix has rank r,
I,,, be the identity matrix of order m, and ||.|| be the Frobenius norm of a matrix.

Denote by a ; and a;. the jth column and the ith row of A € C™*", respectively. Then
a’; and a; denote the jth column and the ith row of a conjugate and transpose matrix A*as
well. Let A ; (b) denote the matrix obtained from A by replacing its jth column with the
vector b, and by A; (b) denote the matrix obtained from A by replacing its ith row with
b.

Leta :={aq,...,ap} C{1,...,m}and B :={01,..., Bk} € {1,...,n} be subsets
of the order 1 < k < min {m,n}. Then ’Ag’ denotes the minor of A determined by the

rows indexed by « and the columns indexed by (3. Clearly, |[A%| denotes a principal minor
determined by the rows and columns indexed by a.. The cofactor of a;; in A € C"*" is
denoted by % |A|.

Oa;
Forl <k <n,Lg, ={a:a=(al,...,a;), 1 <aq <...<a; <n} denotes
the collection of strictly increasing sequences of k integers chosen from {1,...,n}. Let

Ng:= Lgym X Ly, Forfixeda € L, j, B € Ly, 1 <p < K, let

I (@) :={I: I € L, sy, I 2 a},

Jin (B) :=1{J : J € Lg,n, J 2 B},
Nk (a,ﬁ) = Ik,m (a) X Jk,n (ﬁ)

For case i € awand j € 3, we denote

Iim{i} ={a:a€Lym,ical, Jyn{jt:={0: B € Lign.j< B}
Nild, 3} = T, m{i} X Ji,n{}-

The chapter is organized as follows. In Section 2 determinantal representations by ana-
logues of the classical adjoint matrix for the Moore Penrose, weighted Moore-Penrose,
Drazin and weighted Drazin inverses are obtained.

In Section 3 we show that the obtained analogues of the adjoint matrix for the general-
ized inverse matrices enable us to obtain natural analogues of Cramer’s rule for generalized
inverse solutions of systems of linear equations and demonstrate it in two examples.

In Section 4, we obtain analogs of the Cramer rule for generalized inverse solutions of
the matrix equations, AX = B, XA = B and AXB = D, namely for the minimum norm
least squares solutions and the Drazin inverse solutions. We show numerical examples to
illustrate the main results as well.
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In Section 5, we use the determinantal representations of the Drazin inverse solution to
solutions of the following differential matrix equations, X'+ AX = B and X'+ XA = B,
where A is singular. It is demonstrated in the example.

Facts set forth in Sections 2 and 3 were partly published in [6], in Section 4 were
published in [7, 8] and in Sections 5 were published in [8].

Note that we obtained some of the submitted results for matrices over the quaternion
skew field within the framework of the theory of the column and row determinants [9, 10,
11, 12, 13, 14].

2. Analogues of the Classical Adjoint Matrix for Generalized
Inverse Matrices

For determinantal representations of the generalized inverse matrices as analogues of
the classical adjoint matrix, we apply the method, which consists on the limit representation
of the generalized inverse matrices, lemmas on rank of some matrices and on characteristic
polynomial. We used this method at first in [6] and then in [8]. Liu et al. in [15] deduce
the new determinantal representations of the outer inverse Ag )s based on these principles
as well. In this chapter we obtain detailed determinantal representations by analogues of
the classical adjoint matrix for the Moore Penrose, weighted Moore-Penrose, Drazin and

weighted Drazin inverses.
2.1. Analogues of the Classical Adjoint Matrix for the Moore - Penrose
Inverse

Determinantal representation of the Moore - Penrose inverse was studied in [1],[16, 17,
18, 19]. The main result consists in the following theorem.

Theorem 2.1. The Moore - Penrose inverse A+ = (a;.;) € C™™ of A € CI™™ has the
following determinantal representation

o)

Z1:\/ - (A*)g daj; 5
ay=PEERL—1<ij<n
> [ans]]a]]

(v,0)ENy

This determinantal representation of the Moore - Penrose inverse is based on corre-
sponding full-rank representation [16]: if A = PQ, where P € C"*" and Q € C.*",
then

A+ — Q*(P*AQ*)—IP*

For a better understanding of the structure of the Moore - Penrose inverse we consider

it by singular value decomposition of A. Let
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and the singular value decomposition (SVD) of A is A = UXV*, where

U = [u ug...u,) € C™™ U*U =1,
V = [viva..v,] € C™" V*V =1,,

Y = diag(oy, 09, ..., o) € C™X".

Then [3], AT = VETU* where =+ = diag(o] !, 05, ..., 0771).
We need the following limit representation of the Moore-Penrose inverse.

Lemma 2.2. [20] If A € C™*", then

AT = limA* (AA"+ D)7 = lim (A"A + A1) A",

where A € R, and R is the set of positive real numbers.
Corollary 2.3. [21] If A € C™*", then the following statements are true.
i) Ifrank A = n, then AT = (A*A) "t A*.
ii) Ifrank A = m, then At = A* (AA*)™.
iii) Ifrank A =n =m, then At = A1,

We need the following well-known theorem about the characteristic polynomial and
lemmas on rank of some matrices.

Theorem 2.4. [22] Let d, be the sum of principal minors of order v of A € C™"*", Then
its characteristic polynomial pa (t) can be expressed as pa (t) = det (tI — A) = t" —
dltn_l + dgtn_2 — ...+ (—1)” dp,.

Lemma 2.5. If A € C"*", then rank (A*A) , (af‘}) <r.
Proof. Let P, (—a;i) € C™*", (k # i), be the matrix with —a;, in the (4, k) entry, 1

in all diagonal entries, and O in others. It is the matrix of an elementary transformation. It
follows that

k%; aj gt .. a’{j o k%; aj,Qkn
j j
(A*A) ; (a%) - [ Pir (—ajx) = . e
ki Yoakak ... Qi e > Ak arn
K7 K7
i—th

The obtained above matrix has the following factorization.

Z' alpdkl ... Ay ... Z aj . Qkn
k#j k#j
Z' Upp @kl - pi e Z ar . Qgn
k#j k#j

i—th
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a ... 0 e.oa
ai, aj, ... ai, 1 nl
_| % 9 G 0 ...1 ...0 j — th.
ary Gro ... Qo ;I'n;l 0 ' .
i—th
a1 0 Aln
Denote by A = 0 ... 1 .00 j — th. The matrix A is obtained from

aml - - 0 cee Qmn

i—th
A by replacing all entries of the jth row and of the ith column with zeroes except that the
(7,1) entry equals 1. Elementary transformations of a matrix do not change its rank. It

follows that rank (A*A) , (af‘}) < min {rank A* rank A} Since rank A > rank A =

rank A* and rank A* A = rank A the proof is completed. m The following lemma can be
proved in the same way.

Lemma 2.6. If A € C]"*", then rank (AA™), (a}‘{) <r.

Analogues of the characteristic polynomial are considered in the following two lemmas.

Lemma 2.7. If A € C™*" and \ € R, then

det (AL, + A*A) , (a%)) = A1 4 A2 4 o), @.1)
(i5) * * p

where ¢\ )| and cs”’ = (A*A) , (a*; forall s =
( 7 ’ ﬂeg,:n{v;} ( ' ( ~J>>g

I,n—1,i=1,n,and j =

Proof. Denote A*A =V = (v;;) € C"*". Consider (A, + V) , (v ;) € C"*". Taking
into account Theorem 2.4 we obtain

(AL, 4+ V), (v.i)| = &N 4 do A" 2+ 4 dy, (2.2)

, 1.

where dg = |(V)g| is the sum of all principal minors of order s that contain the
BEJs, n{i}
i-th column forall s = I,n—1 and d,, = det V. Since v; = > a*,a;;, where a” is the
]

Ith column-vector of A* for all [ = 1, n, then we have on the one hand
AL+ V) (v.a)| = Z |(AL+ V) (a%ai)| =

z|<u+v> ()| - au 2-3)

Having changed the order of summation, we obtain on the other hand forall s =1,n — 1

b= ¥ |Vi= ¥ s|vi@mg=
BeJs, n{i} BeJs, n{i} 1 (2.4)
YOy | va@)a

I BeJs,n{i}
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By substituting (2.3) and (2.4) in (2.2), and equating factors at a;; when [ = j, we obtain
the equality (2.1). m

By analogy can be proved the following lemma.

Lemma 2.8. If A € C™*" and \ € R, then
det (AL, + AAY); (af)) = riPAm= o pfNm=2 4 i)

where 1) = I(AA"); (af )| and 9 = > |((AA%); (a))a| for all s =
aclsm{j}

I,n—1i=1,nandj=1m.

The following theorem and remarks introduce the determinantal representations of the
Moore-Penrose by analogs of the classical adjoint matrix.
Theorem 2.9. If A € C™*" and r < min{m,n}, then the Moore-Penrose inverse A =
(a;;) € C™*™ possess the following determinantal representations:

(a0, (=)

>

T BEJIr, n{i}

a;; , 2.5
> ara) ]
ﬂeJr,n
or * * «
T AN @)
+ ae r,mJ
af = . 2.6)
! ; I(AA*) g
ae T, m

foralli=1,n, 5 =1,m.

Proof. At first we shall obtain the representation (2.5). If A € R, then the matrix
(AI+ A*A) € C™" is Hermitian and rank (\I + A*A) = n. Hence, there exists its
inverse

Liy Loy ... Ly
- 1 Lio Las ... Lpo

AL+ AA) " = ,
AL+AA) = oaraay | ... ...
L1, Loy ... Lpn

where L;; (Vi,j = 1,n) is a cofactor in AXI + A*A. By Lemma 2.2, A"t =
/l\in%] (AL+ A*A)~' A*, so that

det(\I+A*A) | (a*)) det(\I+A*A) | (a*,,)
det(\IT+A*A) e det(M\[+A*A)
AT = lim : .7)
A0 det(MI+A*A) | (a) det(\I+A*A) | (a*,)
det(\I+A*A) e det(M\[+A*A)

From Theorem 2.4 we get

det NI+ A*A) = A"+ A"+ do\" 2+ 4 d,,
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where d, (Vr = 1,n—1) is a sum of principal minors of A*A of order r and d,, =
det A*A. Since rank A*A =rank A =r, thend, =d,_1 =...=d,;+1 = 0and

det NI+ A*A) = N+ d A" L4 doA" 24 4+ d N (2.8)
In the same way, we have for arbitrary 1 < ¢ <mand1 < j < m from Lemma 2.7

det (AL + A*A) , (a%) = (A1 g f\n=2 ),
, and lgfj) =

where for an arbitrary 1 < k <n — 1, ll(jj) = ¥
BEJk, nii}

det (A*A) , (af‘}). By Lemma 2.5, rank (A*A) , (af“j> < r so that if & > r, then

(AA) i)

-J

= X
ﬂeJk,n{i}
(Vi =1,n,V) =1, m). Finally we obtain

8
’((A*A) ,,-(a*')%’ =0, (V3 € Jn{i},Vi = 1,n,¥j = T,m). Therefore if r + 1 < k <

n, then l,(fj) y

(A*A) 5(a%))"| = 0 and 19 = det (A*A) , (a%,) = 0,
( >g J

det AL+ A*A) , (a%;) = (VN g §IN=2 @ (2.9)

By replacing the denominators and the numerators of the fractions in entries of matrix
(2.7) with the expressions (2.8) and (2.9) respectively, we get

(1 an—1g (1D yn—r 1 A=ty gt yn—r
NFDNT AT N T e AT
A+:>1\im =
TO a1 g e 1P A=ty () yn—r
NFD AT AT N T e AT
lg‘ll) ls‘lm)
T— ... I
= ... I

From here it follows (2.5).
We can prove (2.6) in the same way. ®

Corollary 2.10. If A € C"*™ and r < min{m,n} or r = m < n, then the projection
matrix P = AT A can be represented as

Pij
P (i),
d. (A*A) ), o0,
where d_; denotes the jth column of (A*A) and, for arbitrary 1 < i,j < n, pjj =

> |(ara) ad g
BeJrn{i}
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Proof. Representing the Moore - Penrose inverse AT by (2.5), we obtain

iy b oo b, all a2 ... aip

p_ 1 lor laa ... lom a1 G2 ... G2,
0, (AA)

b1 lne oo. lom Am1 Am2 .. Gmn

Therefore, for arbitrary 1 < ¢, 7 < n we get

pij = > ((A*A).i(af“k))g’ Cap =
k Bedr n{i} ,
— * . a* T ﬂ — * i * )
- Z Elaae )] I ((aa) (dJ))ﬂ’

m Using the representation (2.6) of the Moore - Penrose inverse the following corollary can
be proved in the same way.

Corollary 2.11. If A € C"*", where r < min{m,n} orr = n < m, then a projection
matrix Q = AA™ can be represented as

Y 7
= (k).
where g; denotes the ith row of (AA*) and, for arbitrary 1

> [((AA%); (gi))a].

a€lrm{j}

IN

i,j < m, qij =

Remark 2.12. Ifrank A = n, then from Corollary 2.3 we get At = (A*A)™' A*. Rep-
resenting (A*A)~! by the classical adjoint matrix, we have

1 det(A*A);(a%) ... det(A*A);(a*,,)
CH(AA) \ det(A*A) ., (a%) ... det(A*A),(a*,)
Ifn < m, then (2.5) is valid.
Remark 2.13. As above, if rank A = m, then
1 det(AA*); (aj ) ... det(AA*), (af)
CHAAT) | Get(AA), (a8 ) ... det(AA™), (a%)

If n > m, then (2.6) is valid as well.

Remark 2.14. By definition of the classical adjoint Adj(A) for an arbitrary invertible
matrix A € C™*" one may put, Adj(A)- A = det A -1,

If A € C"™" and rank A = n, then by Corollary 2.3, ATA = 1,,. Representing the
matrix AT by (2.10) as At = m, we obtain LA = det (A*A) - L,. This means
that the matrix L = (1;;) € C"*™ is a left analogue of Adj(A), where A € C'*", and
li; = det(A*A) ; (af‘}) foralli =T,m, j = T,m.
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If rank A = m, then by Corollary 2.3, AAT = 1,,. Representing the matrix A
by (2.11) as At = WRA*), we obtain AR = 1, - det (AA™*). This means that the
matrix R = (r;;) € C"™*" is a right analogue of Adj(A), where A € C/"*", and r;; =
det(AA*); (af ) foralli=1,n,j=1m.

If A € C"™*" and r < min{m, n}, then by (2.5) we have A+ = m, where L =
lij) € C"™™ and l;; = A*A) . (a*)) ?| foralli = T,n, j = T,m. From
J J Bedati) 1 .J B
€Jdr,n1t

Corollary 2.10 we get LA = d,. (A*A) - P. The matrix P is idempotent. All eigenvalues of
an idempotent matrix chose from 1 or 0 only. Thus, there exists an unitary matrix U such
that

LA =d,(A*A)Udiag (1,...,1,0,...,0)U",

where diag (1,...,1,0,...,0) € C"*" is a diagonal matrix. Therefore, the matrix L can
be considered as a left analogue of Adj(A ), where A € C"*".
In the same way, if A € C™ "™ and r < min{m,n}, then by (2.5) we have A+ =
Taxs) where R = (rij) € CV™, rjj = IZ{»}‘((AA*)J: (aj)) alforalli = 1,n,
aclrm)
j =1, m. From Corollary 2.11 we get AR = d,. (AA*) - Q. The matrix Q is idempotent.
There exists an unitary matrix V such that

AR =d, (AA*)Vdiag(1,...,1,0,...,0)V*,

where diag (1,...,1,0,...,0) € C™*™. Therefore, the matrix R can be considered as a
right analogue of Adj(A) in this case.

Remark 2.15. To obtain an entry of A by Theorem 2.1 one calculates (C"C" +
CZL:%C;__ll) determinants of order r. Whereas by the equation (2.5) we calculate as much
as (C7 + C"~1) determinants of order r or we calculate the total of (C", + C"\,) deter-
minants by (2.6). Therefore the calculation of entries of AT by Theorem 2.9 is easier than

by Theorem 2.1.

2.2. Analogues of the Classical Adjoint Matrix for the Weighted
Moore-Penrose Inverse

Let Hermitian positive definite matrices M and N of order m and n, respectively, be
given. The weighted Moore-Penrose inverse X = AM n can be explicitly expressed from
the weighted singular value decomposition due to Van Loan [23].

Lemma 2.16. Let A € C"*". There exist U € C™*™, V € C™*" satisfying U*"MU =
L, and VN7V = 1,, such that

D o «
asu(D0)v

Then the weighted Moore-Penrose inverse AL N can be represented

D! o

-1
Ay n=N V( 0o o

Jum,
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where D = diag(o1, 09, ...,0.), 01 > 09 > ... > 0, > 0and 07;2 is the nonzero eigenvalues
of N"'A*MA.

For the weighted Moore-Penrose inverse X = AKI ~» We have the following limit
representation.

Lemma 2.17. ([24], Corollary 3.4.) Let A € C™*™, At = N-1A*M. Then
Ajjy = lm(AT+ AZA)TIA%.
By analogy to Lemma 2.17 can be proved the following lemma.
Lemma 2.18. Let A € C™*", A* = N~'A*M. Then

Af v = lim AP(AL+ AAR)

Denote by a'.ij and ag. the jth column and the ith row of Af respectively. By putting A
instead A*, we obtain the proofs of the following two lemmas and theorem similar to the
proofs of Lemmas 2.5, 2.6, 2.7, 2.8 and Theorem 2.9, respectively.

Lemma 2.19. If A € C"*" and A* is defined as above, then
rank (AﬁA> ‘(at.ij> < rank (AﬁA>,

rank (AAﬁ>j. (af ) < rank (AA%),

foralli =1,nandj =1,m
Analogues of the characteristic polynomial are considered in the following lemma.

Lemma 2.20. If A € C™*" and \ € R, then
det <<)\In + AliA> ‘ (a%)) _ Cgij))\n—l i Cg:j))\n—z b i),

det (()\I —I—AAﬁ) ( )) _ rgw Al (ij))\m—2 +. ”_i_r%j)’

where c(]) = ’AﬁA ( ’ (” =  |(AA¥); (a})| and c(]) =
EM((COF () ) i = o ]((AM) @)’

t=1m-1,i=1nandj=1,m

The following theorem introduce the determinantal representations of the weighted
Moore-Penrose by analogs of the classical adjoint matrix.
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Theorem 2.21. If A € C™*" and r < min{m,n}, then the weighted Moore-Penrose

inverse AKL N= (&;;) € C™ ™ possess the following determinantal representation:

((a%8) (=) 3

>

i = pedr nii} , (2.12)
> ara) )
BEIr, n
or
> |((aah; @) e
it = oSl (2.13)
” NV VOF
ae T, m

foralli =1,n, 5 =1,m.

2.3. Analogues of the Classical Adjoint Matrix for the Drazin Inverse

The Drazin inverse can be represented explicitly by the Jordan canonical form as fol-
lows.

Theorem 2.22. [25] If A € C™*" with Ind A = k and

_L(C 0\,
A-p(C D)

where C is nonsingular and rank C = rank A*, and N is nilpotent of order k, then

-1
AP =P <CO g) Pl (2.14)

Stanimirovic’ [26] introduced a determinantal representation of the Drazin inverse by
the following theorem.

Theorem 2.23. The Drazin inverse AP = (ag ) of an arbitrary matrix A € C™™ with
IndA = k possesses the following determinantal representation

o)

(v, 8) %: G} (As)g daji AG

«a, eNp 50

ol = e - ,1<ij<m (2.15)
(A% |a]]

(v, 6)ENry,
where s > k and i, = rankASs.

This determinantal representations of the Drazin inverse is based on a full-rank repre-
sentation.
We use the following limit representation of the Drazin inverse.
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Lemma 2.24. [27] If A € C™™*", then
-1
AP = lim ()\In n Ak“) Ak,
where k = IndA, A € Ry, and R, is a set of the real positive numbers.
Since the equation (1.6) can be replaced by follows
XAk+1 — Ak
the following lemma can be obtained by analogy to Lemma 2.24.

Lemma 2.25. [f A € C"*", then
-1
AP = limA* ()\In n Ak“) ,
where k = IndA, A € Ry, and R, is a set of the real positive numbers.

Denote by a.(f ) and az(..k) the jth column and the ith row of A* respectively.

We consider the following auxiliary lemma.

Lemma 2.26. If A € C™"™" with IndA = k, then foralli,j =1,n

rank Affl (a&@) < rank AFRFL

Proof. The matrix Affl (a&@) may by represent as follows

n n
(k) (k)
Yoarsay ... Y Q1ssy
s=1 s=1
(k) (k)
aj ... A
n n
(k) (k)
Yo GnsQy] .. Y ApsQsy
s=1 s=1

Let Py; (—a;;) € C™*", (I # i), be a matrix with —a; ; in the (I, ) entry, 1 in all diagonal
entries, and 0 in others. It is a matrix of an elementary transformation. It follows that

Z alsag];) R Z alsagﬁ)
s#j 57
A @) TTPuay=| &% o Q% |
I#i ) '
i ansa(];) s i ansag?
s#j s
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The obtained above matrix has the following factorization.

n n
> alsag];) Y arsalt)
s#] s#]
N
n n
> ansag];) e ansagﬁ)
s#] s#]

a ... 0 ... a k k k
L
0 1 0 Qg1 Ao 2n

ant ... 0 ... ann agzl) G£L2) e agwg

Denote the first matrix by
ai]p ... 0 ... Q1p
A=]l0 ...1 ..0 ith.
anp1 ... 0 co. Qpn
jth

The matrix A is obtained from A by replacing all entries of the ith row and the jth column
with zeroes except for 1 in the (7, j) entry. Elementary transformations of a matrix do

not change its rank. It follows that rank A" (a&@) < min {rank AF, rankA}. Since

rank A > rank A" the proof is completed. m
The following lemma is proved similarly.

Lemma 2.27. If A € C™"™" with Ind A =k, then foralli,j=1,n
rank Ai“ (a.(f)> < rank ARt

Lemma 2.28. If A € C"" and A € R, then

det (()\In + AR (a§@)> = =1y Q0D \n—2 Ly ) (2.16)
where r'7) = ’A?fl(ag.k))’ and v = > ’(A?fl(ag.k))y[’ foralls = 1,n—1
a€ls n{j} @
andi,j=1,n.

Proof. Consider the matrix (()\In + AR, (a&@)) € C™ ™. Taking into account Theo-
rem 2.4 we obtain

’(()\In + ARy (agf“))> ’ — N £ oA Lt dy, 2.17)
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where ds = 3. |(AFT1)9] is the sum of all principal minors of order s that contain
a€ls, n{j}

the j-th row forall s = 1,n — 1 and d,, = det A**1. Since ayfﬂ) => ajlal(.k), where
]

(k)

a

is the Ith row-vector of A* for all [ = T, n, then we have on the one hand
k k
(01, + AR, @) | = > AL+ AR, (a50)] =

2. a5t ’ (AL+ AR, (az(k)> ’

(2.18)

Having changed the order of summation, we obtain on the other hand forall s =1,n — 1

h= ¥ @)= v |(ak (aa))
a€lon{j} a€lsn{j} 1 . “
Zl: aji -y, ’(A?H (al(.k)>>

a€ls,n{j} @

(2.19)

By substituting (2.18) and (2.19) in (2.17), and equating factors at a;; when [ = 4, we obtain
the equality (2.16). m

Theorem 2.29. If Ind A = k and rank A**t! = rank A¥ = < nfor A € C"*", then the

D ) € C™ " possess the following determinantal representations:

= (s (&),

ol — acl.n{s} a
1) Z ’(AkH)Z’

a€lrp
B
D _ ﬂe%{i} <A%"+1 <a'(f)>>g’

A k+1)8
> Ak
ﬂGJr,n

Drazin inverse AP = (a

o[ (2.20)

and

(2.21)

foralli,j =1,n.

Proof. At first we shall prove the equation (2.20).
If A\ € Ry, then rank (A + AF*1) = n. Hence, there exists the inverse matrix

Ri1 Ro1 ... Ry

()\I+Ak+1>_1 _ 1 Riz Ras ... Rpo
O+ AR | . o |

Rln R2n Rnn

where R;; is a cofactor in A\I + A**! for all i,j = T,n. By Theorem 2.25, AP =
lim A (AL, + Ak“)_l, so that
A—0

n k n k
D 1 Zs:l ags)Rls e Zs:l ags)Rns
A~ = lim ... ... ... =
r—o0det (A\I + Ak+1
‘ ( ) Z?:l ag? Ry ... Z?Zl ag? Ry
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det(AL+AR1) (al?)) det(AL+ARTL) (al)
det(,\I+Ak+1) T det(AI+Ak+1)
lim (2.22)
A20 L et (AT LAk 1) (2 det(AT+AR+1)  (a®)
1. n.
det( AL+ AF+1) T det( AI+AF+1)

Taking into account Theorem 2.4 , we have
det ()\I n Ak“) SN d AT AN L+ dy,
where ds = ) ’ (Ak“)Z’ is a sum of the principal minors of A**1 of order s, for all
OLGIS sn

s =1,n—1, and d, = det A¥*!. Since rank A**! = r thend, = dp,_1 = ... =
dr+1 = 0 and

det ()\I + Ak“) SN AT AN d AT (2.23)

By Lemma 2.28 forall 7,5 = 1, n,
det()\I—l—AkH) ( ) 190\t g 2 (i),

where forall s =1,n — 1,

- % | ),

a€lsnij}

9

and 157 = det A?H (af;.k)>.
By Lemma 2.26, rank A?fl ( (k)> < r, so that if s > r, then for all &« € I, ,,{i} and
foralli,j = 1,n,
(0 ()] -

Therefore if r + 1 < s < n, then for all ¢, j =

1,n,
= ()] -
a€ls n{j}

and 1§79 = det ANt (a&@) = 0. Finally we obtain
det (AL+ AFT) (al) = st f9xn2 g 2.04)
2

By replacing the denominators and the nominators of the fractions in the entries of the
matrix (2.22) with the expressions (2.23) and (2.24) respectively, finally we obtain

(W an-1g 1D yn—r I an—1p g™ yn—r
D A Fd A= d AT A d A L AT
A~ = lim e e e =
X
TOL a1 ) pne 1P an=1y () yn—r
A Fd A= d AT A d A L AT
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(an) (in)
5 5
. e .

= .« .. .« .. .« e 9
d, e d,

where for all 2, j = 1, n,

N I CD IR LN

aelr,n{j} ae[rn

The equation (2.21) can be proved similarly.

This completes the proof. m Using Theorem 2.29 we evidently can obtain determinantal
representations of the group inverse and the following determinantal representation of the
identities AP A and AAP on R(A¥)

Corollary 2.30. If IndA = 1 and rank A% = rank A = r < n for A € C™ ", then the

group inverse A9 = (a%) € C™ " possess the following determinantal representations:

SN[

. aGIr,n{j}

g
A NV 22
aGIr,n
(A% (a.j))g
o0 = Bt}
iy 8
> |a2]
ﬂGJr,n

foralli,j =1,n.

Corollary 2.31. If IndA = k and rank A*T! = rank A* = r < nfor A € C™™, then
the matrix AAP = (gij) € C™™™ possess the following determinantal representation

(a5 (a0 ]

) ’(Akﬂ)g’

aGIr,n

>

aGIr,n{j}

qij = , (2.26)

foralli,j =1,n.

Corollary 2.32. If IndA = k and rank A*T! = rank A* = r < nfor A € C™™, then
the matrix AP A = (pij) € C™"*™ possess the following determinantal representation

B
Ak;rl a..(k—i-l) ’
Z (A5 (04
Pij = Y , 2.27)
AR
ﬂeZJ;«,n ( " >ﬂ’

foralli,j =1,n
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2.4. Analogues of the Classical Adjoint Matrix for the W-Weighted
Drazin Inverse

Cline and Greville [28] extended the Drazin inverse of square matrix to rectangular ma-
trix and called it as the weighted Drazin inverse (WDI). The W-weighted Drazin inverse
of A € C™*"™ with respect to W € C"*" is defined to be the unique solution X € C"*"
of the following three matrix equations:

1) (AW)F1XW = (AW)F,
2) XWAWX = X, (2.28)
3) AWX = XWA,

where £ = max{Ind(AW), Ind(WA)}. It is denoted by X = A4y . In particular, when
A cC™™and W =1, , then A 4 reduce to AP If A € C™ ™ is non-singular square
matrix and W = I,,,, then Ind(A) = 0 and Ay = AP = A~L.

The properties of WDI can be found in (e.g.,[29, 30, 31, 32]). We note the general
algebraic structures of the W-weighted Drazin inverse [29]. Let for A € C™*"™ and W €
C™>m exist L € C™*™ and Q € C™*" such that

o A.ll 0 —1 o Wll 0 —1
asr( A0 2 Yo weo( W0 i

B (W11A11Wq1)"t 0 _1

where L, L, A1, Wy are non-singular matrices, and Ags, Wy are nilpotent matrices.
By [27] we have the following limit representations of the W-weighted Drazin inverse,

Then

-1

Aqw = lim (Mm + (AW)’“”) (AW)FA (2.29)
and _1

Aqw = limA(WA)* ()\In + (WA)’“”) (2.30)

where A € R, and R, is a set of the real positive numbers.
Denote WA =: U and AW =: V. Denote by V(Jk ) and vz(.k) the jth column and the ith
row of V¥ respectively. Denote by V¥ := (AW)*A € C™*" and W = WAW ¢ C"*™,

Lemma 2.33. If AW =V = (v;;) € C"™*™ with IndV = k, then
rank (Vk+2>.i (\_/(Jk)> < rank (Vk+2> . (2.31)

Proof. We have V#2 = VFW. Let P; (—w;5) € C™*™, (s # i), be a matrix with
—wj ¢ in the (4, s) entry, 1 in all diagonal entries, and 0 in others. The matrix P; ; (—w0; ),
(s # 1), is a matrix of an elementary transformation. It follows that

ORI GREORE UOPRD Sl i
s#£j s#£j
(Vk+2> z(;,(;ﬁ) ] Pis (—w;4) =
s#£j s#£j
i—th
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‘We have the next factorization of the obtained matrix.

_(k) - _(k _(k) -
> vgs)wsl .. U§J) e vgs)wsm
s#] s#]
Z vmswsl . _gf]) . Z ﬁyfswsm
s#J s#J
i—th
'D%g 'D%g o 'D%g wip ... O s Wim
— [ P2 Ta e Vo 0 ...1 ...0 j— th.
(k) —(k _(k
L B W
i—th
wip ... O c.. Wim
Denote W := 0 ... 1 .00 j — th. The matrix W is obtained from
Wp1 .- 0 .. Wy
i—th

W = WAW by replacing all entries of the jth row and the ith column with zeroes except
for 1 in the (i, j) entry. Since elementary transformations of a matrix do not change a rank,

then rank V2 (\_/(Jk )> < min {rank VF, rankW}. It is obvious that

rank V¥ = rank (AW)*A > rank (AW)*+2,
rank W > rank WAW > rank (AW)*+2,

From this the inequality (2.31) follows immediately. m
The next lemma is proved similarly.

Lemma 2.34. If WA = U = (u;;) € C"" with IndU = k, then
rank (Uk+2> ' (ﬁgk)> < rank (Uk+2> ,
7.
where UF := A(WA)F ¢ Cx"
Analogues of the characteristic polynomial are considered in the following two lemmas.

Lemma 2.35. If AW =V = (v;;) € C"™*™ with IndV = k and X € R, then

](Mm + V’“”) , (v?ﬁ) ’ = (D=1 g D ym=2 ), (2.32)

(i5) _ k+2 — (k) (i5) _ k42 —(k)\\ 8
where ¢’ = det (V vy ) and cs?’ = det [ (V v forall
( )z( .J > ﬂng{i} <( )z( .J >>ﬂ

s=1m-1i=1m,andj =1,n

Complimentary Contributor Copy



98 Ivan I. Kyrchei

Proof. Consider the matrix (AI + Vk+2).z. (v.(f+2)) € C™*™_ Taking into account Theo-
rem 2.4 we obtain

’()\I n V’f+2> | (VF’;+2)> ’ — A AN 4 d, (2.33)
.2
where ds = 5. | (Vk+2)g| is the sum of all principal minors of order s that con-
BEJTs, m{i}
tain the i-th column for all s = 1,m —1 and d,, = det (V*™2). Since v.(f+2) =
(k)
> Uy Wy
I
A
I

= vaf)wli, where \_/.(f) is the /th column-vector of V¥ = (AW)*A
: !
S @
!
and WAW = W = (wy;) for all | = T, n, then we have on the one hand
L+ VEe) (V)] = > A1+ V) (5D a,)

= [(a v, (o) o

(2.34)

Having changed the order of summation, we obtain on the other hand forall s =1, m — 1

vl F e ()] -
2.

= 2 e () B

By substituting (2.34) and (2.35) in (2.33), and equating factors at w;; when [ = j, we
obtain the equality (2.32). m By analogy can be proved the following lemma.

ds =
BeJs, m{i}

(2.35)

Lemma 2.36. If WA = U = (u;;) € C"" with IndU = k and X € R, then

where 17 = ’(Uk“)j. (ﬁgk))

and i = B |(0. @) &

forall s =

I,n—1i=1mandj=1n

Theorem 2.37. If A € C"™*", W € C™" with k = max{Ind(AW), Ind(WA)} and
rank(AW)K = r, then the W-weighted Drazin inverse Agw = (afjw> e C™*™ with
respect to W possess the following determinantal representations:

dw _ BeJrm{i} ((AW)’“;W (‘_,(Jk)>> g’

1) k
> |aw)t g
BEJIr, m

: (2.36)
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or

> |(warra®)) o
d,W acln{j}
ag = S (WA)k+2a . (2.37)

CZGIT, n

where V(J ) is the jth column of VF = (AW)kAfor allj =1,...,mand u( ) is the ith row
of UF = A(WA)* foralli=1,...,n

Proof. At first we shall prove (2.36). By (2.29),

—1
Agw = lim (AL + (AW)*#2) " (AW)FA.

Let
Lin Lav ... Lm
-1 1 L L ... L
AL AW k+2> _ 12 22 m2 |
(A -+ (AW) dot OL, + (AWYF2y | .o
le L2m me

where L;; is a left ij-th cofactor of a matrix AL, + (AW)*+2, Then we have

(AL, + (AW)F+2) ™ (AW)FA =

m m m
Z leﬁgllf) Z leﬁgg) A Z leﬁgﬁ)
s 1 s=1 s 1
7 (k)
. 1 Z Lsg’Usl Lsg’Us2 ce Z s2'Usn
T det(ALn+(AW)E+2) s=1 s=1
m m m
S Lot S Loo® Z Loy o0
s=1 s=1 s=1
By (2.29), we obtain
’(AIm—',-(AW)‘“‘Q) v ’(AIm—',-(AW)‘“‘Q)‘l (v?ﬁ?)’
[(ALn+(AW)F+2)| T [(ALn+(AW)F2)]
Agw = lim . e (2.38)
A—0 ’(Alm_i_(AW)IH-Q)ﬂ (‘—,(f)ﬂ ’(AIm—i-(AW)k*Q)‘m (V(ff)ﬂ
|( AL +(AW)R+2))| : [(\L+(AW)F+2)]|
By Theorem 2.4 we have

’()\Im n (AW)’““) ’ — A A AN L d,

where dg = > ’()\Im + (AW)*+2) g’ is a sum of principal minors of (AW )**+2 of
ﬂGJs,m

order s forall s = 1,m — 1 and dp,, = |(AW)F+2].
Since

rank(AW) 2 = rank(AW) 1 = rank(AW)* =
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then
dm:dm_lz...:dT+1:0.

It follows that det (AL, + (AW)*2) = X + i ™ 4 dpA™ 2 4+ .+ d, A7
By Lemma 2.35

(e aw) ()] =

fori = 1,mand j = 1,n, wherec(]) =

((aws2 (+97)) | for all s =
€Js, m{i}
T,m—Tandc\?) = ](Aw b2 (v) ]

We shall prove that c( W) — 0, when k > r + 1 fori = 1,mand j = 1,n. By Lemma
2.33 ((AW)/I“:r2 ( (Jk)>> < r, then the matrix ((AW)/I“:r2 (\‘/(Jk)>> has no more r linearly
independent columns.

Consider ((AW)”er2 (‘(k)>> , when 8 € J;,,{i}. It is a principal submatrix of

((AW)’“IJr 2 <\_/(Jk )>> of order s > r + 1. Deleting both its i-th row and column, we obtain

a principal submatrix of order s — 1 of (AW)*+2

are possible.

. We denote it by M. The following cases

elets = r+ 1 and detM # 0. In this case all columns of M are right-
linearly independent. The addition of all of them on one coordinate to columns of

((AW)”er2 (‘(Jk )>> g keeps their right-linear independence. Hence, they are basis

in a matrix ((AW)’“IJr 2 (‘(k)>> 5> and the i-th column is the right linear combina-

tion of its basis columns. From this, ((AW){’Z.Jr2 (v(]k )) g’ =0,when 3 € J, ,{i}

and s = r + 1.

e If s =r+4+1and detM = 0, than p, (p < r), columns are basis in M and in
((aw )52 (v97)) 6. Then | ((AW)5#2 (+17) ) | = 0 as well.

o If s >r+ 1, thendet M = 0 and p, (p < ), columns are basis in the both matrices
M and ((AW)”er2 ( (k)>> g Therefore, ((AW)”“:r2 (\‘/(Jk)>> g’ =0.

g
Thus in all cases we have ’((AW){“;FQ (\78“)) g’ = 0,when § € Jyp{i}and r+1 <
s < m. From here if r + 1 < s < m, then

= 3 |(awy (v9)) 7] <o

BEJTs, m{i}

and ) = det ((AW){’“I-Jr2 (V(Jk)>

(AI+ (AW)k”).i (\7(]?)>’ = ng))\m—l 4 DN for = 1,m and

)zOforizl,mandj: n.

Hence, j

j = 1, n. By substituting these values in the matrix from (2.38), we obtain
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cgu),\m—1+...+c$“),\m—’“ cgln) ,\m—1+...+c$1”),\m—’“
A pdi A M1 pd AT AN A M I d AT
Ad7W:>1\im =
—0 cgm”,\m—1+...+c$m”,\m—’“ cgmn))\m_l—i-...—i-cgmn))\m_’“
A pdi A1 d AT e A pdi A1 d AT
(11) (1n)
C’I‘ C’I‘
. .. .
Cg‘ml) Cs‘mn)
4 .. 4
(i5) _ k+1 B\ 8 _ k+1\ 8
where ¢, = ' (A )z a; glandd, = 3 (AT 5|- Thus, we
BEJr. m{i} BETr, m

have obtained the determinantal representation of Ay by (2.36).
By analogy can be proved (2.37). m

3. Cramer’s Rules for Generalized Inverse Solutions of Systems
of Linear Equations

An obvious consequence of a determinantal representation of the inverse matrix by the
classical adjoint matrix is the Cramer rule. As we know, Cramer’s rule gives an explicit
expression for the solution of nonsingular linear equations. In [33], Robinson gave an ele-
gant proof of Cramer’s rule which aroused great interest in finding determinantal formulas
for solutions of some restricted linear equations both consistent and nonconsistent. It has
been widely discussed by Robinson [33], Ben-Israel [34], Verghese [35], Werner [36], Chen
[37], Ji [38] ,Wang [39], Wei [31].

In this section we demonstrate that the obtained analogues of the adjoint matrix for
the generalized inverse matrices enable us to obtain natural analogues of Cramer’s rule for
generalized inverse solutions of systems of linear equations.

3.1. Cramer’s Rule for the Least Squares Solution with the Minimum Norm
Definition 3.1. Suppose in a complex system of linear equations:
A -x=y 3.1

the coefficient matrix A € C]"*" and a column of constants'y = (y1, . . .,ym)T e C™
The least squares solution with the minimum norm of (3.1) is the vector x° € C" satisfying

o = i X - X — = ] . —
=) = i {11 1A%yl = pin 14 x -1}

where C™ is an n-dimension complex vector space.

If the equation (3.1) has no precision solutions, then xV is its optimal approximation.
The following important proposition is well-known.

Theorem 3.2. [21] The vector x = ATy is the least squares solution with the minimum
norm of the system (3.1).

Complimentary Contributor Copy



102 Ivan I. Kyrchei

Theorem 3.3. The following statements are true for the system of linear equations (3.1).

i) If rank A = n, then the components of the least squares solution with the minimum

normxY = (;v(l], cey x%)T are obtained by the formula
det(A*A) ; (f) .
0 J
i S A B A =1 2
x; ol A" , (V] ,n) , (3.2)
where f = A*y.

ii) Ifrank A =r < m < n, then

> |((A%A) 5(D);

0 _ BEJIrni{s}
J d, (A*A) ’

(Vji=1,n). (33)

Proof. i) If rank A = n, then we can represent A™ by (2.10). By multiplying A™ into y
we get (3.2).

ii) If rank A = k < m < n, then A™ can be represented by (2.5). By multiplying A ™
into y the least squares solution with the minimum norm of the linear system (3.1) is given
by components as in (3.3). m Using (2.7) and (2.11), we can obtain another representation
of the Cramer rule for the least squares solution with the minimum norm of a linear system.

Theorem 3.4. The following statements are true for a system of linear equations written in
the formx - A =y.

i) If rank A = m, then the components of the least squares solution x° = yA™ are
obtained by the formula

o det(AAY), (8)
! det AA*

(Vi=1,m),

where g = yA™.
ii) Ifrank A =r <n < m, then

PINCYSHER
x) = —" 7 (AA") , (Vizl,m).

Proof. The proof of this theorem is analogous to that of Theorem 3.3. m

Remark 3.5. The obtained formulas of the Cramer rule for the least squares solution differ
from similar formulas in [34, 36, 37, 38, 39]. They give a closer analogue to usual Cramer’s
rule for consistent nonsingular systems of linear equations.
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3.2. Cramer’s Rule for the Drazin Inverse Solution

In some situations, however, people pay more attention to the Drazin inverse solution
of singular linear systems [40, 41, 42, 43].

Consider a general system of linear equations (3.1), where A € C"*" and x, y are
vectors in C™. R(A) denotes the range of A and N (A) denotes the null space of A.

The characteristic of the Drazin inverse solution A"y is given in [24] by the following
theorem.

Theorem 3.6. Let A € C™ " with Ind(A) = k. Then APy is both the unique solution in
R(AF) of
AFtlx = Aky, (3.4)

and the unique minimal P-norm least squares solution of (3.1).

Remark 3.7. The P-norm is defined as ||x||p = |P~'x|| for x € C", where P is a
nonsingular matrix that transforms A into its Jordan canonical form (2.14).

In other words, the the Drazin inverse solution x = APy is the unique solution of the
problem: for a given A and a given vector y € R(A¥), find a vector x € R(A¥) satisfying
Ax =y withInd A =k.

In general, unlike A*y, the Drazin inverse solution A"y is not a true solution of a
singular system (3.1), even if the system is consistent. However, Theorem 3.6 means that
APy is the unique minimal P-norm least squares solution of (3.1).

A determinantal representation of the P-norm least squares solution of a system of
linear equations (3.1) by the determinantal representation (2.15) of the Drazin inverse has
been obtained in [44].

We give Cramer’s rule for the P-norm least squares solution (the Drazin inverse solu-
tion) of (3.1) in the following theorem.

Theorem 3.8. Let A € C™" with Ind(A) = k and rank A*¥T! = rank A* = r. Then

the unique minimal P-norm least squares solutionX = (21, ..., T,)T of the system (3.1) is
given by
B
s (o))
o~ JT< n i .
. = Bednnlid . Vi=Tm, 3.5)
k+1
> |k
BEIrn

where £ = AFy.

Proof. Representing the Drazin inverse by (2.21) and by virtue of Theorem 3.6, we have

n
~ d
71 . ) szzjl 1sYs
X=|...] =AYy =———
x A Y= 4 (AF+T)
" Z dnsys
s=1
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Therefore,

T = Ak—i—l Z Z

s 1 Be Jr n{l}

Ak+1 Z Z

ﬂeJr n{l} s=1

iy >

Bedr n{i} s=1

(a5 (a) ] =
(A8 (o) ] 0=
(A1 (a2 0.)) )

From this (3.5) follows immediately. m If we shall present a system of linear equations as,

XA =y, (3.6)

where A € C"*" with Ind(A) = k and rank A**! = rank A¥ = r, then by using
the Drazin inverse determinantal representation (2.20) we have the following analog of
Cramer’s rule for the Drazin inverse solution of (3.6):

> (A @)

5, = a&hnld) C Vi=Tm
> oAk Y
aGIr,n

where g = yAF.

3.3. Cramer’s Rule for the W-Weighted Drazin Inverse Solution

Consider restricted linear equations
WAWx =y, 3.7

where A € C™*", W € C™™, k; = Ind(AW), ky = Ind(WA) withy € R((WA)*?)
and rank(WA)*2 = rank(AW)* = 7,

In [31], Wei has showed that there exists an unique solution A 4y of the linear equa-
tions (3.7) and given a Cramer rule for the W-weighted Drazin inverse solution of (3.7) by
the following theorem.

Theorem 3.9. Let A, W be the same as in (3.7). Suppose that U € (Cnx(n ") and V* €
(Cﬁfim ") be matrices whose columns form bases for N((WA)*2) and N ((AW)*1), re-
spectively. Then the unique W-weighted Drazin inverse solution x = (x1, ..., Ty, of (3.7)

satisfies
o WAW (i —y) U WAW U
x’_det< V(i — 0) 0>/det< \Y% 0>

where i = 1, m.
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Let k = max{ky, ks}. Denote f = (AW)*A - y. Then by Theorem 2.37 using the
determinantal representation (2.36) of the W-weighted Drazin inverse A4y, we evidently
obtain the following Cramer’s rule of the W-weighted Drazin inverse solution of (3.7),

(W) (1)) 5|

o BEJIr, m{i}

=
BETr, m

(3.8)

9

where i = 1, m.

Remark 3.10. Note that for (3.8) unlike Theorem 3.9, we do not need auxiliary matrices
UandV.

3.4. Examples

1. Let us consider the system of linear equations.

2x1 — bxg +4xy =1,
Tx1 — 4xo — 923 + 1.524 = 2,
3x1 — 4xo + Txz — 6.524 = 3,
x1 — 49 + 1223 — 10.524 = 1.

(3.9

2 0 =5 4
7T -4 -9 1.5
3 -4 7 =65
1 —4 12 -10.5

The coefficient matrix of the system is A = . The rank of A is

equal to 3. We have

2 7 3 1 63 —44 —40 —11.5

. o -4 4 x| —44 48 —40 62
A=l 9 7 12 PAAT] w0 a0 200 205
4 15 —65 —105 115 62 —205 170.75

At first we obtain entries of AT by (2.10):

63 —44 —40 63 —44 —115
dy(A*A)=| —44 48 —40 |+| —44 48 62 |+
—40 —40 299 ~115 62 170.75
63 —40 —115 48 —40 62
+| —40 299  —205 |+| —40 299 —205 |= 102060,
~11.5 —205 170.75 62 —205 170.75
2 —44 —40 2 —44 —115 2 —40 -—115
ly=| 0 48 —40 |+|0 48 62 |+| -5 299 —205 |=
—5 —40 299 4 62 170.75 4 —205 170.75

= 25779,
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and so forth. Continuing in the same way, we get

25779 —4905 20742 —5037

L1 —3840 —2880 —4800 —960
102060 | 28350 —17010 22680 —5670
39558 —18810 26484 —13074

Now we obtain the least squares solution of the system (3.9) by the matrix method.

9 25779  —4905 20742 —5037 1
O ] 1 —3840 —2880 —4800 —960 2|
| 23| 102060 | 28350 —17010 22680 —5670 3]
Y 39558 —18810 26484 —13074 1
73158 %i?é
1 —24960 | | —15
102060 | 56700 2
68316 5693

8505

Next we get the least squares solution with minimum norm of the system (3.9) by the
Cramer rule (3.3), where

2 7 3 1 1 26
P B B 21 _ | —24
“ |5 —9 7 12 31 | 10
4 15 —6.5 —10.5 1 —23
Thus we have
. 26 —44 —40 26 —44 —11.5
0
29 = —24 48 —40 |+ | —24 48 62 |+
102060 \| 19 _40 299 —23 62 170.75
N fg ;;13 —12%-55 73158 12193
23 05 17075 102060 ~ 17010
. 63 26 —40 63 26 —11.5
0
29 = —44 24 —40 |+ | —44 24 62 |+
—24 —40 62
—24960 416
+| 10 299 —205 || = = -
23 —205 170.75 102060 1o
. 63 —44 26 63 26 —11.5
0
) = —44 48 24 |+| —40 10 205 |+
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48 -2 62 56700 5
| —40 10 =205 = 150060 T o
62 —23 170.75
1 63 —44 26 63 —40 26
7y = 102060 —44 48 24 | +| —40 299 10 |+
-11.5 62 23 —-11.5 —-205 -—-23
48 —40 —-24
68316 5693
+| 40 299 ~ 102060 8505
62 —205 -—23
2. Let us consider the following system of linear equations.
1 — Ty + T3+ x4 =1,
Tg— X3+ x4 = 2,
r1 — X2 +x3 + 224 = 3, (3-10)
Tl — X9+ T3+ x4 = 1.
1 -1 1 1
) . ) ) 0O 1 -1 1 )
The coefficient matrix of the system is the matrix A = 1 -1 1 2] It is easy to
1 -1 1 1
verify the following:
3 -4 4 3 10 —-14 14 10
s |0 1 -1 0 s _|-1 2 -2 -1
A_4—554’A_13—181813’
3 -4 4 3 10 —-14 14 10

and rank A = 3, rank A2 = rank A3 = 2. This implies k = Ind(A) = 2. We obtain
entries of AP by (2.21).

10 —-14 10 14 10 10
3) —
dQ(A)_’—l 2 ’*’13 18’+’10 10’
n 2 =2 n 2 -1 n 18 13 _3
—18 18 —14 10 14 10| 7
dut — 3 -4 n 3 14 n 3 10 _ 4
=10 2 4 18 3 10| 7
and so forth.
0.5 05 —-0.5 0.5
1.75 2.5 =25 1.75
. . . D _
Continuing in the same way, we get A~ = 195 15 —15 195" Now we
0.5 05 —-0.5 0.5
obtain the Drazin inverse solution X of the system (3.10) by the Cramer rule (3.5), where
3 -4 4 3 1 10
0 1 =10 2 -1
— A2y — _
e=AY=1,4 5 5 4| [3] |13
3 -4 4 3 1 10
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Thus we have

. 1(] 10 -14 10 14 10 10 1
=g\l 21 2 13 18 10 10]) "%
R U e e I e e N A
2=3g\ 21 1 13 18 10 10|) ="
s (|0 w0, [ 2 1], 18 18]\ _
=3\l 13 13 ~18 13 10 10]) "
. 1(]10 10 2 1], |18 18\ _1
T4=35\l 10 10 14 10 14 10|) 2

4. Cramer’s Rule of the Generalized Inverse Solutions of Some
Matrix Equations

Matrix equation is one of the important study fields of linear algebra. Linear matrix
equations, such as

AX =C, 4.1)
XB =D, 4.2)

and
AXB = D, 4.3)

play an important role in linear system theory therefore a large number of papers have
presented several methods for solving these matrix equations [45, 46, 47, 48, 49]. In [50],
Khatri and Mitra studied the Hermitian solutions to the matrix equations (4.1) and (4.3) over
the complex field and the system of the equations (4.1) and (4.2). Wang, in [51, 52], and Li
and Wu, in [53] studied the bisymmetric, symmetric and skew-antisymmetric least squares
solution to this system over the quaternion skew field. Extreme ranks of real matrices in
least squares solution of the equation (4.3) was investigated in [54] over the complex field
and in [55] over the quaternion skew field.

As we know, the Cramer rule gives an explicit expression for the solution of nonsingular
linear equations. Robinson’s result ( [33]) aroused great interest in finding determinantal
representations of a least squares solution as some analogs of Cramer’s rule for the matrix
equations (for example, [56, 57, 58]). Cramer’s rule for solutions of the restricted matrix
equations (4.1), (4.2) and (4.3) was established in [59, 60, 61].

In this section, we obtain analogs of the Cramer rule for generalized inverse solutions
of the aforementioned equations without any restriction.

We shall show numerical examples to illustrate the main results as well.

4.1. Cramer’s Rule for the Minimum Norm Least Squares Solution of Some
Matrix Equations

Definition 4.1. Consider a matrix equation

AX =B, 4.4)
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where A € C™*" B € C™** are given, X € C"*® s unknown. Suppose
S; ={X|X € C"*,||AX — B|| = min}.

Then matrices X € C™** such that X € S are called least squares solutions of the matrix
equation (4.4). If Xps = minxeg, || X||, then Xpg is called the minimum norm least
squares solution of (4.4).

If the equation (4.4) has no precision solutions, then X g is its optimal approximation.
The following important proposition is well-known.

Lemma 4.2. (/38]) The least squares solutions of (4.4) are
X=A"B+(I,-ATA)C,

where A € C™*"™ B € C™** are given, and C € C™*® is an arbitrary matrix. The least
squares minimum norm solution is X g = ATB.

We denote A*B =: B = (l;z]) e C™*s.

Theorem 4.3. (i) Ifrank A = r < m < n, then we have for the minimum norm least
squares solution X 1,5 = (z;;) € C"*° of (4.4) foralli =1,n, j =1, s

> (A (b)) g

Tij = petadl 3 (4.5)
> |ara) g
ﬂeJr, n
(ii) Ifrank A = n, then foralli =1,n, j = 1, s we have
det(A*A)z (f)]>
.CL‘,;j = (46)

det(A*A)

where B,j is the jth column ofB forallj =1, s.

Proof. i) If rank A = r < m < n, then by Theorem 2.9 we can represent A™ by (2.5).
Therefore, we obtainforalli = 1,n,j =1, s

" n el (A*A)  (@3) 5|
Tii = ajibr; = €t -
17 = 2 PORENSH ?
€ T, n

S S |(AaTA) @) ] b

Bedr, n{i}
«A) B
> |ara) ]
BE€Jr, n
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Zk: a11,x;
Zk: g,k

Since 3" a*,by; = = b ;, then it follows (4.5).
k

Zk: Uy Dk
(i1) The proof of this case is similarly to that of (i) by using Corollary 2.3. m
Definition 4.4. Consider a matrix equation
XA =B, 4.7)
where A € C"™*" B € C*" are given, X € C**™ js unknown. Suppose
Sy = {X|X € C**™ || XA — B|| = min}.

Then matrices X € C**™ such that X € Sy are called least squares solutions of the
matrix equation (4.7). If X1s = minxeg, ||X||, then X g is called the minimum norm
least squares solution of (4.7).

The following lemma can be obtained by analogy to Lemma 4.2.
Lemma 4.5. The least squares solutions of (4.7) are
X =BA"T+C(,, - AA™),

where A € C™*" B € C**" are given, and C € C**™ is an arbitrary matrix. The
minimum norm least squares solutionis X = BA™.

We denote BA* =: B = (b;;) € C**™.

Theorem 4.6. (i) Ifrank A = r < n < m, then we have for the minimum norm least
squares solution X g = (x;5) € C¥*™ of (4.7) foralli =1,s, j =1,m

> [(aan); (b)) s

C!GIr,m{j}

T = (48)
’ > [(AA%) gl
QGIr,m
(ii) Ifrank A = m, then foralli =1,s, j = 1, m we have
det(AA*); (b;
zij = — (A7), (b:) (4.9)

det(AA*)

where b;_ is the ith row of B forall i = 1, s.

Proof. (i) If rank A = r < n < m, then by Theorem 2.9 we can represent A™ by (2.6).
Therefore, forall i = 1, s, j = 1, m we obtain

. PR ((aa); @) s
aclrm]
xij:zbika:jzzbik' S [(AA%) 9| =
k=1 k=1 @

C!GIT, m
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Shabe T ((aa"), @) s
> [(AA) gl

CZGIT, m

Since foralli =1, s

S baal = (Zk: bikaj Zk:bz'k% §bikazm) — b,

k
then it follows (4.8).
(i1) The proof of this case is similarly to that of (i) by using Corollary 2.3. m
Definition 4.7. Consider a matrix equation
AXB =D, (4.10)
where A € C", B € CPX? D € C™*4 are given, X € C™*P is unknown. Suppose
S3 ={X|X € C"*? ||AXB — D|| = min}.

Then matrices X € C™*P such that X € Ss are called least squares solutions of the matrix
equation (4.10). If X1s = minxes,||X||, then X g is called the minimum norm least
squares solution of (4.10).

The following important proposition is well-known.
Lemma 4.8. (/36]) The least squares solutions of (4.10) are
X=A"DB" + (I, - ATA)V + W(I, - BB"),

where A € C7*", B € CPX? D € C™*Y are given, and {V,W} C C"*P are arbitrary
quaternion matrices. The minimum norm least squares solutionis X5 = ATDB™.

We denote D = A*DB*.

Theorem 4.9. (i) Ifrank A = r; < n and rankB = ry < p, then for the minimum
norm least squares solution Xy g = (;vz]) € C™*P of (4.10) we have

LT (a8) ]|
> |(ara)]
BEIrn

Tij = (4.11)

> |(BB9)2|

aGITQ,p

or

> |BBY); (dA)q
aclry p{s}

AP
> |ana)]
BETr n

wij = (4.12)

> (BB

aGITQ,p
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where
T
B ¥ ’(BB*)j. (&1) o S ’(BB*)j. ((L.) o[ @413)
a€lry p{s} a€lryp{j}
=1 ¥ ’(A*A).i (@) g > ’(A*A).i (a,) g’ 4.14)

BEJry n{i} a€lyy o {i}

are the column-vector and the row-vector, respectively. d;  is the i-th row of D for
alli =T1,n, and d _j is the j-th column of D for all j = 1, p.

(ii) If rank A = n and rank B = p, then for the least squares solution X s = (x;5) €

C"™ P of (4.10) we have for alli = 1,n, j = 1, p,

det ((A*A),,- (d?))

%ii = Jei(A"A) - det(BB*)’ (4.15)
” et ((BB"),, (dA
A ditzj(&*]i]?- ciet(((;];z‘)’ (4-16)
where
B = [det ((BB*)j, (&1)) ..., det ((BB*) (&n m , 4.17)
dA .= [det ((A*A),,- (&,1>> det( pm (4.18)

are respectively the column-vector and the row-vector.

(iii) If rank A = n and rank B = ro < p, then for the least squares solution Xy g =

(xi5) € C™*P of (4.10) we have

det ((A*A); (dB
xij:det(Agm > $<5122>3|’ @

aGITQ,p

or

> |BBY); (dA)q
1y = e i} (4.20)
Y det(A*A) Y |(BBY)gl ’

aGITQ,p

where d% is (4.13) and dﬁ is (4.18).

(iiii) If rank A = r1 < m and rank B = p, then for the least squares solution X5 =

(xi5) € C™*P of (4.10) we have
det (BB*);. (d#))

> |(ara)] - det(BBY)
BE Ty m

wij = (4.21)
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or

Bl (a2) 7|

."L‘,;j =
3 (A*A)g’ det(BB*)
BE T m

where dB is (4.17) and d;* is (4.14).

: 4.22)

Proof. (i) If A € C"*", B € C and r1 < n, r2 < p, then by Theorem 2.9 the Moore-
Penrose inverses AT = (a;.;) € C™™ and BT = (b;’;) € C7%P possess the following
determinantal representations respectively,

L+ _ Beh nli} (ATA) (aikj> g’

> |ara) ]
BETr n

> |(BBY);.(b;)g]
+ a€lry p{j}

v >, |(BBY) gl

aGITQ,p

Since by Theorem 4.8 X1,¢ = ATDB™, then an entry of X g = (x;;) is

q m
T = ( a;;dks> bl (4.24)
1

(4.23)

s=1 \k=

Denote by d , the sth column of A*D =: D = (d;;) € C"™¥ forall s = T, q. It follows
from ) a* dps = d_ that
e

(A"A) (@) )

- 3 JZ {i} ’
cJr ,nt
Z(I?]_{:dks - Z : 3 dks =
k=1 k=1 > ’(A*A) g’
BEJIr,n
Yo laa) @)l de n [@aray(d) ]
BETry, n{i} k=1 _ Bery i} (4.25)
> |ara) ] > |ara) ]
BETr n BETr) . n

Suppose e, and e are respectively the unit row-vector and the unit column-vector whose
components are 0, except the sth components, which are 1. Substituting (4.25) and (4.23)
in (4.24), we obtain

2

(AaA),(d.) ] BB o)l

q . .
BE€Jry, n{i} a€lry p{s}
Tij = E %) o
&= > ’(A*A)ﬁ’ > |(BB*) g
s a€lrg,p

BETry
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Since .
d,=) e, b thet, Zdls % = du, (4.26)
=1
then we have
."L‘,;j =
g9 P n A
LYY N |(AA) (e fldby X (BB (el
s=1t=11=1BeJr n{i} a€lry p{j} _
> |(ara)]] ¥ (BBl
BEJIr,n a€lryp

(A"A) (e) | du 5 (BB (en) sl
a€lry p{j}

>, (BB g

aelrg,p

t=11=1 B Jyy, n{i}

5 4.27)
> |

BETry,n

Denote by
db .=

> faray ()i = >y (A*A) (e.0) fldn

ﬁeJrl,n{i} =1 ﬁeJrl n{z}

the ¢-th component of a row-vector d& = (d4, ..., dg) for all t = 1, p. Substituting it in
(4.27), we have

p
Sodi X |(BB¥); (en)
T = =1 aelyp{i}
1] .
> |(A*A) G Y [(BBY) ¢
BEJIr,n a€lryp

Since Z de; = d2, then it follows (4.12).
If we denote by

p
=Y de Y BB (e)dl= Y BB @) @2s)
t=1  acly, ,{j} a€lry p{j}

the /-th component of a column-vector dB (d]13j, e dJBn)T for all [ = 1, n and substitute
it in (4.27), we obtain

> (AA) , (e.) | dB
Ti [=16€Try, n{i}
iy = .
> |(aa)g] ¥ BByl
BEJIr,n a€lryp

n
Since 3 e,ldg = dB, then it follows (4.11).
=1

Complimentary Contributor Copy



Cramer’s Rule for Generalized Inverse Solutions 115

(i) If rank A = n and rank B = p, then by Corollary 2.3 At = (A*A)"' A* and
B+ = B* (BB*) '. Therefore, we obtain

X5 = (A*A)"'A*DB* (BB*)" ! =

A A A
.1)11 .1‘12 e .'L‘lp Lll L21 PP L?’Ll
A A A

N Codet(ATA) | L L
A A A
xnl .fL‘ng e .CL‘np Ll?’L L27’L PP L?’L?’L
din d d R% RY RB
11 12 .- 1m 11 21 - ﬁl

7 7 7 B B
det(BB*) |0 .0 ]

7 7 7 B B B
d dup oo dum R® RS ... RS

where dN,J is 3j-th entry of the matrix D, LA is the ij-th cofactor of (A*A) foralli,j = 1,n
and RB is the 7j-th cofactor of (BB*) for all i, 7 = 1, p. This implies

n p .
5 1A (z dkstBs)
Tis — k=1 s=1
Y det(A*A) - det(BB*)’

(4.29)

forallt =1,n

, p. We obtain the sum in parentheses and denote it as follows
p ~
Z — det(BB");. (dk,> = dB,,

where dj, . is the k-th row-vector of D for all k = T, n. Suppose dB . (dlj, ..., dB, )

oy Yng

_ n
is the column-vector for all j = 1, p. Reducing the sum ) LkAzdkBJ, we obtain an analog of
k=1

Cramer’s rule for (4.10) by (4.15).
Interchanging the order of summation in (4.29), we have

Z <Z L dkS>RB

i = det(A*A) det(BB*)’

We obtain the sum in parentheses and denote it as follows

i:LkAiJks = det(A*A) ; (E'l ) =: df},
k=1

where d_ is the s-th column-vector of D for all s = 1 , 0. Suppose dA (dﬁ, e dﬁ,)

ARB

is the row-vector for all i = 1, n. Reducing the sum Z dis R,

we obtain another analog

of Cramer’s rule for the least squares solutions of (4. 10) by (4.16).
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(i) If A € C77*", B € CPX%and r; = n, ro < p, then by Remark 2.12 and Theorem
2.9 the Moore-Penrose inverses AT = (a;’}) € C™™ and BT = (b;’;) € C7*P possess

the following determinantal representations respectively,

S det (A*A) , (af‘})

ij det (A*A)

X ImB, )
+ a€lry p1J

= . (4.30)
! > |(BB*)§]

aGITQ,p

Since by Theorem 4.8 X5 = ATDB™, then an entry of X5 = (2;5) is (4.24). Denote

by d  the s-th column of A*D =: D = (d;j) € C™*4 for all s = 1,q. It follows from
Y. a*dis = d.  that
e

m m * * det A*A : dAs
Z(ﬁdkszzdet(A A) @), ( ).z( . ) Wi
ik det (A*A) det (A*A)
k=1 k=1
Substituting (4.31) and (4.30) in (4.24), and using (4.26) we have
. - |(BB*);.(b;) &
7 det (A A)z (ds> C!GIy%,:p{j} J
Y9 2T et (AA) > [BBYa
8= a€lryp
2 2 * [k * «
> 2. 2 det (ATA) ;(eq)disby >0 [(BBY);. (en) gl
s=1t=1]=1 a€lry p{j} _
det (A*A) > [(BB*)g] a
a€lry,p
P n -
> > det (A*A) ;(eq) dir > |[(BBY);. (er)q]
t=1[=1 a€lry p{j} (4 32)
det (A*A) > |(BB*)g] '
a€lry,p

If we substitute (4.28) in (4.32), then we get

Y. det (A*A) ;(e) d}?
=1

T det (AFA) Y (BB 4

aGITQ,p

n
Since again | e.ld}? = d%, then it follows (4.19), where d% is (4.13).
=1

If we denote by
d{? =

Complimentary Contributor Copy



Cramer’s Rule for Generalized Inverse Solutions 117

zn:det(A*A).i( ) Zdet (A*A) | (e;) di

the ¢-th component of a row-vector dA (dﬁ, s dg) for all t = 1, p and substitute it in
(4.32), we obtain

Sdd Y (BB (en)d

t=1 a€lry p{j}
det (A*A) > [(BB*)g|

a€lryp

.CL‘,'j =

Since again Z d%e; = d, then it follows (4.20), where d2 is (4.18).

(iiii) The proof is similar to the proof of (iii). m
4.2. Cramer’s Rule of the Drazin Inverse Solutions of Some Matrix
Equations

Consider a matrix equation
AX =B, (4.33)

where A € C"*" with IndA = k, B € C"*" are given and X € C™*™ is unknown.

Theorem 4.10. ([62], Theorem 1) If the range space R(B) C R(AF), then the matrix
equation (4.33) with constrain R(X) C R(AF) has a unique solution

X = APB.
We denote AFB =: B = (3,]) e cmm,

Theorem 4.11. If rank A**! = rank A* = r < n for A € C"™™, then for the Drazin
inverse solution X = APB = (z;;) € C"*™ of (4.33) we have foralli = 1,n, j = 1,m,

sl )

BEJIr, n{i}

> |
ﬂeJr, n

Tij = (4.34)

Proof. By Theorem 2.29 we can represent A” by (2.21). Therefore, we obtain for all
i: 17naj = 17m’

el KT )
e ;agbsj - SZ:; ﬂeJm{;: ’(Ak—i-l) g’ “bgj =
BEIr,n
ﬂGJgjn{i} Zg:l ’(Akjl (aglz))) g’ < byj
> kg
BEIr,n
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k
Z ags) bsj
S
k
Z aés) bsj
S

Since Y a¥b,; = — b, then it follows (4.34). m
S

. k
Zs: agLs) bsj
Consider a matrix equation
XA =B, (4.35)

where A € C"™*™ with IndA = k, B € C™*™ are given and X € C"*™ is unknown.

Theorem 4.12. ([62], Theorem 2) If the null space N(B) D N(AF), then the matrix
equation (4.35) with constrain N (X) D N (A¥) has a unique solution

X =BAP.
We denote BA¥ =: B = (b;;) € C"™*™.

Theorem 4.13. If rank At = rank A* = r < m for A € C™ ™, then for the Drazin
inverse solution X = BAP = (z;;) € C"™™ of (4.35), we have foralli =1,n, j = 1, m,

> (A m) e

aGIr,m{j}

> (AR gl

CZGIT, m

(4.36)

.CL‘,'j =

Proof. By Theorem 2.29 we can represent A” by (2.20). Therefore, we obtain for all
1= 17—”’ Jj=1m,

W T ()
ZZbD:me{}z AR

CZGIT, m

Doy bk >0 ’(A’;“ (ag’?)>> o

a€lrm{j}

> (A gl

CZGIT, m

Since forallt = 1,n
S balt) = (Shual) Lol o Shualil) < b,

then it follows (4.36). m
Consider a matrix equation
AXB =D, (4.37)

where A € C™*" with IndA = k1, B € C™*™ with IndB = ky and D € C™*™ are
given, and X € C™*" is unknown.
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Theorem 4.14. ([62], Theorem 3) If R(D) C R(A*) and N(D) > N(B*), k =
max{ky, ko}, then the matrix equation (4.37) with constrain R(X) C R(A¥*)and N(X) D

N (B¥) has a unique solution
X = APDB”.

We denote AMDBF2 =: D = (z%) e cmm,

Theorem 4.15. [frank A1 = rank A" = 7| < nfor A € C"*", and rank B¥2+! =
rankBf2 = o < m for B € C™*™, then for the Drazin inverse solution X =
APDBP =: (z;;) € C™™ of (4.37) we have

Z Ak1-+1 (d B) ﬂ’
ﬂeJrl,n{i} ) 3] B

Tij = - 3 — (4.38)
ORI D[t KA
ﬂeJrl,n aelrz,m
or
ko+1
> B (as)s
gy = —2raml] 4.39)
L/ ; .
DRRIECES I S (=K
ﬂeJrl,n aelrz,m
where
T
%= | 3 [BpEt(du)ale X BET(da)s]| . @ao
aeITQ,m{j} ae[rg,m{j}
at=| > ’Aﬁl“(ﬁ.l)g,---, > ’Aﬁ”l(ﬁ.m)g]
ﬂeJrl,n{i} aelrl,n{i}

are the column-vector and the row-vector. d;. and d j are respectively the i-th row and the

j-th column off)for alli=1,n,j=1,m.

Proof. By (2.21) and (2.20) the Drazin inverses A” = <a5> € C"*" and BP = <b5> €
C™>™ possess the following determinantal representations, respectively,
> Ak (a(k1)> ﬂ’
ﬂGJrl,n{i} X3 .J B

> |amtng)
BEJr,n

aij ==

Z Bl?z—i-l (b(kQ)) a
D _ a€lrym{j} o .
v > [(BRt) o

aGIrz,m

4.41)

Then an entry of the Drazin inverse solution X = APDB? =: (,;) € C"™™ is
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Tij = Z (Za dts> (4.42)

s=1 \t=1

Denote by d , the s-th column of A¥D =: D = (dw) e C»™ for all s = 1, m. It follows
from ) agdts =d , that
t

Al (2l g
s =

N JZ {i}

EJdry,n?

S afa, = ﬁ

t=1 t=1 > ’(Akﬁl) g’
ﬁeJTl,n

’Ak1+1 ( (k1)> g’ cdy,

ki+1 (1 \ 8
A ()5

BEdry n i} =1  Bedinf) @.43)
5 ’(Akl—i-l)g’ > ’(Aklﬂ)g’
BeTrn BETr.m

Substituting (4.43) and (4.41) in (4.42), we obtain

k1+1 X
Al () 5

’Bkz—i-l b(kz))

o €y n i} {J}
T E Y e RGN
B a€l,
ﬂeJrl,n r2.m

Suppose e, and e are respectively the unit row-vector and the unit column-vector whose
components are 0, except the sth components, which are 1. Since

d, =Y e, bl =S"00Pe, ST = dy,
=1 t=1 s=1

then we have

.CL‘,‘j =

Y Y [Atenlast? w o [BEtens
s=1t=11=1p3eJr n{i} a€lry m{j} _
Ol (PR FID DRNTe: LR FH

ﬂeJrl,n ae[rg,m

m ~

Yy ¥ |AMTenjld T [BEes

t=11=13€Jr n{i} a€lrym{j} (4.44)
S|k S|kl |
ﬂeJrl,n aelrz,m

Denote by
dﬁ =

> [ fl=

ﬂeJrl,n{i} =1 ﬂeJrl n{z}

NgE

> AR e 5l
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the ¢-th component of a row-vector d* = (d4, ..., d2 ) for all t = T, m. Substituting it in
(4.44), we obtain

b Y [Bi(en)s
Lii = =1 a€lrym{j}
Ty a2 eyl

BEJIr,n a€lrym

m
Since > dfe; = d2, then it follows (4.39).
=1
If we denote by

m

7 ka+1 ko+1,73
B=3d 3 ]Bj# (et.)g’ - ¥ ’Bj# (dy)®
t=1 a€lry m{j} a€lry m{j}

the [-th component of a column-vector d% = (d]13j, ey ijn)T for all [ = 1, n and substitute
it in (4.44), we obtain
L ky+1
Al (o) | dF
=1 B€Jr, n{i}
> |k
BEIry,n

.CL‘,'j =

S |(BRt) g

aGIrz,m

n
Since ) e,dj} = d7, then it follows (4.38). =
=1

4.3. Examples

In this subsection, we give an example to illustrate results obtained in the section.
1. Let us consider the matrix equation

AXB =D, 4.45)
where
1 7 7 1 ¢+ 1
;. —1 -1 1 —1 1 0 1
A= 0 1 0|’ B <—1 i 1 > » D 1 72 0
-1 0 — 01 ¢

Since rank A = 2 and rank B = 1, then we have the case (ii) of Theorem 4.9. We shall
find the least squares solution of (4.45) by (4.11). Then we have

32 3 s s - 1 —i
A*A=|-2i 3 2|, BB = <3, 3Z>, D=ADB = |- -1],
3 2 3 ! i -1
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and ) [(BB*)%|=3+3=6,

aGIL 2

BEJ2, 3

By (4.17), we can get

1 —1
dB=1|—-i|, dB=[-1
—1 -1
1 2 3t
Since (A*A) | (dB) = (—i 3 2|, then finally we obtain
- 2 3
> (A*A) 4 (d%) g’ det 1. 2i + det 1. 31
BEJ2, 3{i} -1 3 - 3
= F o 60
> [(A*A)g > [(BB¥)g
ﬂGJQ’E} CZGIl,Q
Similarly,
—i 21 —i 3
_det<_1 3>+det<_1 3> o
12 = 60 ~ 60
3 1 -1 2
et <—2i —i> et <—i 3> 2i
= 60 60’
3 1 -1 2
det <—2z _1> + det <_1 3> 5
€22 = 60 _@7
3 3 —1
- det <—3i B > + det <2 —i> o
xr31 = 60 - _@7
3 —1 3 —1
det <—3i _1> + det <2 _1> 1
T2 = 60 T
2. Let us consider the matrix equation (4.45), where
2 0 0 1 -1 1 1 ¢+ 1
A=|-i i i|,B=|i —i i|],D=[i 0 1
-1 —1 —1 -1 1 2 1 ¢+ 0

We shall find the Drazin inverse solution of (4.45) by (4.11). We obtain

4 00 8 0 0
A= 2-2i 0 0|,A%=[4—-4i 0 0],
—2-2 0 0 —4—4i 0 0
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—1 i 3—1
B? = 1 ~1 1+3i
—-34+1 3—1 3+1
Since rank A = 2 and rank A2 = rank A2 = 1, then k; = Ind A = 2 and r; = 1. Since
rank B = rank B2 = 2, then ky = Ind B = 1 and ry = 2. Then we have

B —4 4 8
D=A’DB=|-2+2i 2-2 4—4i |,
242 —2-2 —4—4
and Y (A3)g’:8—|—0—|—0:8,
BEJ1,3
> B a] =
OLGIQ’;;

-1 1 -1 143 - 33—\

det<1 —1>+det<3—z’ 3—|—i>+det<—3—|—i 3—|—z’>_
04+ (=9—9i) 4+ (9 — 9i) = —18i.

By (4.13), we can get

12 —12i —12 +12i 8
dB = —-12¢ |,dB= 12i ,dB=[-12-12i
12 12 —12+12i
12—12i 0 0
Since A3, (dB)=| —12 0 0|, then finally we obtain
-12 0 0

> A% (@B) )

e s(l) 7 12-12i 144
T11 = = ~ = .
S ojang o oqmy & 18012
Be€J13 a€ls 3
Similarly,
—12412i  —1—3i 8 i

€T = = s €T = — Y = s

127 8 (—184) 12 B8 (—18i) 18
—12i 1 12i 1 —12-12i 1—i
= - = — €T = — = —_—, €T = - = s

TRTE(C18) 120 BT 8 (C18) 120 BT 8 (—18) | 12
12 i ~12 i 12412 —1—i
= — = — — €T = — = — . I g —
TRTS s 120 TR (18 127 P T R (L1812
Then .
14i  =1— i
112 121 11_87;
X = 2 T 12 12
_ L A —1—i
12 12 12

is the Drazin inverse solution of (4.45).
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5. An Application of the Determinantal Representations of the
Drazin Inverse to Some Differential Matrix Equations

In this section we demonstrate an application of the determinantal representations (2.20)
and (2.21) of the Drazin inverse to solutions of the following differential matrix equations,
X'+ AX = B and X' + XA = B, where the matrix A is singular.

Consider the matrix differential equation

X' +AX =B (5.1

where A € C™*", B € C™*™ are given, X € C™*" is unknown. It’s well-known that the
general solution of (5.1) is found to be

X (t) = exp At </ exph? dt> B

If A is invertible, then

/eprt dt = A expAt +G,
where G is an arbitrary n x n matrix. If A is singular, then the following theorem gives an
answer.

Theorem 5.1. ([63], Theorem 1) If A has index k, then
k—1

A A? A
/eprt dt = AP exp® +(I - AAP)t [I + ot P+

St 5 o t’f‘l] +G.

Using Theorem 5.1 and the power series expansion of exp ™A

for a general solution of (5.1)
X(t) =
{AD +(I—AAP) (I —Ap AN ...(—1)’f—1%t’f—1> + G} B.

, we get an explicit form

If we put G = 0, then we obtain the following partial solution of (5.1),
X(t) = APB+ (B—- APAB)t— 3(AB— APA?B)2 + ..
CD(A1B — APAFB) .
Denote A'B =: BY) = (b)) € C"*" forall 1 = T, 2k.
Theorem 5.2. The partial solution (5.2), X(t) = (x;;), possess the following determinantal

representation,
(At (B)) 8]

(5.2)

(3 (547) 4

£ {8 seJr, n{i}

ij — - + | b — ] ;
RN L R N S H

1 [ 7(1)  BeIr ni{i} (Alﬁl (b‘(5+2)>> g’ )
2| Y% T 5 ’(Ak+1)§’ [ 2 5.3)

BETr n
E+1(2(2R)\ 8

(=n* plk=1) _ ﬁEJ?n{i} (A‘i (b‘j >> ﬁ’ "

k! ij ) ’(Ak+1) g’

BETr n
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foralli,j=1,n.

Proof. Using the determinantal representation of the identity A” A (2.27), we obtain the
following determinantal representation of the matrix AP A™B := (Yij),

n

kL (g (k+1) (m—1), |
Yij = ZstZa(m 1) bt] — Z szzjl (Az (a's )) Z Qg bt] B
BETrn{i} 3 ’(Ak—i—l ﬂ’
ﬂe‘]”‘,n
n g N
3 t; ﬂ’. ZNNP D (A’fjl (b.j+ )) g’

sl > |k > Ak g
ﬂeJr,n ﬂGJr,n

(A5 (@ ktm))

for all 4,5 = 1,n and m = 1, k. From this and the determinantal representation of the
Drazin inverse solution (4.34) and the identity (2.27) it follows (5.3). =

Corollary 5.3. If IndA = 1, then the partial solution of (5.1),
X(t) = (zi5) = AB + (B—- AYAB)t,

possess the following determinantal representation

GO CCE
sef n{z} .1 .J B set n{z} .1 .J B
Tij = . 3 + | bij — : 3 t. 5.4
VO > Az ]
ﬂeJr, n ﬁeJr, n
foralli,j =1,n.

Consider the matrix differential equation

X' +XA=B (5.5

where A € C"*", B € C™*"™ are given, X € C™*" is unknown. The general solution of

(5.5) is found to be
X(t) = Bexp At </ expAt dt>

If A is singular, then an explicit form for a general solution of (5.5) is

X(t) =
B {AD +(I— AAD)t (1 Ap A2 ...(—1)k—1%tk—1) + G} :
If we put G = 0, then we obtain the following partial solution of (5.5),
X(t)=BAP + (B-BAAP)t — 1(BA —BAZAP)1? +
=Dkt 1)‘“ ! (BA#~1 — BAFAD)tk (5.6)

Denote BA! =: B() = (b(l)) € C™" " for all | = 1, 2k. Using the determinantal represen-
tation of the Drazin inverse solution (4.36), the group inverse (2.25) and the identity (2.26)
we evidently obtain the following theorem.
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Theorem 5.4. The partial solution (5.6), X(t) = (x;;), possess the following determinantal
representation,

TP L O P (S L
Tij = > [(Ak+) g + | bij — o (Gar .
a€lpn =z
E+1 (1 (k+2)\\ o
1 [ p1) _ e€lnnis) ’(Aﬁl(bi‘ >> a’ 12
T > [(Ar) g + ...
aclrn
N
(_1)k 7 (k—1) . aejgl{j} ’(Af+1 (bzﬂ >> a’
k! ij QEXI: ‘(Ak+1)g‘

foralli,j =1,n.
Corollary 5.5. If IndA = 1, then the partial solution of (5.5),
X(t) = (z;5) = BAY + (B—- BAAY)t,

possess the following determinantal representation

> |(az (b)) s

g = €I} . aclrn{j} "
= 77 .
Y 2 (A% gl ’ > (A% gl

aGI,«,n ae[r,n

foralli,j =1,n.

5.1. Example

1. Let us consider the differential matrix equation

X'+ AX = B, 5.7
where
1 -1 1 1 ¢ 1
A= i —i +],B=1[|¢ 0 1
-1 1 1 2 0

Since rank A = rank A2 = 2, then k = Ind A = 1 and r = 2. The matrix A is the group
inverse. We shall find the partial solution of (5.7) by (5.4). We have

—i i 3-i\ 2—i 2 0
A? = 1 -1 1+43i|,BO=AB=[(1+2i -2 0],
—34i 3—i 3+i 1+i 4 0

~ 2-2 2+43i 0
B® =AB=[2+2i -3+2i 0
1+5 -2 0
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and

2

A2 ﬁ’ —
acJa 3 ( )ﬁ
i “1 1430 —i3—d)
d“<1 -4>+d“<3—i 3+i>+d“<—3+i3+4>_
0+ (=9 — 9i) + (9 — 9i) = —18i.
9-i i 3-i

since (A%) | (b)) = (1420 -1 1+3i] and
L+i 3—i 3+4i

R 2-2 i 3—i
(a3, (b7) = [2+20 -1 143,
14+5i 3—i 3+i

then finally we obtain

A2 B(l) B Z A2 B(Q) B
N E A N G
VOH NCH
BEJ2 3 BEJ2 3
3—31 —18¢ 1412
“Tsi T (1 - —182) t= 3
Similarly,
—3+3i (. 949 1—i 14
= - t= S a3 =0+ (1—0)t =t
BRTY <Z —48i> g T g =0t d-0)i=t
3+3i (. —18 14
TS T T <Z -—18i> 6
—3 -3 —9+9i 1—i 1+
= - t= t, o3 =0+ (1—0)t =t
TR < —18i > g T g b es=0+1-0t=t
120 (18,2
€T = f— —_
AT —18i 3’
9+3i (. —18 —1+3i
= gt <Z -—18i> g T =0+0-0)
Then

L 1+ Sl (3430t
X=c| ~1+i 1—i+(@+3i)t ¢
4 —1+3i 0

is the partial solution of (5.7) .
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6. Conclusion

From student years it is well known that Cramer’s rule may only be used when the
system is square and the coefficient matrix is invertible. In this chapter we are consid-
ered various cases of Cramer’s rule for generalized inverse solutions of systems of linear
equations and matrix equations when the coefficient matrix is not square or non-invertible.
The results of this chapter have practical and theoretical importance because they give an
explicit representation of an individual component of solutions independently of all other
components. Also the results of this chapter can be extended to matrices over rings (and
now this is done in the quaternion skew field), to polynomial matrices, etc.
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Chapter 4

FEEDBACK ACTIONS ON LINEAR SYSTEMS
OVER VON NEUMANN REGULAR RINGS

Andrés Sdez-Schwedt*
Departamento de Matematicas, Universidad de Ledn,
Campus de Vegazana, Ledn, Spain

Abstract

Many physical systems in science and engineering can be described at time ¢ in terms
of an n-dimensional state vector x(¢) and an m-dimensional input vector u(t), gov-
erned by an evolution equation of the form 2/(t) = A - z(t) + B - u(t), if the time
is continuous, or z(t + 1) = A - z(t) + B - u(t) in the discrete case. Thus, the sys-
tem is completely described by the pair of matrices (A4, B) of sizes n X n and n X m
respectively.

In two instances feedback is used to modify the structure of a given system (A, B):
first, A can be replaced by A + BF', with some characteristic polynomial that ensures
stability of the new system (A + BF, B); and second, combining changes of bases
with a feedback action A — A 4+ BF' one obtains an equivalent system with a simpler
structure.

Given a system (A, B), let R(A, B) denote the set of states reachable at finite time
when starting with initial condition 2(0) = 0 and varying u(t), i.e., R(A, B) is the
right image of the matrix [B|AB|A?B| - --]. Also, let Pols(A, B) denote the set of
characteristic polynomials of all possible matrices A + BF', as F’ varies.

Classically, (A4, B) have their entries in the field of real or complex numbers, but
the concept of discrete-time system is generalized to matrix pairs with coefficients in
an arbitrary commutative ring R. Therefore, techniques from Linear Algebra over
commutative rings are needed.

In this chapter, the following problems are studied and solved when R is a com-
mutative von Neumann regular ring:

e A canonical form is obtained for the feedback equivalence of systems (combi-
nation of basis changes with a feedback action).

*E-mail address: asaes @unileon.es
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e Givenasystem (A, B), itis proved that there exist a matrix F" and a vector u such
that the single-input system (A + BF, Bu) has the same reachable states and the
same assignable polynomials as the original system, i.e., R(A + BF, Bu) =
R(A, B) and Pols(A + BF, Bu) = Pols(A, B).

Keywords: Systems over commutative rings, commutative von Neumann regular ring,
feedback classification, polynomials assignable by state feedback

AMS Subject Classification: 93B25, 93B52, 13F99

1. Introduction

The theory of systems over rings had its origins in the 1970s, in order to cover with
situations where it is too restrictive to consider systems with real or complex coefficients.
The motivation for this approach is explained in [1, 2, 3], and the necessary Linear Algebra
over commutative rings is nicely covered in [4].

Let R be a commutative ring with 1. An m-input, n-dimensional linear control system
over R, or shortly a system of size (n, m) over R, is a pair of matrices (A, B) of sizes n xn
and n x m, respectively, with coefficients in R. The following control process is associated
with (A, B):

z(t+1)=A-z(t)+ B - u(t),
where the vector 2(t) € R" is the state of the system at time ¢, and u(¢) € R™ is the

input at time ¢. If we put the initial condition 2:(0) = 0 and choose arbitrary input vectors
u(1),u(2), ..., then the following states are obtained:

z(l) = A-z(0)+B-u(l)=DB-u(l)
z(2) = A-z(1)+B-u(2)=AB-u(l)+ B-u(2)
z(3) = A-z(2)+B-u(3)=A’B-u(l)+ AB - u(2) + B -u(3)

This means that the set of states which are reachable at some finite time, when starting
from the origin z(0) = 0 and choosing appropriate inputs (u(t)),~;, is a submodule of
R™ which can be defined as the image of the infinite matrix [B|AB|A?B| - - -]. Note that,
by Cayley-Hamilton’s theorem, A™ and higher powers of A are linear combinations of
A A% ... A" land I, the n x n identity matrix, therefore it suffices to consider the image
of the so called reachability matrix A*B := [B|AB|A%B|---|A"1B].

This module of reachable states has different notations in the literature, among others:
Reach(A, B) [31, NS [5, 61, < A|B> [7], im(A*B) [8] or R(A, B) [9]. The cho-
sen notation for this chapter will be R(A, B), and in a few places im(A*B). With these
notations, the system (A, B) is called reachable if R(A, B) = R"™.

In Control Theory, if (A, B) have real coefficients, then the (complex) eigenvalues of
A (which are the poles of the transfer function) are important to guarantee the stability
of the system. Such stability depends on the positions of the poles in the complex plane
(see [3]). Therefore, it is customary to replace the “open-loop” system by a “closed-loop”
system, that is, a system in which the state is “fed back” as an input. The input is taken
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as u(t) = w(t) + Fx(t), where w(t) can be interpreted as an uncontrolled input (e.g., a
disturbance or perturbation) and F'z(t) is a new term that depends linearly on the state.
Then, the equation x(t + 1) = Axz(t) + B(w(t) + Fx(t)) is that of a new system with state
x(t), input w(t) and matrices (A + BF, B). Within this context, a matrix F is looked for,
such that A + BF' has some prescribed characteristic polynomial.

When applying state feedback to a given system (A, B), it is interesting to describe
exactly which polynomials arise as characteristic polynomials of A+ BF’, for some F'. With
this in mind, in [10, 11] the notation Pols(A, B) is used to refer to the set of polynomials
assignable by feedback to the system (A, B), and consists of all characteristic polynomials
X(A+ BF) = det(z] — A — BF), as F ranges over all m x n matrices with entries in R.

In order to make this introduction self-contained and historically complete, we recall
some wellknown properties of systems over rings (see e.g., [1, 2]). The system (A, B) is
called (i) pole assignable if given arbitrary scalars ay, ..., a, in R there exists a matrix F’
such that x(A + BF) = (x — a1) - - - (x — ay); (ii) coefficient assignable if for any monic
polynomial f(z) of degree n there exists a matrix F such that x(A + BF') = f(x); and
(iii) feedback cyclizable if there exist a matrix F' and a vector u such that (A + BF, Bu)
is reachable. It is known that feedback cyclizability = coefficient assignability = pole
assignability = reachability, and that all properties are equivalent when R is a field.

Rings for which some of the converse implications hold are denoted as follows: R is a
PA ring (resp. C'A ring) (resp. F'C ring) if reachable systems over R are pole assignable
(resp. coefficient assignable) (resp. feedback cyclizable). Then, it is immediate that F'C' =
CA = PA, and it can be seen that the implications are strict.

Why is the feedback cyclization property so important? Suppose that we are given a
system (A, B) of size (n, m), and we want to assign to it a certain polynomial f(z). This
means that we have to find an m x n matrix K such that y(A + BK) = f(x), i.e., we
are faced with a problem with mn degrees of freedom. But, if we are lucky to find F,u
such that (A+ BF, Bu) is reachable, then, taking into account that for single-input systems
reachability implies coefficient assignability [1, Theorem 3.2], there exists certainly a1 x n
matrix K such that x(A 4+ BF + BuK) = f(z), i.e., we have reduced our problem to one
with n degrees of freedom.

Various attempts have been made to extend the properties PA, C A, F'C' to non reach-
able systems. In [8, 12, 13], the notion of residual rank is used: a system (A, B) over
R has residual rank r, and we write res.rk(A, B) = r, if r is the greatest integer such
that the ideal of R generated by the r x r minors of the reachability matrix A*B is the
whole ring . Reachable systems correspond to the case of maximum possible residual
rank: res.rk(A, B) = n. Now, consider a system (A, B) over R with res.rk(A, B) = r.
Then, (A, B) is said to be (i) pole assignable if, given arbitrary scalars a, ..., a,, there
exists a matrix F' such that x(A + BF') is a multiple of (z — a3) - - - (z — a,); (ii) coeffi-
cient assignable if, given any monic polynomial f(z) of degree r, there exists F' such that
X(A + BF) is a multiple of f(x); and (iii) feedback cyclizable if there exist F, u such that
res.rk(A+ BF, Bu) = res.rk(A, B).

With these notations, R is called a PS ring (resp. strong C'A ring) (resp. strong F'C
ring) if any system over R is pole assignable (resp. coefficient assignable) (resp. feedback
cyclizable). As one would expect, the relation among the strong forms of PA, CA, FC
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and the usual forms is the following:

strong F'C' = strongCA = PS

I I U
FC = CA = PA

Although these strong versions of PA, C'A and F'C allow to study non reachable systems,
they are only interesting for systems (A, B) with residual rank at least one, which is equiv-
alent to requiring that the ideal generated by all the entries of B is the whole ring R. If
this is not the case, then (A, B) trivially satisfies the feedback cyclization property, and
hence all the other properties: indeed, if res.rk(A, B) = 0, then for any F,u one has
res.rk(A+ BF, Bu) = 0 (the ideal generated by the entries of the vector Bu is contained
in the ideal generated by the entries of B, and thus is not R).

A further step was made in [6, 11], allowing to study arbitrary non reachable systems.
Observe that for any matrix F' € R™*™ and any vector v € R™, it is immediate that
R(A+ BF, Bu) C R(A, B) (see e.g., [6] or [3]) and Pols(A + BF, Bu) C Pols(A, B)
(because a matrix of the form (A + BF') + (Bu)F’ can always be written as A + BF”,
with " = F 4+ uF"). An interesting question is: when do the reverse inclusions hold? Or
equivalently, when are the following problems solvable?

(Reach) : Find F,u such that R(A + BF, Bu) = R(A, B)
(Pols) : Find F,u such that Pols(A + BF, Bu) = Pols(A, B)

Definition 1. (Properties Reach and Pols) A ring R is said to satisfy Reach (resp. Pols)
if all systems over R satisty Reach (resp. Pols).

It is clear that Reach implies the strong F'C property: if R(A+ BF, Bu) = R(A, B),
then the matrices A*B and (A + BF')*(Bu) have the same image, hence the same ideals
of minors, and so res.rk(A + BF, Bu) = res.rk(A, B). In [6, Theorem 4], it is proved
that a ring R satisfies Reach (called in that reference Problem (1)) if and only if R is von
Neumann regular, i.e., for any a in R there exists x such that a?x = a. Also, the condition
Reach is strictly stronger than strong F'C', as can be seen in [8, Proposition 3.4], where
various examples of strong F'C' rings are given, which are not von Neumann regular. Then,
in [11, Theorem 2], it is proved that von Neumann regular rings satisfy Pols, and in fact,
both problems Reach and Pols are solved simultaneously: there exist a matrix F' and a
vector u such that R(A + BF, Bu) = R(A, B) and Pols(A + BF, Bu) = Pols(A, B).

This means that starting from an arbitrary multi-input system (A, B), we obtain a
single-input system (A + BF, Bu) which has the same module of reachable states and
the same set of assignable polynomials as the original system (A, B), a reduction of great
importance in systems theory.

One of the main tools in proving the previous results is the use of feedback equivalence.
Two systems (A, B) and (A’, B) of size (n, m) over R are feedback equivalent if there
exist invertible matrices P, QQ and a feedback matrix K such that A’ = PAP~' + PBK
and B’ = PB(Q. Any feedback transformation is a combination of the following three
types of row and column operations: (i) (4, B) — (PAP~!, PB), corresponding to a
change of basis in R", (ii) (A, B) — (A, BQ), which applies column operations on B, and
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(iii) (A, B) — (A + BK, B), a closed loop as explained before, which can be interpreted
as adding to each column of A a linear combination of columns of B.

Note that equivalence and similarity of matrices over R are particular cases of feedback
equivalence. Indeed, if (A, B) and (A’, B") are feedback equivalent, then B, B’ are equiv-
alent (B = PBQ, with P, @ invertible), while the equivalence of (A4, 0), (A4’,0) implies
similarity of A, A’ (i.e., A’ = PAP~"). Therefore, a canonical form under feedback equiv-
alence only makes sense if a canonical form is known for equivalence (i.e., the ring is an
elementary divisor ring and a certain Smith form is known), and also a canonical form for
similarity of matrices is known.

The effect of feedback equivalence on the module of reachable states is the following:
R(A",B") = ¢p(R(A, B)) [5, Lemma 2.1], where ¢p is the isomorphism of R" with
matrix P in the standard bases. On the other side, feedback has no effect on the set of
assignable polynomials: Pols(A’, B") = Pols(A, B), as can be easily proved, see e.g.,
[10].

In this chapter, after recalling in Section 2 what is known for systems over fields, Sec-
tion 3 is devoted to explaining how to derive a feedback canonical form for the feedback
equivalence of systems over a von Neumann regular ring, and in Section 4 this canonical
form is of fundamental importance to prove the simultaneous solution of Reach and Pols.

2. Preliminaries: What is Known for Fields?

For a reachable system (A, B) of size (n, m) over a field k, our problems Reach and
Pols are trivially solved by the wellknown Heymann’s Lemma [14]: there exist a matrix
F and a vector u of sizes m X n and m X u respectively such that the single-input system
(A + BF, Bu) is reachable. This means that R(A, B) and R(A + BF, Bu) are both equal
to k", therefore problem Reach is solved. But reachable systems over fields are always
coefficient assignable [1], from which it follows that Pols(A, B) and Pols(A + BF, Bu)
are both equal to the set of all monic polynomials of degree n over k, hence the condition
Pols is solved, by means of the same matrix F' and vector v which solve Reach.

Also, a canonical form is known for reachable systems over a field &, see [15] or [5].
For any positive integer ¢, let the ¢ X ¢ matrix A; denote one of the companion matrices of
the polynomial z* (with zeroes on the main diagonal, and ones immediately below), and
let b; be the first basic vector of k*. Then, given a reachable system (A, B) of size (n, m),
there exist positive integers k1 > --- > ks, with sum n, such that (A, B) is feedback
equivalent to a canonical form (A, B), such that A is formed with the blocks Ay, .. ., Ay,
and B has blocks by, ..., bk,, completed with zero columns. The elements k; are called
the Kronocker indices. For example, the canonical form associated to a reachable system
of size (7, 4) with indices 4, 2, 1 is given by:

0 0 00

OO Ol O O O
OO OO OO O
OO OO OO O

o

I
OO OO OO
OO RO O OO
=IO OO O o o
OO OO OO O

OO OO O
OO OO = O
OO OO O O
O|l—= OO © O
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For non reachable systems over fields, the situation is solved via the so called Kalman
decomposition [3, Lemma 3.3.3]. Concretely, let (A, B) be a system of size (n, m) over a
field k. Then, there exists an invertible matrix P such that

A A B
-1 _ |A1 A2 | b1
par-t 4 4]y [B] 0

where Ay is r x r, By is r X m, and the m-input r-dimensional system (A;, By) is
reachable. Consequently, one can apply Heymann’s Lemma to (A;, By), taking F; and
u such that (A1 + B1F}, Byu) is reachable. Now, defining F' = [F7, 0], one can see that
R(A + BF, Bu) = R(A, B) (this is easy) and Pols(A + BF, Bu) = Pols(A, B) (for
this, one needs the Pole-Shifting Theorem [3, Theorem 13], which states that the polyno-
mials assignable to (A, B) are exactly all monic r-degree polynomials, multiplied by the
fixed polynomial x(As)). Although not explicitely stated, is is clear from the results of [3,
Chapter 5] that Pols(A, B) = Pols(A1, By) - x(A43), and also Pols(A + BF, Bu) =
Pols(A1 + B1F1, Biu) - x(As), and in fact multiplication by y(As) induces a bijec-
tion between the corresponding sets Pols(.), this will be explained in detail in Lemma
5. From this and the fact that Pols(A; + B1F1, Biu) = Pols(A1, By), it follows that
Pols(A + BF, Bu) = Pols(A, B), and so Pols has been solved, by means of the same
F, u which solve Reach. In this situation, a canonical form for (A, B) is obtained com-
bining the Brunovsky canonical form of the reachable system (A1, B;), together with a
canonical form for Az under similarity.

If R is a finite product of fields, then it is a regular ring. This is the case, for example,
if R = 7Z/(dZ), where d is a squarefree integer, i.e., not divisible by the square of a prime.
In this case, the simultaneous solution of Reach and Pols for systems over fields can be
immediately extended to a finite product of fields, without needing any additional properties
of regular rings.

The key fact when working with regular rings will be that, even if there are infinitely
many maximal ideales (i.e., R has infinitely many residue fields), any system can be split
into a finite familily of systems, each of which behaves like a system over a field. Con-
cretely, each of these systems will satisfy a Kalman-type decomposition, with the reachable
part in Brunovsky canonical form.

3. Derivation of a Canonical Form

In this section, we will outline the construction made in [9, Theorem 5] to obtain a
canonical form for the feedback equivalence of systems over von Neumann regular rings.
Let R be a von Neumann regular ring. Many important properties of this class of rings can
be found in [4, 16, 17, 18], among others: R has Krull dimension zero (all prime ideals
are maximal) and no nonzero nilpotents, or any finitely generated ideal is principal and
generated by an idempotent.

Examples of commutative von Neumann regular rings are fields, sub-rings of arbitrary
products of fields, and typically many rings of continuous functions (e.g., function rings
over P-spaces, see [19, Theorem 14.29]), and semi-simple finite rings. The importance of
regular rings in systems theory is discussed, among other references, in [6, 9, 20].
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Let us see how we can take profit of certain conditions of R. The first property of
interest is that R is an elementary divisor ring [16, Theorem 11]: given a matrix B, there
exist invertible matrices P, () such that

dq
PBQ =

dy
0 I

with zero blocks of appropriate sizes and diagonal elements each one dividing the next
one: di|ds| - - -|d,. Moreover, since each element of a regular ring is the product of a unit
with an idempotent [16, Lemma 10], after multiplying P or () with appropriate units one
can assume that all d;’s are idempotent. This means that if the system (A, B) is replaced
by the feedback equivalent system (PAP~!, PBQ), the second matrix of the system has
the above diagonal form, and so one can assume from the beginning that -up to feedback
equivalence- B itself has this form.

For example, take the ring R = Z/210Z, a regular ring because 210 = 2-3-5-7
is squarefree, and consider the divisibility conditions 2|2 - 3|2 - 3 - 5. The corresponding
idempotents are respectively {d; = 106, ds = 36, d3s = 120} (for instance, 2 = 107 - 106,
with 107 a unit and 106 idempotent, 2 - 3 = 41 - 36, etc.). So, a typical matrix B could be:

106 0 O
0 36 0

B= 0 0 120
0O 0 O

The second property which we will use is the following simple trick with idempotents. If
d is an idempotent of the ring R (for this R does not need to be regular), one has a direct
sum decomposition R = dR @& (1 — d)R. Note that 1 — d is also idempotent ((1 — d)? =
1-2d+d>=1-2d+d = 1- d) and the idempotents {d, 1 — d} are orthogonal to
each other: d(1 — d) = d — d? = 0. Given any element a of R, it is easy to add to a some
multiple of d and obtain an element orthogonal to d: indeed, the identity a = da + (1 —d)a
means that a — ad is a multiple of 1 — d, and thus is orthogonal to d.

Now, observe that the feedback operation which consists of replacing A by A+ BF' can
be interpreted as adding multiples of columns of B to the columns of A. If a;; denotes the
element of A in position (i, j), it is clear that a;; — d;a;; is orthogonal to d;, and because of
the divisibility conditions, this also implies orthogonality with all d; for i’ > . Since for all
i, j the replacement a;; — a;; — d;a;; can be achieved with a suitable feedback operation
of the form A — A + BK, the final result is that we can assume that d; is orthogonal to the
i-th row of A, and to all the preceeding rows.

At this point, we can assume that B is diagonal with diagonal elements

{d;}, all idempotent and each one dividing the following one, and that d; is
orthogonal to the rows 1, . .., ¢ of A.
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A typical system in this form could be for example:

105 105 0 105 106 0 O
A 35 0 105 140 B 0 36 0

14 112 7 126|° 0 0 120

173 191 162 147 0O 0 O

The next trick is a standard argument from Commutative Algebra. Starting from a
finite number of idempotent elements dy, . . ., d,, one can derive a finite family of pairwise
orthogonal idempotens and with sum 1. The construction is as follows:

€y = 1—d1
el = dl(l—dg)

erm1 = dr1(1—dy)
e = d,

In this case, onehas R = e; R® - - - & e, R, a direct sum of rings (each e; R is commutative
and with unit element ¢;), and the feedback classification of (A, B) over R is reduced to
the classification of each (e; A, e; B) over ¢; R.

Applying this procedure to {d; = 106,ds = 36,d3 = 120} yields the orthogonal
family {eg = 105,e1 = 70,e5 = 126,e3 = 120}, with sum 1. Accordingly, one has to
consider these four systems:

105 105 0 105 00 0
105 0 105 O 00 0
105- A4 = 0o o0 105 ol 9O B=15 0 ¢
(105 105 0 105 00 0
0 0 0 0 70 0 0
140 0 0 140 0 0 0
0-A= 140 70 70 0 > T0-B=14 ¢ ¢
_140 140 0 0 0 0
[0 0] [126 0 0]
0 0 126 0
126- 4 = 84 42 42 126 126- B = 0 0 0
1168 126 42 0 0 o0
[0 0 © 120 0 0
0 0 0 0 0 120 0
120-4 = 0 0 o ol PUB=14 o 120
1180 30 120 0 0 0 0]

Observe the identity blocks in the right matrices, and the zero blocks in the left. The first
system (eg A, e B) has second matrix zero, so its feedback classification is equivalent to the
classification of ey A by similarity. All other systems have the following block structure

_([=o o [etlo
(eiAaeiB)_<|: 61B1‘61A1:|’|: 0 ‘0:|>’
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where e;1 is an identity matrix in the ring e; R with identity e;. In this situation, since the
system (e; A;, e; B;) has size smaller than (A, B), one can repeat the procedure recursively.
Suppose we are given a system of this form:

0 0 I 0
A - B =
[Bl Al] ’ [0 0]
If a canonical form is known for the smaller system (A1, By), then it can be “copied and
pasted” into (A, B). Indeed, let P;, @1, K1 be matrices which transform (A;, B;) into

a certain canonical form (Al, Bl) = (PlAlPl_1 + P1B1 K1, PLB1Q1). Considering the
matrices

[t —QUTKWPy @1 Ky @1 0
=[S T =[G )= [0 0

after operating it can be seen that

* *
PAP~! = |PiB1Q1 PLAPT' + PIBIK1| PBQ = Lo
— ~ 00
B i

A further feedback replaces the *’s with zeroes. Finally, this type of recursive “copypasting”
of canonical forms allows to prove the following result.

Theorem 2. Let . = (A, B) be a system of size (n, m) over a regular ring R. Then, there
exists a finite family of idempotents e, . . ., ex, pairwise orthogonal and with sum 1, such
that for each i, the system (e; A, e; B) over the regular ring e; R is feedback equivalent to a
system with the block form:

o= (%" e 10):

where the pair (e; A;, ;B;) is reachable and in Brunovsky canonical form over e; R.

Proof. This is proved in detail in [9, Theorem 5], following the techniques previously
outlined. O

4. Simultaneous Solution to Reach and Pols

This section will be devoted to proving [11, Theorem 2], which we state here.

Theorem 3. Let (A, B) be a system of size (n, m) over a commutative von Neumann reg-
ular R. Then, the following conditions hold:

(P1) Given a matrix F' and a vector u, the system (A, B) satisfies Reach via F,u if and
only if (A, B) satisfies Pols via the same F, u.

(P2) There exist a matrix F and a vector u which solve problems Reach and Pols simul-
taneously for (A, B).
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Proof. Let ey, . . ., e be idempotents with the conditions of the last theorem. To prove the
theorem, the following steps will be followed:

Step 1: prove that all reachable systems (e; A;, e;B;) satisfy (P1) and (P2).

Step 2: show that (P1) and (P2) are translated from the small size system (e; A;, e; B;)
to the large size system (/L', Bi).

Step 3: prove that (P1) and (P2) are propagated from (A,', Bi) to the feedback equivalent
system (e; A, e; B).

Step 4: prove that the solution of (P1) and (P2) in all systems (e; A, e; B) over e; R can
be extended to a global solution for (A, B) over R. U

We start by solving Step 1.

Lemma 4. Let (A, B) be a feedback cyclizable system of size (n, m) over a ring R. Then,
(P1) and (P2) hold for (A, B).

Proof. Thisis [11, Lemma 3]. We include the proof here, in order to clarify the relation of
Reach and Pols with the feedback cyclization and coefficient assignability properties.

First, note that if (A, B) is feedback cyclizable, by [1] it is also reachable (R(A, B) =
R™) and coefficient assignable (Pols( A, B) is equal to all monic polynomials of degree n).

Now, it is clear that solving Reach for (A, B) viaa matrix F' and a vector u is equivalent
to (A + BF, Bu) being reachable, and solving Pols for (A, B) via F,u is equivalent to
(A+ BF, Bu) being coefficient assignable. Since reachability and coefficient assignability
are equivalent properties for the single-input system (A + BF, Bu) [1, Theorem 3.2], it
follows that (P1) holds.

Finally, by the feedback cyclization property there exist a matrix F’ and a vector v with
(A 4+ BF, Bu) reachable, hence F,u solve both Reach and Pols for (A, B), and (P2)
holds. U

With the notations of Theorem 3, for each i« = 1,...,k we have that ¢; R is a com-
mutative ring with unit element e;, and since R is von Neumann regular, then so is e; R.
But regular rings are zero-dimensional and hence they are F'C- rings (see [21]), therefore
reachable systems are always feedback cyclizable, and hence Step 1 is solved.

Next lemma shows how a variant of the classical Kalman controllability decomposition
[3, Lemma 3.3.3] allows a solution of Step 2. We had to adapt to the language of rings
and modules what was done in [3, Chap. 5] for fields and vector spaces. Also, we will
present our results in a more general context than it is strictly necessary to continue with
the proof of Theorem 3. Concretely, we will not require the Kalman decomposition to have
a reachable part.

Lemma 5. Let (A, B) be a system of size (n, m) over a ring R given by:

AL A | B
B

with (A1, By) (not necessarily reachable) of size (r,m) (1 < r < n). If (A1, By) satisfies
(P1) and (P2), then the same is true for (A, B).

Proof. This is proved in [11, Lemma 4]. First, observe that the limit case r = n is trivial
because A = A and B = B;.
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Assume r < n — 1. For any m X n matrix F' = [F} %], where F} is m X r, one has

Al +B1F %

A—I—BF:[ 0 As

], WA+ BF) = x(4 + BiF) - x(A3), @)

—o(x(Ar+B1F))

where ¢ : R[x] — R]z] is the map given by ¢(f(z)) = x(As) f(x). By making F' and F}
vary and noting that ¢ is injective (because x(As) is monic), we see that

 gives a bijection between Pols(A1, By) and Pols(A, B) 3)

This is actually a generalization of the Pole-Shifting Theorem [3, Theorem 13]. Now, for
F = [F} %] as before and u = u; € R™, by a similar reasoning one has that

 gives a bijection between Pols(A; + B1Fy, Biuy) and Pols(A + BF, Bu) (4)
Combining (3) and (4), it is clear that
F,u solve Pols for (A, B) if and only if F}, uy solve Pols for (A1, By) (5)

On the other hand, because of the block form of (A, B), one has:

n—1 *
im(A*B) = im <[L§1 Ab A Bl]) —im <[A1031]> . ®

where the last equality holds by Cayley-Hamilton. Since (A + BF, Bu) has the same block
structure as (A, B), it follows that

)

im((A BF)(Bu)) = im ([(Al + BlFl)*(Blul)D ’

0
and as an immediate consequence (recall that R(A, B) = im(A*B)) we have that
F, u solve Reach for (A, B) if and only if F}, u; solve Reach for (A, By) )

From (5) and (8) we see that (P2) and (P3) are extended from (A1, By) to (A, B). O
Note that although the limit case » = 0 is not covered by the previous lemma, this
situation corresponds to B = 0, and the properties (P1), (P2) hold trivially for (A, B):
indeed, Pols(A, B) — x(A) and R(A, B) are both zero, and any pair F, u solves Reach
and Pols. In any case, Step 2 is proved and we can proceed with Step 3.
As usual in most systems theory problems, the feedback equivalence of systems pre-
serves the properties of interest.

Lemma 6. Let (A, B) and (A’, B') be feedback equivalent systems over a commutative
ring R (i.e., there exist invertible matrices P, () and a feedback matrix K such that A’ =
PAP~!' + PBK and B' = PBQ). If (P1) and (P2) hold for (A, B), then the same is true
for (A", B').
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Proof. See [11, Lemma 5]. U
Now, Step 3 is complete, which moves as right along to Step 4.
Consider the following situation: let R be a ring and ey, . . ., e, pairwise orthogonal

idempotents with sum 1. Then, R can be identified with @le e; R, where each e; R can be
viewed as an ideal within R or as a commutative ring with unit element e;. If in addition
R is regular, then all e; R are also regular. The following lemma collects the properties of
such a decomposition which we will need to complete the proof of Theorem 3.

Lemma 7. (Idempotent decomposition) Let R = @le e; R be a regular ring decomposed
as above. Then, for any system (A, B) over R one has:

(i) R(A, B) = DLy R(eid, e:B).
(ii) Pols(A, B) = @le Pols(e;A, e;B).

(iii) (A, B) satisfies Reach (resp. Pols)over R via F,u if and only if (¢; A, e; B) satisfies
Reach (resp. Pols) over e; R via e; F, e;u for each i.

(iv) If for all i (e; A, e; B) satisfies (P1) and (P2), then the same holds for (A, B).

Proof. See [11, Lemma 6]. The proof is reproduced here, in order to show the importance
of working with idempotents. (i) and (iii) (Reach) are immediate, because they involve
equalities of images of matrices, which can be ckecked in each component.

In order to prove (ii) and (iii) (Pols), note that: !

k k k
X(A) =zl = Al =) eilal —Al =) |veil —e;A|l = x(eA) , &)
over R over e; R

because |eA| = e| A| for any square matrix A and any idempotent scalar e, and characteristic
polynomials over e; R are computed by using the identity matrix over such a ring, i.e., the
matrix e; I. From the identification of Eq. (9), it follows easily that (ii) and (iii) (Pols) hold.

(iv) The propagation of properties (P1) and (P2) is an immediate consequence of (iii).
O

This finishes Step 4, hence the proof of Theorem 3 is complete.

The following simple examples shows how problems Reach and Pols are solved si-
multaneously.

Example 8. Consider the regular ring R = 7 /67 and the matrices:
0 0 10 0 0 1
Sl Bl N g R R
Then, one has:

R(A+ BF, Bu)
Pols(A + BF, Bu)

R(A,B) = R®3R
Pols(A,B) = 22+5+ki(x+2)+ka-3,

for arbitrary k1, ko in R.

'Here, the determinant of a sum of matrices happens to be equal to the sum of determinants, but please,
kids, don’t do this at home, this is an exceptional consequence of the behaviour of idempotents.
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5. Other Techniques and Future Work

A technique commonly used in systems theory is to consider properties which are pre-
served by only a part of the feedback transformations, in such a way that recursive proofs
can be done, precisely because of the restricted feedback operations. This will be illustrated
with the solution given in [6] to the problem Reach.

Let (A, B) be a system, with B partitioned as B = [b1|Bs], being b; the first column of
B, and consider the following problem:

Find X, y such that R(A + By X, by + Boy) = R(A, B) (10)

This condition trivially implies Reach, by putting F' = [)0(] U= B] .

It is proved in [6, Lemma 2] that this strong form of Reach is preserved by a special
subset of feedback transformations. Concretely, if (4’, B') = (PAP~! + PBK, PBQ),
with @) of the form [Zl

2

(A, B") does.
Then, in [6, Theorem 4] it is proved that -up to feedback transformations with () of the
special form indicated before- any system (A, B) of size (n, m) can be taken of the form

a1 a2 dq
A - B =
[&21 A22] ’ [ 0

5 ], then (A, B) satisfies the above condition if and only if
3

biz
— [b1| Bal.
B2 | =mim

with Aoy € R(—Dx(n=1) Boy ¢ R(=1)x(m=1) and the remaining blocks of appropriate
sizes. For systems with this block structure, there is a relation between the reachable module
of (A, B) and that of the system (Agg, [a91|Bas]) of size (n — 1, m), see [6, Lemma 3]:

R(A, B) =dR® dR(Agg, [(121‘322]). (11)

Applying the induction hypothesis to the system (Aso, [a21|Bas]), there exist matrices
X1, y1 such that R(A22 4+ By X1, a1 + ngyl) = R(Agg, [(121‘322]). Afterwards, if
we define X = [y; X1], after operating one has:

* * dl
A+ ByX = b= |1
2 az1 + Booyr  Aso + B22X1:| ! [0]

Finally, applying the decomposition (11) it follows that (A, B) satisfies the condition (10)
by means of X = [y; X;] and y = 0. Note that if ) had not contained this zero block, this
type of inductive proof would not have been possible.

Another interesting technique, specially suited to extend results from fields to von Neu-
mann regular rings, is the one used in [20, Theorem 4.1], where it is proved that two systems
are equivalent over a regular ring R if and only if they are equivalent over the residue field
R/m, for all maximal ideals m of R. As an illustration of this, we will reprove the fact that
von Neumann regular rings satisfy Reach.

Given a system (A, B) over a regular ring R, the existence of a matrix F and a vector
u satisfying R(A + BF, Bu) = R(A, B) is equivalent to saying that the reachability
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matrices A*B and (A + BF)*(Bu) have the same image, which means the existence of
matrices X, Y of appropriate sizes such that ((A+ BF)*Bu)-X = A*Band (A*B)-Y =
(A + BF)*(Bu), which we write as

{ ((A+ BF)*Bu)-X — A*B = 0

(A*B)-Y — (A+ BF)*(Bu) = 0 (12)

Note that this is a collection of 2mn? equalities, one for each entry of two n x nm matrix
equalities. We will (re)prove that there exist matrices F, u, X, Y satisfying (12).

For each maximal ideal m of R, the system (A(m), B(m)) over the field R/m satisfies
Reach, i.e., there exist matrices F'(m), u(m) with coefficients in R/m such that

R(A(m) + B(m)F(m), B(m)u(m)) = R(A(m), B(m))

Since projection modulo m is surjective, one can take matrices F™, u™ X™ Y™ over R
which reduced modulo m are precisely F'(m), u(m), X (m), Y (m). Reasoning like in (12),
the following congruences modulo m hold:

{ ((A+ BF™)*Bu™)- X™ — A*B 0 (mod m)

0 (mod m)

(A*B) - Y™ — (A + BF™)*(Bu™) (13)

At this point, we recall that every localization of a von Neumann regular ring at a prime
(i.e., maximal) ideal is a field (see e.g., [17] or [18]). In fact, there is a canonical ismorphism
between the local ring Ry, and the residue field R/m, the correspondence being given by
¢ + a + m. This means that an element a belongs to m (i.e., it is zero in R/m) if and only
if it is zero in the ring of fractions Ry, i.e., there exists an element ¢ ¢ m such that ta = 0,
a condition in general much stronger than just saying “a lies in m”.

Applying this fact to (13), there exists a finite family of elements s; ¢ m (one for each
of the 2mn? congruences) which transform the congruences “something belongs to m” into
equalities “something equals zero”. Now, if we define s™ = Hfﬂ"Q s;, it follows that

s™ ¢ m and

{ s™(((A+ BF™)*Bu™) - X™— A*B) = 0 "

s"((A*B) - Y™ — (A+ BF™)*(Bu™)) = 0
Moreover, knowing that any element of a regular ring is the product of a unit with an
idempotent [16, Lemma 10], s™ can be assumed to be idempotent.
The condition s™ ¢ m ensures that none of the elements s™ belong to all maximal ideals
of R, which means that the (possibly infinite) collection {s™} generates an ideal which is
the whole ring R. Choosing a finite linear combination which sums up 1:

a1s™ + -4 aps™ =1,

one can say that s™ ... s™ span R. This is the crucial step: we have extracted a finite
subset of something possibly infinite.
Now, starting from s™, ..., s™, the following new family is constructed:

ep =s™
ey = (1 —s™)s™

e =(1—s™) (1 —gsMr-1)sMr
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It is clear that each e; is idempotent (it is a product of idempotents), and that the e;’s are
pairwise orthogonal: indeed, if ¢ < [, then e, is orthogonal to e; because e; has a factor s™
and e; has a factor 1 — s™, and s™ is orthogonal to 1 — s™.

In addition, the elements e; generate R, an immediate consequence of the fact that a
product ab belongs to a prime ideal if and only if one of a, b belongs to it. Indeed, if m were
a maximal ideal containing all the e;’s, then in the expression of e; we see that m contains
s™ , hence it does not contain 1 — s™, therefore in the expression of e5 we deduce that m
contains s™2, and so on. Continuing in this manner, one arrives at an equation saying that
m contains a product of r factors without containing any of the first » — 1 factors, so it must
contain the last factor, which is s™, hence m contains s™, ..., s™ contradicting the fact
that these elements generate R.

Now, define the following matrices:

T T T T
F = E e ™ u = E eu™, X = E aX™Y = E e Y™
t=1 t=1 t=1 t=1

which are the candidates to be a solution of (12). Once we know that ey, . .., e, generate
R, it is clear that a matrix with coefficients in R is zero if and only if it is annihilated by all
of the e;’s. Therefore, in order to prove (12) we have to check that for all ¢ one has:
et (((A+BF)*Bu)- X — A*B) = 0

et ((A*B)-Y — (A+ BF)*(Bu)) = 0
Note that, in virtue of the orthogonality relations among the e;’s, one has that e; F' = e, F'™,
e = eu™, e X = e X™, e,Y = ;Y ™. Using this and the fact that any power of ¢; is
equal to ey, it follows that the last equation is equivalent to:

{ et (A+ BF™)*By™). X™ — A*B) = 0
et (A*B) - Y™ — (A + BF™)*(Bu™)) = 0

But e; is a multiple of s™, hence the above equality is true, because of Eq. (14), in the
case m = my, and so F,u, X, Y give a solution to (12). This completes the proof that
von Neumann regular rings satisfy Reach. With an analogous procedure, it can also be
(re)proved that Pols is also solved, with the same F, u used to solve Reach.

6. Conclusion

In this chapter we have studied a very interesting application of Linear Algebra over
commutative rings to systems theory, when the underlying coefficient ring is von Neumann
regular. While Linear Algebra over rings is generally very complex, in the case of regular
rings we have seen that certain idempotent decompositions make life easier, and allow us
to extend various results from systems theory over fields, to systems over von Neumann
regular rings. Concretely, we have presented a canonical form for the feedback equiva-
lence of systems, and a solution to the problems of coefficient assignability and feedback
cyclization, in a very strong form which is valid for arbitrary non reachable systems.
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Chapter 5

HOW TO CHARACTERIZE PROPERTIES
OF GENERAL HERMITIAN QUADRATIC
MATRIX-VALUED FUNCTIONS BY RANK
AND INERTIA

Yongge Tian*
China Economics and Management Academy,
Central University of Finance and Economics, Beijing, China

Abstract

This chapter gives a comprehensive investigation to behaviors of a general Hermitian
quadratic matrix-valued function

#(X)=(AXB+C)M(AXB+C)" + D

by using ranks and inertias of matrices. The author first establishes a group of an-
alytical formulas for calculating the global maximal and minimal ranks and inertias
of ¢(X). Based on the formulas, the author derives necessary and sufficient condi-
tions for ¢(X) to be a positive definite, positive semi-definite, negative definite, neg-
ative semi-definite function, respectively, and then solves two optimization problems
of finding two matrices X or X such that ¢(X) = ¢(X) and ¢(X) < ¢(X) hold
for all X, respectively. As extensions, the author considers definiteness and optimiza-
tion problems in the Lowner sense of the following two types of multiple Hermitian
quadratic matrix-valued function

k k *
o(X1,..., Xp) = <ZAiXiBi+C>M<ZAiXiBi+C> + D,

i=1 i=1
k
Y(Xy,..., X)) = Z(AiXiBi+Ci)Mi(AiXiBi+Ci)* +D.
i=1

Some open problems on algebraic properties of these matrix-valued functions are men-
tioned at the end of the chapter.

*E-mail address: yongge.tian@gmail.com
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1. Introduction

A matrix-valued function is a map between two matrix spaces C"™*" and CP*?, which
can generally be written as

Y = f(X) for Y € C"™*" and X € CP*Y, (1)

or briefly, f : CP*7 — C™*", where C"*"™ denotes the set of all m x n complex matrices.
If f*(X) = f(X) for all X in (1), then it is said to be Hermitian. Mappings between
matrix spaces can be constructed arbitrarily from ordinary operations of given matrices and
variable matrices, but linear and quadratic matrix-valued functions are widely used and are
extensively studied from theoretical and applied points of view. It is extremely difficult
at any case to give a comprehensive investigation and obtain analytical results to a given
matrix-valued function because of non-commutativity of matrix algebra.

One of the fundamental quadratic cases of (1) is the following Hermitian quadratic
matrix-valued function (HQMVEF):

$(X)=(AXB+C)M(AXB+ C)* + D, )

where A € C"*?, B € C"™*4,C € C", D € C}y and M € C}; are given, and X € CP*™
is a variable matrix. We may treat (2) as a combination ¢p = 7op of the following two simple
linear and quadratic Hermitian matrix-valued functions:

p: X > AXB+C, 7:Y -YMY*+D. 3)

Quadratic objects are cornerstones of mathematics and are prominent subjects of study
in many fields of mathematics. As a natural extension of ordinary quadratic functions,
quadratic matrix-valued functions (including quadratic forms as their special cases) occur
widely in both theoretical and applied fields of sciences. Many contributions on matrix-
valued functions and their behaviors can be found in the literature; see, e.g., [1-12]. As
an extension, we also consider the following two types of general quadratic matrix-valued
function

k k *
¢(X1a---an):<ZAiXiBi+C>M<ZAiXiBi+C> +D, @&

i=1 =1

k
(X1, Xk) =D (A XiB; + C)Mi(AiX;B; + Ci)* + D, (5)
i=1
where A;, B;, C;, C, D, M; and M are given matrices with M;, M and D Hermitian, X;
is a variable matrix, i =1, ..., k.
The rank and inertia of a Hermitian matrix are two generic concepts in matrix theory for
describing the dimension of the row or column vector space and the sign distribution of the
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real eigenvalues of the matrix, which are well understood and are easy to compute by the
well-known elementary or Hermitian congruent matrix operations. These two quantities
play an essential role in characterizing algebraic properties of matrices and relations be-
tween two matrices. These integer indices occur only in finite-dimensional algebras, which
are not replaceable and cannot be approximated by other continuous quantities. Because
the rank and inertia of a matrix can only take finite integers between 0 and the dimensions
of the matrix, it is not hard to give upper and lower bounds for ranks and inertias of matri-
ces, and further the global maximal and minimal values of rank and inertia of a Hermitian
matrix-valued function do exist no matter what decision domains of variable matrices are
given. In this case, it is really expected to establish certain analytical formulas for calcu-
lating the maximal and minimal ranks and inertias of a given matrix-valued function from
theoretical and applied points of view. However, due to the integer property of rank and
inertia of matrix, inexact or approximate values of maximal and minimal ranks and inertias
of matrices are less valuable. In other words, we cannot use approximation methods to
find the maximal and minimal possible ranks and inertias of matrix-valued function. This
fact means that methods of solving matrix rank and inertia optimization problems are not
consistent with any of the ordinary continuous and discrete problems in optimization theory.

Precisely, matrix rank and inertia optimization problems are a class of discontinuous op-
timization problems, in which decision variables are matrices running over certain matrix
sets, while the ranks and inertias of the variable matrices are some integer-valued objec-
tive functions. It has been known that matrix rank and inertia optimization problems are
NP-hard in general due to discontinuity and combinational nature of ranks and inertias of
matrices and algebraic structures of the given matrix sets. However, it is really lucky that
we can establish analytical formulas for calculating extremal ranks and inertias of matrix-
valued functions for some special feasible matrix sets by using various expansion formulas
for ranks and inertias of matrices and some tricky matrix operations. The present author has
been working on this topic with great effort in the past decades by proving a huge amount of
new formulas for calculating ranks and inertias of matrices, and giving analytical solutions
to many matrix rank and inertia optimization problems.

The main purpose of this chapter is to establish a unified theory on optimizations of
ranks and inertias of HQMVFs, as well as partial orderings of HQMVFs by using pure
algebraic operations of matrices. We also present many consequences on behaviors of
HQMVFs, and show their applications in solving Hermitian quadratic matrix equations
and establishing Hermitian quadratic matrix inequalities.

Before proceeding, we introduce the notation to the reader and explain its usage in this
chapter.

C™>™ denotes the set of all m x n complex matrices;
Cif denotes the set of all m x m Hermitian complex matrices;

A*, r(A) and Z(A) stand for the conjugate transpose, rank and range (column
space) of a matrix A € C™*", respectively;

I,,, denotes the identity matrix of order m;
[ A, B] denotes a row block matrix consisting of A and B;

the Moore—Penrose inverse of A € C™*™, denoted by AT, is defined to be the unique
solution X € C™*™ gatisfying the four matrix equations AXA = A, XAX = X,
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(AX)*=AX and (X A)* = X A,

the symbols F4 and F stand for E4 = I, — AAT and F4 = I,, — ATA, which
satisfy F 4+ = Fy and Fiu+» = E4;

an X € C™™ g called a g-inverse of A € C™*", denoted by A, if it satisfies
AX A= A4

an X € Cfj is called a Hermitian g-inverse of A € Cf}, denoted by A™, if it satisfies
AX A = A; called a reflexive Hermitian g-inverse of A € CJ}, denoted by A7, if it
satisfies A XA = Aand XAX = X;

i+(A) and i_(A), called the partial inertia of A € Cf}, are defined to be the
number of the positive and negative eigenvalues of A counted with multiplicities,
respectively, which satisfy r(A) = iy (A) +i_(A);

A>0,A %0, A <0and A < 0 mean that A is a Hermitian positive definite,
positive semi-definite, negative definite, negative semi-definite matrix, respectively;
two A, B € Cj} are said to satisfy the inequalities A >~ B, A > B, A < B and
A = B in the Lowner partial ordering if A — B is positive definite, positive semi-
definite, negative definite and negative semi-definite, respectively.

In what follows, we take the rank and inertia of ¢(X ) in (2) as integer-valued objective
functions, and solve the following optimization problem.

Problem 1. For ¢(X) in (2), establish analytical formulas for calculating the following
global extremal ranks and inertias

(max rl¢(X)],  min rp(X)], max dr[g(X)], min i[¢(X)]. (©6)

Based on the analytical formulas, the author then solves the following two problems on
equalities and inequalities of ¢(X).

Problem 2. For ¢(X) in (2),

(i) establish necessary and sufficient conditions for the existence of an X € CP*™ such
that
#(X)=0, ie., (AXB+C)M(AXB+C)"+ D = 0; (7
(ii) establish necessary and sufficient conditions for the following inequalities
P(X) =0, ¢(X) =0, ¢(X) =<0, ¢(X)=<0 ®)

to hold for an X € CP*'™, respectively;
(iii) establish necessary and sufficient conditions for

P(X) =0, ¢(X) =0, ¢(X) =<0, ¢(X) =<0 forall X € CP*™ 9)

to hold, respectively, namely, to give identifying conditions for ¢(X) to be positive
definite, positive semi-definite, negative definite, negative semi-definite function, re-
spectively.
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Problem 3. For ¢(X) in (2), establish necessary and sufficient conditions for the existence
of X, X € CP*™ guch that

$(X) = ¢(X) and $(X) < ¢(X) (10)

hold for all X € CP*™, respectively, and derive analytical expressions of the two matrices
X and X.

It should be pointed out that the well-known Lagrangian method in classic analysis
is not available for solving (10) because the optimal criteria in (10) are defined from the
Lowner partial ordering instead of traces or norms of matrices. In this case, we use rank
and inertia formulas of matrices and regular operations of the given matrices and their gen-
eralized inverses to establish a standard algebraic method for deriving analytical solutions
to these two optimization problems.

2. Preliminaries

Lemma 4. Let S be a matrix subset in C"™*", and 'H be a matrix subset in C{}. Then the
following hold.

(a) Under m = n, S has a nonsingular matrix if and only if maxxcsr(X) = m.
(b) Underm =n,all X € S are nonsingular if and only if minxcs r(X) = m.
(¢) 0 € Sifandonly ifminycsr(X) = 0.

(d) S ={0} ifand only if maxxcsr(X) = 0.

(e) H has a matrix X > 0 (X < 0) if and only if

(X)) = (X)) = .
i+ (0 = (pagi-00 =)

() All X € H satisfy X = 0 (X < 0), namely, H is a subset of the cone of positive
definite matrices (negative definite matrices), if and only if

it (i —m)
i+ (0 = (pigi-00=m)

(g) H has amatrix X = 0 (X < 0) if and only if

ini_ (X)=0 ini (X)=0|.
i -0 =0 (i) =0

(h) All X € H satisfy X = 0 (X < 0), namely, H is a subset of the cone of positive
semi-definite matrices (negative semi-definite matrices), if and only if

_(X)=0 1 (X)=0).
pagi-(0 =0 (0 =0
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In order to simplify block matrices, we use the following three types of elementary
block matrix operation (EBMO, for short):

(1) interchange two block rows (columns) in a block matrix;
(i1) multiply a block row (column) by a nonsingular matrix from the left-hand (right-
hand) side in a block matrix;
(iii) add a block row (column) multiplied by a matrix from the left-hand (right-hand) side
to another block row (column);
and use the following three types of elementary block congruence matrix operation
(EBCMO, for short) for a block Hermitian matrix with the same row and column parti-
tion:

(i) interchange ith and jth block rows, while interchange ith and jth block columns in
the block Hermitian matrix;

(i1) multiply 7th block row by a nonsingular matrix P from the left-hand side, while
multiply ith block column by P* from the right-hand side;

(iii) add ¢th block row multiplied by a matrix P from the left-hand side to jth block row,
while add ith block column multiplied by P* from the right-hand side to jth block
column.

It is obvious that EBMOs do not change the rank of a block matrix, while EBCMOs do not
change the inertia of a block Hermitian matrix.

The question of whether a given matrix-valued function is semi-definite everywhere
is ubiquitous in matrix theory and applications. Lemma 4(e)—(h) assert that if certain ex-
plicit formulas for calculating the global maximal and minimal inertias of Hermitian matrix-
valued functions are established, we can use them as a quantitative tool, as demonstrated
in Sections 3—6 below, to derive necessary and sufficient conditions for the matrix-valued
functions to be definite or semi-definite. In addition, we are able to use these inertia formu-
las to establish various matrix inequalities in the Léwner sense, and to solve many matrix
optimization problems in the Lowner sense.

The Results in the following lemma are well known.

Lemma 5. Let A € Cf}, B € Cfy, Q € C"™ ", and P € CP*™ with r(P) = m. Then, the
following rank and inertia formulas hold

i+(PAP) = i (A), (an
it(MA) = { zigﬁ% 2; i 28 , (12)
ily p| @i (13)
z‘+[£* %] =z'-[£* %] —1(Q). (14)

Lemma 6. ([13])Let A€ Cj}, B € C™*", D € C}, and let

A B A B
Ml_[B* 0]’ MQ_[B* D]'
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Then, the following expansion formulas for ranks and inertias of matrices hold

’i:t(Ml) = ’I"(B) —I—’i:t(EBAEB), (15)
r(My) =2r(B) +r(EAER), (16)
. » 0 E4B

R P (1

(18)

r(Mg):r(A)—l—r[ 0 EaB ]

B*E, D-B*A'B
In particular, the following hold.
(a) If A= 0, then

ir(My) =r[A, B], i_(My) =r(B), (M) =r[A, B]+r(B). (19)

(b) If A <0, then

i+(M1) = T(B)a i—(Ml) = ""[Aa B]a ""(Ml) = T[Aa B] +""(B)' (20)

(©) If #(B) C %(A), then

it(My) =ix(A) +is(D — B*A'B), r(My) =r(A)+r(D — B*ATB). (21)

(d) r(M) =r(A) < Z(B) C #(A) and D = B*ATB.
() My =0e A=0, Z(B) C%(A)and D — B*ATB 3= 0.

Lemma 7. ([14]) Let A € C™*P_ B € C9*"™ and C € C™*" be given. Then the matrix
equation AX B = C'is consistent if and only if #(C) C #(A) and Z#(C*) C #(B*), or
equivalently, AATCB'B = AATC = CB'B = C. In this case, the general solution can
be written as

X = ATCB' + FuVi + V,5Ep, (22)

where V1 and Vs are arbitrary matrices. In particular, AX B = C has a unique solution if
and only if
r(A)=p, r(B)=q, Z(C)CZ%(A), Z(C") C Z(B"). (23)

Lemma8. ([15-17])Let A € C™*" B € C™*P and C € C9*" be given, and X € CP*1
be a variable matrix. Then, the global maximal and minimal ranks of A + BX C are given
by the following explicit formulas

Xrél(g;{xg"(A—l—BXC'):min{r[A,B], r[é]}, (24)
: A A B
X?é?xZ(A—I—BXC):r[A’B]—i—r[C]_T[C 0]. (25)
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Lemma 9 ( [18]). Let A € C}}, B € C"™*" and C € CP*™ be given, X € C"*P be a
variable matrix. Then, the global maximal and minimal ranks and inertias of A+ BXC +
(BXC)* are given by the following explicit formulas

w1 » A B A C*
Xrengiiz"[A—l—BXC—i—(BXC) ]—mln{r[A,B,C],r[B* 0],1"[0 0]},

(26)
min 1| A+ BXC + (BXC)*]| =2r[A, B, C*]
XeCnxp
+max{sy +s_, ty+t_, sy +t_, s_ +ti}, (27)
. «1_ . J. A B . |A CF
Xrengﬁgi[A—l—BXC—l—(BXC’) ]—mln{zi[B* 0], zi[c 0]}, (28)
eré:in it|A+ BXC+ (BXC)"'|=r[A, B, C*| + max{ s¢, ti}, (29)
enXp
where
. |A B A B C* . |A C* A B C*
=g o] 7" B0 o] ET=c o] "¢ o o

The matrices X that satisfy (26)—(29) are not necessarily unique, and their expressions
were also given in [18] by using generalized inverses of matrices and certain simultaneous
decomposition of the three given matrices A, B and C.

3. Basic Formulas

We first solve Problem 1 through a linearization method and Lemma 9. The method
was adopted in the author’s papers [19, 20].

Theorem 10. Let ¢(X ) be as given in (2), and define

_[D+CMC* A _[D+CMC* CMB* A
N._ [P+CMC* cMB*] . [D+CMC* CMB* A a1
3= | BmMc* BMB*|” YT | BMC* BMB* 0|

Then, the global maximal and minimal ranks and inertias of (X ) are given by the follow-
ing explicit formulas

e r{¢(X)] = min {r[ D+ CMC*, CMB*, A], r(N)), (M)}, (32)
i r[(X)] = 2r[ D+ CMC", CMB", Al +max{s1, s, s, s}, (33)
(max iy ¢(X)]=min {ix(N), ix(Ns)}, (34)
min i [6(X)] = r[ D+ CMC", OMB", 4]

+max {ig (N1) —7r(Na), i+(N3)—7(Ny)}, (35)
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where

S1 = ’I"(Nl) — 21"(N2), S9 = ’I"(Ng) — 21"(N4),
s3 =14 (N1) +i-(N3) — r(N2) — r(Na),
Sq4 = ’L_(Nl) —|—’L+(N3) — (Ng) — ’I"(N4).
Proof. It is easy to verify from (17) and (18) that

i+|(AXB+C)M(AXB+C)" + D]
. ~M M(AXB+C)*
_Zi[(AXB—I—C)M D
r[(AXB+C)M(AXB+ C)" + D]

B M M(AXB+C)*
_r[(AXB+C)M D ]_T(M)’

] — ix(—M), (36)

(37)

that is, the inertia and rank of ¢(X) in (2) can be calculated by those of the following linear
matrix-valued function

V(x) = [(AX]E;]EC)M M(AX§+C)*]
:[5% Mg*]+[21]X[BM,O]+[MSB*]X*[O, A (38)
Note from (36) and (37) that
(max r{¢(X)] = max r[y(X)]—r(A), (39)
oin r[o(X)]= min r[p(X)]-r(4), (40)
(max L [o(X) ] = max ir[(X)] —iz(4), @D
in fe[o(X)] = min ix[(X)] —ix(A). (42)
Applying Lemma 9 to (38), we first obtain
max r[y(X)] = min{r(H), r(G1), r(G2)}, (43)
min (X)) = 2r(H) + max{sy +5, tp o+t syt s} (44
e i [p(X)] = min{is(G), ix(Ga) }, (“43)
min ix (X)) =r(H)+ max{ss, tx}, (46)
where

g_[-M MCt 0 MB
“leM D o4 0 ]

~M MC* 0 ~M MC* MB*
Gi=|CM D A|,Ge=|CM D 0o |,
0 A" 0 BM 0 0
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CM D 0 A
BM 0 0 0

CM D A 0
0 A0 0

-M MC* MB* 0
Hy = )

~M MC* 0 MB*
Hy =

and
sy =iy (Gh) —r(Hy), te =i4(Ge) —r(Ha).

It is easy to derive from Lemmas 5 and 6, elementary matrix operations and congruence
matrix operations that

r(H) =r(M)+r[D+CMC*, CMB*, A, 47)
D+CMC* CMB* A
A* 0 0
D+CMC* CMB* A
BMC*  BMB* 0

isten) = ixon +i | O QI S —iron i, o0

r(Hy) :r(M)—i—r[ ] =r(M) +r(Na), (48)

r(Hy) =r(M) + r[ ] =7r(M) +r(Ng), (49)

. . [D+CcMC* CcMB* . .
Z:I:(G2):Z:F(M)+Z:|:[ BMC* BMB*:|:’L:|:(M)+’L:|:(N3). (51)

Hence,
r(G1) =r(M) +r(N1), r(G2) =r(M)+r(Ns), (52)
st =1+(G1) — r(Hy) = ix(N1) — r(Na) — i (M), (53)
t _’L':t(Gg) —’I"(Hg) :’i:t(Ng) —’I"(N4) —’i:t(M). (54)

Substituting (47)—(54) into (43)—(46), and then (43)—(46) into (39)-(42), we obtain (32)-
35. m

Without loss of generality, we assume in what follows that both A = 0 and BM B* # 0
in (2). Applying Lemma 4 to (32)—(35), we obtain the following results.

Corollary 11. Let ¢(X) be as given in (2), N1 and N3 be the matrices of (30) and (31),
andlet J = D + CMC*. Then, the following hold.

(a) There exists an X € CP*™ such that ¢(X) is nonsingular if and only if
r[J, CMB*, A] =n,r(N1) > nandr(Ns) > n.

(b) ¢(X) is nonsingular for all X € CP*™ if and only if r( D + CMC* ) = n, and one
of the following four conditions holds
(i) BMC*J'A=0and A*J'A=0.
(i) BMC*J A= 0and BMC*J 'CMB* = BMB*.

(ii) A*J 1A = 0, BMB* — BMC*J 'CMB* = 0, Z(A*J'CMB*) C
R(A*TLA), and #(BMC*J'A) C #( BMB* — BMC*J 'CMB*).

(v) A*J'A < 0, BMB* — BMC*J 'CMB* < 0, Z(A*J"'CMB*) C
R(A*TLA) and #(BMC*J*A) C #( BMB* — BMC*J 'CMB*).
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Proof. Setting the right-hand side of (32) equal to n directly leads to the result in (a). Under
the condition r(.J) = n, (33) reduces to

min r[¢(X)]:2n+maX{Sla 52, 83, 54}’ (55)
XeCpxm

where

si=r(A*JTA) = 2r[A*JICMB*, A*J1A] —n,

sy=r(BMB*—~ BMC*J'CMB*)—2r[BMB*—~ BMC*J'\CMB*, BMC*J ' A]
_n,

s3=i_(A*JYA) +i_ (BMB* — BMC*J 'CMB*) —r[A*J '\CMB*, A*J'A]
—r[BMB* — BMC*J 'CMB*, BMC*J'A] — n,

sy=iy (A*JYA) +i (BMB* — BMC*J 'CMB*) —r[A*J'\CMB*, A*JA]
—r[BMB* — BMC*J 'CMB*, BMC*J'A] — n.

Setting (55) equal to n, we see that ¢(X) is nonsingular for all X € CP*™ if and only if
r(D 4+ CMC*) = n, and one of the following four rank equalities holds

() r(A*JLA) =2r[A*TIOMB*, A*JtA];
(i) r(BMB*~BMC*J'CMB*)=2r[BMB*— BMC*J"'\CMB*, BMC* J~' AJ;
(i) i_(A*J1A)+i_ [BMB*~BMC*J '\CMB*] = r[ A*J '\CMB*, A*J 1A]+
r[BMB* — BMC*J'CMB*, BMC*J 'AJ;

(iv) iy (A* T 1A)+iy (BMB*~BMC*J'\CMB*) = r[A*J\CMB*, A*J 1 A]+
r[BMB* — BMC*J'CMB*, BMC*J 1A] —n;
which are further equivalent to the result in (b) by comparing both sides of the four rank

equalities. m
The following two corollaries can be shown by a similar approach.

Corollary 12. Let ¢(X) be as given in (2), and let N1 and N3 be the matrices of (30) and
(31). Then, the following hold.

(a) There exists an X € CP*™ such that ¢(X) = 0, namely, the matrix equation in (7)
is consistent, if and only if

Z(D+CMC*) CZ[A, CMB*], r(N1)=2r(A),
2r[ A, CMB*] + r(N3) —2r(Ny) <0,

r[A, CMB* | +i4(N3) — r(Ny)
r[A, CMB* |+ i_(N3) —r(Ny)

<0,
<0

(b) ¢(X) = 0holds forall X € CP*™ ifand only if [ D+ CMC*, CMB*, A] =0, or

=0.

D+CMCT Al _ D+ CMC* CMB*
A* ol = BMC*  BMB*
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Corollary 13. Let ¢(X) be as given in (2), and let N1 and N3 be the matrices of (30) and
(31). Then, the following hold.

(a) There exists an X € CP*™ such that ¢(X) = 0, namely, the matrix inequality is
feasible, if and only if

ir(N1) =nandiy(N3) =n, or ir(N1) > nandiy(N3)=n.

(b) There exists an X € CP*™ such that $(X) < 0, the matrix inequality is feasible, if
and only if

i—(N1)=nandi_(N3) =>n, or i_(Ny1) > nandi_(N3)=n.
() &(X) = 0 holds for all X € CP*™, namely, $(X) is a completely positive matrix-

valued function, if and only if

A

D+ CMC* = 0, Ngko,%[o

] C %(N3).

(d) ¢(X) < 0 holds for all X € CP*™ namely, ¢(X) is a completely negative matrix-
valued function, if and only if

D+ CMC* <0, Ny <0, ,@[g‘] C B(Ny).
(e) There exists an X € CP*™ such that ¢(X) = 0, namely, the matrix inequality is
feasible, if and only if
r[D+ CMC*, CMB*, A]+i_(Ny) < r(Na)

and
r[D+ CMC*, CMB*, Al +i_(N3) < r(Ny).

(f) There exists an X € CP*™ such that $(X) < 0, namely, the matrix inequality is
feasible, if and only if

r[D+CMC*, CMB*, A] + i (Ny) < r(No)

and
r[D+ CMC*, CMB*, A]+i:(N3) < r(Ny).

(2) ¢(X) = 0 holds for all X € CP*™, namely, ¢(X) is a positive matrix-valued
function, if and only if N3 = 0.

(h) ¢(X) < 0 holds for all X € CP*™ namely, $(X) is a negative matrix-valued
function, if and only if N3 < 0.

Two special cases of Theorem 11 are presented below.
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Corollary 14. Let
¢(X)=(AXB+C)(AXB+C)" — DD", (56)
and define
cCc*—-DD* A cCc*—-DD* CB*
Mo [P e[
cc*—-DD* CB* cc*—-DD* CB*
Ny = [ BC* BB*]’ Ne= [ BC* BB* (58)
Then, the global maximal and minimal ranks and inertias of p(X) are given by
S ax r[¢(X)]=min{r[CC* — DD*, CB*, A], r(N1), r(N3)}, (59)
(= pXm
XI%ID r[o(X)]=2r[CC*" — DD*, CB*, A]| + max{ sy, S2, S3, S4}, (60)
c pXm
max i+[¢(X)]=min{iy(Ny), i+(N3)}, (61)
XeCpxm
min ir[¢(X)]|=r[CC* — DD*, CB*, A]
XeCpxm
+ max {i+(N1) — 7(Na), i=(N3) —r(Na)}, (62)
where
S1 = ’I"(Nl) - 21"(N2), S9 = (Ng) - 21"(N4)
s3 = i+ (N1) +i-(N3) —r(Na) —7(Na),
s4 =i—(N1) +i4(N3) — r(N2) — r(Na).
Let
#(X)=(AXB+C)(AXB+C)" — (63)
Then ¢(X) = 0 means that the rows of AX B + C' are orthogonal each other. Further, if

AX B + C'is square, ¢(X ) = 0 means that AX B + C is unitary.

Corollary 15. Let ¢(X) be as given in (63), and define

Then, the global maximal and minimal ranks and inertias of (X

ccr—1, A _[ccr—1, ¢cB* A
Nl_[ A 0]’ NZ_[ A* 0 0]’
N |CCT 1. CB] _[CC*—1, OB" A
37| Ber BB*|” "t | BCr BB* 0]

ax r[¢(X)]=min{r[CC* —I,, CB*, A], r(N1), r(N3)},
c pXm
min T[QS(X)] [CC* - Ina CB*’ A] —I—max{ 51, 82, 83, S4}a
XeCpxm
max i+[¢(X)] = min{i+(N1), i+(N3)},
XeCpxm
min ir[¢(X)]|=r[CC* —I,, CB*, A]
XeCpxm

+max {iL(N1) —r(Na), ix(N3) —r(Ny)},
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where

S§1 = ’I"(Nl) - 21"(N2), S9 = ’I"(Ng) - 21"(N4),
s3 = 14(N1) +i-(N3) — r(Na) — r(Na),
Sq4 = ’L_(Nl) + ’L+(N3) — ’I"(Ng) — ’I"(N4).

Whether a given function is null or positive or nonnegative everywhere is a fundamen-
tal consideration when characterizing behaviors of the function. It was realized in matrix
theory that the determination of the definiteness or semi-definiteness of a general matrix-
valued function is NP-hard. Corollaries 11-13, however, show that we are really able to
characterize the definiteness and semi-definiteness of (2) by using some ordinary and ele-
mentary methods. These results set up a criterion for characterizing definiteness and semi-
definiteness of nonlinear matrix-valued functions, and will prompt more investigations on
this challenging topic.

Recall that a Hermitian matrix A can uniquely be decomposed as the difference of two
disjoint Hermitian positive semi-definite definite matrices

A=A1 — Ay, AjAy=A3A1 =0, A1 =0, Az = 0. (70)
Applying this assertion to (2), we obtain the following result.

Corollary 16. Let ¢(X) be as given in (2). Then, $(X) can always be decomposed as

P(X) = ¢1(X) — d2(X), (1)
where
1 (X)=(AXB+C)M;(AXB+C)" + Dy,
¢2(X)=(AXB+C)My(AXB+C)" + Dy
satisfy

$1(X) =0 and ¢2(X) =0 (72)

forall X € CP*™,

Proof. Note from (70) that the two Hermitian matrices D and M in (2) can uniquely be
decomposed as

D=Dy— Dy, DiDy=DyDy=0, D
M = My — Ma, MyMs = MM, =0, M

0, Do

=
koa M2

So that both ¢ (X ) and ¢o(X ) in (71) are positive matrix-valued functions. m
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Corollary 17. Let ¢(X) be as given in (2), and suppose that AX B+C = 0 has a solution,

ie, Z(C) C #Z(A)and Z(C*) C #(B*), and let N = [i)* 13] . Then,
ng};f[gb()()] =min{r[A4, D], r(D)+r(BMB")}, (73)
Xglcillnfw(X” =max{2r[A, D] —r(N), r(D) —r(BMB"),
r[A, D] +i-(D) —iy(BMB*)—i_(N),
r[A, D] +i4(D) —i_(BMB*)—i.(N)}, (74)
max ix[6(X)] = min (i2(N), i2(D) +i=(BMB)}, a5)
min 2[6(X)] = max ([ 4, D] ~i5(N), (D) ~ i (BMB')}.  (76)

We next solve the two Hermitian quadratic optimization problems in (10), where the
two matrices ¢(X ) and ¢(X) are called the global maximal and minimal matrices of ¢(X)
in (2) in the Lowner partial ordering, respectively.

D+ CMC* CMB*

Corollary 18. Let ¢(X) be as given in (2), and let N = BMC* BMB |- Then,
there exists an X € CP*™ such that
$(X) = $(X) (77)
holds for all X € CP*™ if and only if
BMB* =0, #(CMB*) C #(A), #(BMC*)C %(BMB"). (78)

In this case, the following hold.

(a) The matrix X e cpxm satisfying (77) is the solution of the linear matrix equation

AXBMB* + CMB* = 0. (79)

Correspondingly,
= —ATCMB*(BMB*)' + FAVi + VoEgp+, (80)
(f() =D+ CMC* — CMB*(BMB*)'BMC*, (81)

$(X) - ¢(X) = (AXB+ C)MB*(BMB*)'BM(AXB+C)*, (82
where Vi and V5 are arbitrary matrices.

(b) The ranks and inertias of $(X) and $(X) — ¢(X) are given by

i [6(0)] = i (N) = r(BMB), i [6(X)] =i_(N), (83)
r[6(X)] = r(N) — r(BMB"), (84)
i+ [6(X) = 6(X)] = r{6(X) = 6(X)] = r(AXBMB" + CMB").  (5)
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(¢c) The matrix X € cpxm satisfying (77) is unique if and only if
r(A)=p, Z(CMB*)C %(A), BMB* > 0; (86)
under this condition,

= —ATCMB*(BMB*)™! (87)
()?) = D+ CMC* — C’MB* (BMB*)~"'BMC*, (88)
#(X)— ¢(X)=(AXB+ C)MB*(BMB*) 'BM(AXB+C)*. (89)

(d X = 0is a solution of (77) if and only if BM B* = 0 and C M B* = 0. In this case,
¢(0) =D + CMC*.

() X = 0 is the unique solution of (77) if and only if r(A) = p, CMB* = 0 and
BMB* > 0. In this case, $(0) = D + CMC*.

(f) There exists an X € CP*™ such that
P(X) = ¢(X) = 0 (90)
holds for all X € CP*™ if and only if
H(CMB*) C #(A) and N = 0. 1)
In this case, the matrix X e cpxm satisfying (90) is unique if and only if
r(A)=p, Z(CMB*)C %(A), BMB* >0, N =0. (92)
Proof. Let
$(X) = 6(X) — 6(X) = (AXB + C)M(AXB +C)' — (AXB +C )M (AXB + c)* .

Then, ¢(X) = ¢(X) is equivalent to /(X ) 3 0. Under A # 0, we see from Corollary
13(g) that (X)) = 0 holds for all X € CP*™ if and only if

CMC* — (A)?B + C)M(A)?B v C>* cMB| 03
BMC* BMB*|
which, by Lemma 6(e), is further equivalent to
BMB* =0, Z(BMC*)C #Z(BMB"), (94)

CMC* — (A)?B n C)M(A)?B + 0>* _ CMB*(BMB*)BMC* =0.  (95)
In this case, it is easy to verify
CMC* — (AXB+C)M(ARB + O>* — CMB*(BMB*)BMC*
= —(AXBMB* + CMB*)(BMB*){(AXBMB* + CMB* , (96)
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and therefore, the inequality in (95) is equivalent to CM B* + AXBMB* = 0. By Lemma
7, this matrix equation is solvable if and only if Z(CM B*) C #(A) and Z(BMC*) C
2 (BM B*). In this case, the general solution of the equation is (80) by Lemma 7, and (95)
becomes

CMC* — (A)?B + C)M(A)A(B + O>* — CMB*(BMB*){BMC* = 0.

Thus (81) and (82) follow. The results in (b)—(f) follow from (a). Their derivations are left
to the reader. m
The following corollary can be shown similarly.

. _[D+CMC* CMB*
Corollary 19. Let ¢(X) be as given in (2), and let N = [ BMC* BMEB | Then,

there exists an X € CP*™ such that
P(X) < ¢(X) 97
holds for all X € CP*™ if and only if
BMB* %0, Z(CMB*) C #(A), 2(BMC*) C #(BMB"). (98)
In this case, the following hold.

(a) The matrix X satisfying (97) is the solution of the linear matrix equation

AXBMB* + CMB* = 0. (99)

Correspondingly,
X = —ATCMB*(BMB*)' + FAV; + VaEgn -, (100)
$(X) =D+ CMC* — CMB*(BMB*)IBMC*, (101)

(X)) —¢(X) = (AXB+C)MB*(BMB*)' BM(AXB+C)*, (102)
where Vi and V5 are arbitrary matrices.

(b) The ranks and inertias of $(X) and $(X) — ¢(X) are given by

ix[¢(X)] =i (N), i-[¢(X)] =i (N) - r(BMB"), (103)
r[¢(X)] =r(N) - r(BMB), N (104)
i [6(X) = 6(X)] = [ 6(X) - 6(X)] = r(AXBMB* + CMB*). (105)
(¢c) The matrix X e cpxm satisfying (97) is unique if and only if
r(A)=p, Z(CMB*)C %(A), BMB* < 0. (106)
In this case,

X = —AtcMB*(BMB*)™, (107)
gb()?) =D+ CMC* — CMB*(BMB*)"'BMC*, (108)

$(X) — ¢(X) = (AXB+ C)MB* (BMB*)"'BM(AXB+C)*. (109)
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(d X = 0is a solution of 97) if and only if BM B* < 0 and CM B* = 0. In this case,
¢(0) =D + CMC*.

(e) X = 0 is the unique solution of (97) if and only if r(A) = p, CMB* = 0 and
BMB* < 0. In this case, $(0) = D + CMC*.

(f) There exists an X € CPX™ such that
$(X) < ¢(X) <0 (110)
holds for all X € CP*™ if and only if
H(CMB*) C#(A) and N < 0. (111)
In this case, the matrix X € cpxm satisfying (110) is unique if and only if
r(A)=p, Z(CMB*)C %(A), BMB* <0, N <0. (112)

4. The Convexity and Concavity of Hermitian Matrix-Valued
Function

As usual, the matrix-valued function ¢(X) in (2) is said to be convex if and only if
o(1x0+ 1% < Lox) + Lorxy) (113)
g1t i) 55 1)+ 50 A2
holds for all X7, X5 € CP*™; said to be concave if and only if

HX1) + 30(X0) (14)

1 1 1
- X -X = =
¢<2 1-1-2 2> 5

holds for all X7, Xo € CP*™ Itis easy to verify that

1

1 1 1 1
¢<§X1 + §X2> —5¢(X1)—50(X2) = 7 A(X1=X2 ) BMB™( X1 -X3)"A%, (115)

which is a special case of (2) as well. Applying Theorem 10 to (115), we obtain the follow-
ing result.
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Theorem 20. Let ¢(X) be as given in (2) with A # 0 and BM B* # 0. Then,
1 1 1 1
X1 HSXo ) - 26(X1) - =
X1¢X2£§§2€Cpxn§[¢<2 143 2> 50(X1) = 3
=min{r(A), r(BMB")}, (116)
1 1 1 1
i SXp 4 =Xy ) — 26(X)) — 2h(X
X1¢X2,gfgczecwf[¢<2 13 2> 39(X1) = 59 2)]
1 BMB*>0andr(A)=p
=4q1 BMB*<0andr(A)=p , (117)
0 otherwise
1 1 1 1
o X1+ 2X0 ) — 26(X1) — 2o(X
X1#X27)I2?§(2€CPX"?L+ |:¢<2 1t 2 2> 2¢( 1) 2¢( 2):|
=min{r(A4), i_(BMB")}, (118)
1 1 1 1
o[ ZX1 4+ 2Xo ) — 26(X1) — =6(X
X1 X, X Ko € TP [¢<2 13 2> 30(X1) = 59 2)]
=min{r(4), i+(BMB")}, (119)
YA! 1 1 1 1
i ' SXp 42Xy ) — 26(X)) — —h(X
oy, B et _¢<2 143 2> 5(X1) = 50( 2)_
_[1 BMB*<0andr(A)=p (120)
0 BMB*£0orr(A)<p ’
YA! 1 1 1 1
i o[ ZX1 4+ 2Xa ) — 2o(X)) — =6(X
iy, B0 ! _¢<2 143 2> 5(X1) = 50( 2)_
1 BMB*>0andr(A)=p (121)
|0 BMB*#0orr(A)<p
In consequence, the following hold.
(a) There exist X1, Xo € CP*™ with X1 # Xo such that (X1 + 3X5) — 36(X1) —
$6(Xy) is nonsingular if and only if both r(A) = n and r(BM B*) = n.
(b) There exist X1, Xo € CP*™ with X1 # X9 such thatgb(%Xl + %Xz) = %qb(Xl) +
26(Xy) if and only if BMB* 3 0 and BMB* £ 0, or r(A) < p.
(¢) There exist X1, Xo € CP*™ with X1 # X such thatgb(%Xl + %Xz) - %qb(Xl) +
26(Xy) if and only if both BM B* < 0 and r(A) = n.
(d) There exist X1, Xo € CP*™ with X1 # Xo such thatgb(%Xl + %Xz) =< %qb(Xl) +
26(Xy) if and only if both BM B* - 0 and r(A) = n.
(e) There exist X1, Xo € CP*™ with X1 # Xy such that $(3X1 + $X2) = 56(X1) +
%gb(Xg) if and only if either BM B* % 0 orr(A) < p.
(f) There exist X1, Xo € CP*™ with X1 # Xo such thatgb(%Xl + %Xz) < %qb(Xl) +

(2

%gb(Xg) if and only if either BM B* £ 0 orr(A) < p.

P(3X1 +3X0) = $(X0) + 26(Xo) forall X1, Xo € CP*™ with Xy # Xo if and

onlyif BMB* < 0.
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(h) ¢(3X1 +3X0) < $(X1) + 26(Xo) forall X1, Xo € CP*™ with Xy # X» if and
onlyif BMB* = Q.

(i) If ¢(X) is a positive semi-definite matrix-valued function, then ¢(X) is convex.

(G) If 9(X) is a negative semi-definite matrix-valued function, then ¢(X) is concave.

5. Two Types of Multiple HQMVF

As an extension of (2), we may construct a multiple Hermitian quadratic matrix-valued
function as follows

k k *
H(X1,..., Xp) = (Z A; X;B; + 0) M (Z A; X;B; + 0) + D, (122)
i=1 i=1

where 0 # A; € C™Pi B; € C™i*4, C € C", D € C}y and M € CJ; are given,
and X; € CPi*™i ig a variable matrix, ¢ = 1,...,k. We treat it as a combined non-
homogeneous linear and quadratic Hermitian matrix-valued functions ¢ = 7 o %:

¢:Cp1xm1@...@cpkxmk_,(Cnxq’ T:C"Xq—NCﬁ.

Because more independent variable matrices occur in (122), the author fails to establish
analytical formulas for calculating the extremal ranks and inertias of (122). In this section,
we only consider the following two problems on the semi-definiteness and optimization in
the Lowner sense of (122):

(i) establish necessary and sufficient conditions for ¢(Xy,...,Xx) = 0
(¢( X1,...,Xk) =< 0)tohold for all Xy, ..., Xk;

(ii) establish necessary and sufficient conditions for the existence of X 1y .,)A( r and
X1, ..., X such that

¢(Xlaan) %qb()?laa)?k)a ¢(X1aan) 4@5(551”5(4%) (123)

hold for all X3, ..., X} in the Lowner partial ordering, respectively, and give analyt-
ical expressions of X1, ..., Xgand X1, ..., X.

Theorem 21. Let ¢( X1, ..., X} ) be as given in (122), and define B* = [BY,..., B} |.
Also let

D+ CMC* CMB*

N=\"pmc+ BMB*

(124)
Then, the following hold.
(@) &(X1,...,Xk) =0forall Xy € CPr*™ . X} € CPe*" ifand only if N 3= 0.

(b) ¢( X1,...,Xk) K 0forall X; € CPr*™1 . X} € CPe*"k ifand only if N < 0.
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(c) There exist X 1y .,)A( k such that
¢(X1aan) %qb()?laa)?k) (125)

holds for all X, € CPr*"™ .. X} € CPrX"% if and only if

BMB* =0, Z(BMC*) C #(BMB™). (126)
In this case, the matrices X Tyeens X k are the solutions of the linear matrix equation
k ~
ZA,;X,;B,;MB* — —CMB"*. (127)
i=1
Correspondingly,
o(X1,...,Xp)=D+CMC* —CMB*(BMB*)'BMC*, (128)

O(X1,. . Xp) — (X1, .., Xp)

k k *
= (Z A, X;B; + 0) MB*(BMB*)'BM (Z A X;B; + 0) . (129)

i=1 =1
(d) There exist X 1y .,)N( & such that
O( X1, Xp) < O( X1, .., Xp) (130)

holds for all X, € CPr*™1 X} € CP+>*™% if and only if

BMB* 50, Z(BMC*) C #(BMB™). (131)
In this case, the matrices X Tyeens X g are the solutions of the linear matrix equation
k ~
ZA,;X,;B,;MB* — —CMB"*. (132)
i=1
Correspondingly,
¢(X1,...,Xp) =D+ CMC* — CMB*(BMB*)BMC*, (133)

o(X1,..., Xp) — d(X1, ..., Xi)

k k *
- (Z A X;B; + 0) MB*(BMB*)'BM (Z A; X;B; + 0) . (134)

i=1 i=1
Proof. Rewrite (122) as
o( X1, ..., Xk)

k k *
- <A1X131 + Y AXB; + 0) M <A1X131 + Y AXB; + C) + D, (135)
=2 =2

Complimentary Contributor Copy



172 Yongge Tian

and applying Corollary 18 to it, we see that ¢( X1, ..., Xx) = 0 for all X; € CPr*™ if
and only if

D 0 N Yy AiXiBi + C|, 130, AiXiBi + C <0 (136)
0 0 B, By

for all Xy € CP2X™2 X, € CPr*™k Note that

[D 0] n [Zf:2AiXiBi+C:|M[Zf:2AiXiBi+C:|*

[0 (Sl o ) 8] xm e [5) oo

Applying Corollary 18, we see that this matrix is positive semi-definite for all Xy € CP2*"2
if and only if

D c A; c

B, k B,
s[4 4]50 <]
Bg B2

0 0 k A;
0 0 0|4 |Z [ 0
0 0 O
(138)
for all X3 € Cps*™m3 X € CP:e*™k,.  Thus, we obtain by induction that
d(X1,...,Xg) = 0forall X; € CPr*™ | X} € CP+*™*k if and only if

D+CMC* CMB; ... CMB;
BIMC*  BIMB} ... BIMB{| [D+CMC* CMB']_,
: : : | BMC* BMB*|" 7
{ ByMC*  ByMB; --- BkMB;;J
establishing (a).
Let
(X1, Xk) =o( X, .., Xp) — (X1, ..., Xp)
k k *
i=1 i=1
k R k R *
— (Z A, X;B; + 0) M (Z A, X;B; + 0) . (139)
i=1 i=1

~

Then, (X1, ..., X3) = &(X1,..., Xp) forall X; € CPr¥m1 . X, € CPLX™k is equiv-
alent to
p(X1,...,Xp) =0 forall X; € CP*X™ . X} € CP-*"% (140)

From (a), (140) holds if and only if

[_ (Sh, 4B+ 0)M(Sh, A%iBi+ C) + cmer empe ] 0. (14

BMC* BM B*
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which, by (93)—(95), is further equivalent to
BMB* =0, Z(BMC*) C #(BMB"), (142)

k k *

CMC* — (Z A X;B; + 0) M ( > AXB + C) — CMB*(BMB*){BMC* = 0.
=1 i=1

(143)

In this case,

k k *
cMC* — (Z A X;B; + 0) M (Z A X;B; + C) — CMB*(BMB*)IBMC*
=1 i=1

k k *
= (Z A X;B; + 0) MB*(BMB*)'BM (Z A X;B; + 0) (144)

i=1 =1

holds, and therefore, (143) is equivalent to CM B* + Zle A,;)A(,;B,;MB* = 0. This is

a general two-sided linear matrix equation involving &£ unknown matrices. The existence

of solutions of this equation and its general solution can be derived from the Kronecker

product of matrices. The details are omitted here. Result (d) can be shown similarly. m
Two consequences of Theorem 21 are given below.

Corollary 22. Let
k
(X1, Xe) =D (AiXiB; + Ci ) M;( A;X;B; + C;)* + D, (145)
i=1

where 0 # A; € C"*Pi | B; € C™i*% C € C"*% D e C}, and M; € Cf; are given, and
X,; € CPi*™i s a variable matrix,i = 1, ..., k. Also define

B:diag(Bl,...,Bk), C= [01,...,Ck],
D+CMC* CMB*

M = diag( My, ..., My), N = [ BMC* BM B*

Then, the following hold.
(@ Y(X1,...,Xg) = 0forall X, € CPr>"™ X € CPX™k jfand only if N = 0.
(b) Y(X1,...,Xk) < 0forall X1 € CPr*™1 X} € CPt*" ifand only if N < 0.
(c) There exist X 1y .,)A( k such that
(X1, .., Xn) = (X1, .., Xp) (146)
holds for all X1 € CPr*™1 . X € CPe*"™%k if and only if

Complimentary Contributor Copy



174 Yongge Tian

In this case, the matrices X1, . . ., Xy, satisfying (146) are the solutions of the k linear
matrix equations

A X;B;M;B* = —C;M;B}, i=1,...,k. (148)
Correspondingly,
R R k k
(X1, Xp) = D+ Y CM;C; =Y C;M;B*(B;M;BY)' BiIM;Cf, - (149)

=1 =1

" LX) — (X, Xk

M &

1

.
I

(d) There exist X 1y .,)N( k such that
(X1, Xe) S (X, X) (151)
holds for all X1 € CPr*™ . X} € CP+*™* if and only if
B,M;B; <0, Z(B;M,;C}) C Z(B;M;By), i =1,...,k. (152)

In this case, the matrices X Tyoens X  satisfying (151) are the solutions of the k linear
matrix equations

A X;BiM;Bf = —C;M;B!, i=1,...,k. (153)
Correspondingly,
_ _ k k
(X1, Xp) =D+ Y CMC; =Y CiM;B*(B;M;B}) B M;C;,  (154)
=1 =1
V(X1 ..., Xp) —0(Xq, ..., Xp)

=1

Proof. Rewrite (145) as

V(X1 ..., Xg)
= [AleBl +C4, ..., A X By —I—Ck]M[AleBl +Ch, ..., A X By +Ok]* + D
= [Ale[Bl,...,O]—I—"'—I—Aka[O,...,Bk] +[01,---,Ck“M
X [A1X1[By,...,0]+ -+ A Xi[0,...,Br] + [C,...,Ck]" + D, (156)

which a special case of (122). Applying Theorem 21 to it, we obtain the result required. m
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Corollary 23. Let

V(X1 ..., Xg)

=[A1X1B1 +Ch,y .o, Ag Xy By + Cp IM [ Ay X1 By + Cy, . Ap X By + Ci T

+D,

157)

where 0 # A; € CPi B, € C™i*% C; € C"*%, D € Cfyand M € CqH1+"'+q‘“ are

given, and X; € CPi*™i js yariable matrix,1 =1, ..., k. Also define

: D+CMC* CMB*
B =diag( By,...,B;) and C=[Cy,...,Cy], N = BMC* BMB*

Then, the following hold.
(@ Y(X1,...,Xg) =0forall X, € CPr¥"™ X} € CP*™k ifand only if N
() v(Xq,...,Xk) < 0forall Xy € CPr*™ . X} € CPr*"™ ifand only if N

(c) There exist X Tyenns X k such that

= 0.

< 0.

qp(Xlaan)%?/}(Xlaan) (158)
holds for all X1 € CPr*™1 | X € CPe*"™k if and only if
BMB* =0, Z(BMC*) C #(BMB™). (159)
In this case, the matrices X Tyoens X , satisfying (158) are the solutions of the linear
matrix equation
k
> AX;BMB* = —-CMB*. (160)
i=1
Correspondingly,
W(X1,...,Xp) =D+ CMC* — CMB*(BMB*)'BMC*,  (161)
V(X .., Xg) — (X, ..., Xk)
= [A1X1B1 +Cy,..., A Xy By + Cy ] MB*(BMB*)'BM
X [AleBl —I—Cl,...,AkaBk—l—Ck]*. (162)
(d) There exist X Tyeens X k such that
W(X1,. ., Xp) S V(X1 ..., Xp) (163)
holds for all X1 € CPr*™ . X} € CP+*™* jf and only if
BMB* 50, Z(BMC*) C #(BMB™). (164)
In this case, the matrices )N(l, R )N(k satisfying (163) are the solutions of the linear
matrix equation
k
> AX;BMB* = —-CMB"*. (165)
i=1
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Correspondingly,

W(X1,...,Xp) = D+ CMC* — CMB*(BMB*)BMC*,  (166)

W(X1,. . Xp) — (X1, ..., Xk)
= [A1X1B) + C,..., Ay X By + Cx | MB*(BMB*)'BM
X [AleBl—I—Cl,...,AkaBk—l—Ck]*. (167)

Proof. Rewrite (157) as

V(X1 ..., Xg)
= [AleBl +Ch, ..., A X By —I—Ck]M[AleBl +Ch, ..., A X By +Ck]* + D
= (Ale[Bl,...,O]—I—"'—I—Aka[O,...,Bk] +[01,...,Ck])M
x (A1 X1[Bi,...,0]+ 4 ApXg[0,...,Bx] + [C1,...,C])* + D, (168)

which a special case of (122). Applying Theorem 21 to it, we obtain the result required. m
Many consequences can be derived from the results in this section. For instance,

(i) the semi-definiteness and optimization in the Lowner partial ordering of the following
constrained HQMVF

#(X)=(AXB+C)M(AXB+C)*+D st. PXQ=R

can be derived;

(i1) the semi-definiteness and optimization in the Lowner partial ordering of the following
matrix expressions that involve partially specified matrices

A B A B ? B ? B]" A ? A 7"
[0 ?]M[c ?] +N, [c ?]M[c ?] +N, [? ?]M[? ?] +N

can be derived, in particular, necessary and sufficient conditions can be derived for
the following inequalities

ABAB*I ? B ?B*IA?A?*I
c 2lle 2| S o 2lle 2| S |2 22 2| S

to always hold in the Lowner partial ordering.

6. Some Optimization Problems on the Matrix Equation
AXB=C
Consider the following linear matrix equation
AXB=C, (169)
where A € C"™*" B € CP*? and C € C™*7 are given, and X € C™*P is an unknown

matrix. Eq. (169) is one of the best known matrix equations in matrix theory. Many papers
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on this equation and its applications can be found in the literature. In the Penrose’s seminal
paper [14], the consistency conditions and the general solution of (169) were completely
derived by using generalized inverse of matrices. If (169) is not consistent, people often
need to find its approximation solutions under various optimal criteria, in particular, the
least-squares criterion is ubiquitously used in optimization problems which almost always
admits an explicit global solution. For (169), the least-squares solution is defined to be a
matrix X € C™*P that minimizes the quadratic objective function

trace[(C' — AXB )(C — AXB )*] =trace[ (C— AXB )" (C—-AXB)]|. (170)
The normal matrix equation corresponding to (170) is given by
A*AXBB* = A*CB~, (171)
which is always consistent, and the following result is well known.
Lemma 24. The general least-squares solution of (169) can be written as
X = ATCB' + FuVi + V,5Ep, (172)
where V1, Vo € C™*P are arbitrary.
Let
01 (X)=(C—-AXB)(C—-AXB)*, ¢(X)=(C—-—AXB)"(C—-AXB) (173)
be the two HQMVFs in (170). Note that
ré1(X)] = rlga(X)] = 1(C — AXB). (174)
Hence, we first obtain the following result from Lemma 8.
Theorem 25. Let ¢1(X) and ¢o(X) be as given in (173). Then,
max r[¢1(X)] = max r[¢a(X)]= maxr(C—AXB)

XeCnxp XeCnxp XeCnxp

:min{r[A,C], r[g} (175)
(Bin rigy(X)] = min r{¢x(X)] = min r(C-AXB) _

[ 4, C]—I—r[g] —r_g ‘6‘] (176)

Applying Theorem 10 to (173), we obtain the following result.
Theorem 26. Let ¢1(X) and ¢o(X) be as given in (173). Then, the following hold.

(a) There exists an X € C™ P such that D1(X) = ¢ ()A() holds for all X € C™*? if and

only if
Z(CB*) CZ(A). 177)

In this case,
X = A'CB' + Fuvi + oEp, #1(X) = CC* — CB'BC*, (178)

where V1, Vo € C™*P are arbitrary.
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(b) There exists an X € C™P such that D2(X) = qbg()A() holds for all X € C™"*? if and

only if
X(C*A) C #(BY). (179)

In this case,
X = ATCB' + FuVi + VaEp, ¢2(X) = C*C — C*AA'C, (180)
where V1, Vo € C™*P are arbitrary.
Theorem 26 also motivates us to obtain the following consequence.

Theorem 27. Let A €¢ C™*", B € CP*? and C € C™*1 be given. Then, there always
exists an X € C"*P such that
m:n{A*(C—AXB)(C—AXB )*A : X € C™PY (181)
m;n{B(O—AXB )*(C—AXB )B* : X € C"™P} (182)

hold, simultaneously, and the general solution is given by
argm;n{A*(C— AXB)(C—AXB)'A: X eC™}
= argm;n{B(C — AXB)"(C—-AXB)B*: X e C"?}
=argmintr [(C —AXB )(C - AXB )"]

XeCnxp
— ATCB' + FAV; + V4E3, (183)

where Vi and V5 are arbitrary matrices, namely, the solutions of the three minimization
problems in (183) are the same.

For (169), the weighted least-squares solutions with respect to positive semi-define ma-
trices M and N are defined to be matrices X € C™*P that satisfy

trace[(C — AXB )M(C — AXB )*| = min, (184)
trace[(C' — AXB )*N(C — AXB )] = min, (185)

respectively. In this case, the two HQMVFs in (184) and (185) are

01 (X)=(C—-AXB )M(C—-AXB)*, ¢2(X)=(C—-AXB)"N(C—-AXB).
(186)
Hence, the theory on the ranks and inertias of ¢1(X ) and ¢2(X) can be established rou-
tinely.

Recall that the least-squares solution of a linear matrix equation is defined by minimiz-
ing the trace of certain HQMVF. For example, the least-squares solution of the well-known
linear matrix equation

AXB+CYD=EFE, (187)
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where A, B, C, D are given, are two matrices X and Y such that

trace[(E— AXB—-CYD)(E—-AXB—-CYD)"]
=trace[(E—AXB—-CYD)(E—-—AXB—-CYD )] =min.

Correspondingly, solutions to the Lowner partial ordering minimization problems of the
two HQMVFs

(E—AXB—CYD)(E—AXB-CYD)* (E—AXB-CYD)*(E—AXB—CYD)

can be derived from Theorem 21.

7. Concluding Remarks

We established in this chapter a group of explicit formulas for calculating the global
maximal and minimal ranks and inertias of (2) when X runs over the whole matrix space.
By taking these rank and inertia formulas as quantitative tools, we characterized many alge-
braic properties of (2), including solvability conditions for some nonlinear matrix equations
and inequalities generated from (2), and analytical solutions to the two well-known classic
optimization problems on the ¢(X) in the Lowner partial ordering. The results obtained
and the techniques adopted for solving the matrix rank and inertia optimization problems
enable us to make new extensions of some classic results on quadratic forms, Hermitian
quadratic matrix equations and Hermitian quadratic matrix inequalities, and to derive many
new algebraic properties of nonlinear matrix functions that can hardly be handled before.
As a continuation of this work, we mention some research problems on HQMVFs for fur-
ther consideration.

(i) Characterize algebraic and topological properties of generalized Stiefel manifolds
composed by the collections of all matrices satisfying (32)—(35).

(ii) The difference of (2) at two given matrices X, X + AX € CP*":
P(X +AX) - ¢(X)

is homogenous with respect to AX. Hence, we can add a restriction on its norm,
for instance, |AX || = /tr[(AX)(AX)* < 4. In this case, establish formulas for
calculating the maximal and minimal ranks and inertias of the difference with respect
to AX # 0, and use them to analyze behaviors of ¢(X) nearby X. Also note that
any matrix X = (2;;)pxm can be decomposed as X = > ©_; Z;”Zl xjjei;. A precise
analysis on the difference is to take AX = Me;; and to characterize behaviors of the
difference by using the corresponding rank and inertia formulas.

(iii) Denote the real and complex parts of (2) as ¢(X) = ¢o(X) + i¢1(X), where
¢o(X) and ¢1(X) are two real quadratic matrix-valued functions satisfying
dF(X) = ¢o(X) and ¢T(X) = —¢1(X), where ()7 means the transpose of a
matrix. In this case, establish formulas for calculating the maximal and minimal
ranks and inertias of ¢o(X) and ¢1(X), and use them to characterize behaviors of

¢do(X) and ¢1(X).
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(iv)

v)

(vi)

(vil)

(viii)

(ix)

Partition ¢(X ) in (2) as

_ [ 61(X) h12(X)
L o1(X) da(X) |

In this case, establish formulas for calculating the maximal and minimal ranks and
inertias of the submatrices ¢11(X) and ¢92(X ) with respect to X, and utilize them
to characterize behaviors of these submatrices.

o(X)

Most criteria related to vector and matrix optimizations are constructed via traces of
matrices. An optimization theory for (2) can also be established by taking the trace
of (2) as an objective function. In such a case, it would be of interest to characterize
relations between the two optimization theories for (2) derived from the trace and the
Lowner partial ordering.

Establish formulas for calculating the extremal ranks and inertias of
(AXB+ C)M(AXB+C)*+ D s.t. r(X) <k,

where k < min{ p, m }. This rank-constrained matrix-valued function is equivalent
to the following biquadratic matrix-valued function

(AYZB+C)M(AYZB +C)*+ D, Y e CP*k 7 ¢ Ccb*m,
Some previous results on positive semi-definiteness of biquadratic forms can be
found in [6, 12].
Establish formulas for calculating the maximal and minimal ranks and inertias of
(AXB+C)M(AXB+C)"+ D st. PX =Qand/or XR=5.
This task could be regarded as extensions of classic equality-constrained quadratic

programming problems.

For two given HQMVFs

of the same size, establish necessary and sufficient conditions for ¢1(X) = ¢2(X)
to hold.

Note from (36) and (37) that the HQMVF in (2) is embed into the congruence trans-
formation for a block Hermitian matrix consisting of the given matrices. This fact
prompts us to construct some general nonlinear matrix-valued functions that can be
embed in congruence transformations for block Hermitian matrices, for instance,

I, 0 0 1[An A Ays][L., XiBf XiBIXiB}
B X, Im, 0 ||A% Ay A || 0 I, X3B;
BoXyB1X, BoXy I, || A%y A%y Az || 0 0 I,
k% ok *
=[x x * ,

ko ok gf)(Xl, Xg)
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x)

(xi)

where
A Aw An ] [XiBIX3B;
d( X1, Xo) = [BaXoB1 X1, BoXo, Iy | | Aly Az Aoz X585 ;
Alz Ay Ass I

which is a special case of the following nonlinear matrix-valued function

¢(X17 X2)
= (AleBl + ] ) (A2X2B2 + Cy )M(A2X2B2 + 02)* (AleBl + Cy )*
+D.

In these cases, it would be of interest to establish possible formulas for calcu-
lating the extremal ranks and inertias of these nonlinear matrix-valued functions
(biquadratic matrix-valued functions), in particular, to find criteria of identifying
semi-definiteness of these nonlinear matrix-valued functions, and to solve the
Lowner partial ordering optimization problems.

Two special forms of (122) and (145) by setting X; = --- = X = X are
k k *
(ZA,;XB,; +C>M<ZA,;XB1 +0> + D,
i=1 i=1

k
> (AiXBi+Ci)M;( AiXBi+ Ci)" + D.
=1

In this case, find criteria for the HQMVFs to be semi-definite, and solve for their
global extremal matrices in the Lowner partial ordering.

Many expressions that involve matrices and their generalized inverses can be repre-
sented as quadratic matrix-valued functions, for instance,

D-B*A”B, A— BB~ A(BB™)*, A— BB~ A— A(BB~)*+ BB~ A(BB™)".

In these cases, it would be of interest to establish formulas for calculating the max-
imal and minimal ranks and inertias of these matrix expressions with respect to the
reflexive Hermitian g-inverse A7 of a Hermitian matrix A, and g-inverse B~ of
B. Some recent work on the ranks and inertias of the Hermitian Schur complement
D — B* A~ B and their applications was given in [18,21].

Since linear algebra is a successful theory with essential applications in most scientific
fields, the methods and results in matrix theory are prototypes of many concepts and
content in other advanced branches of mathematics. In particular, matrix functions,
matrix equalities and matrix inequalities in the Lowner partial ordering, as well as
generalized inverses of matrices were sufficiently extended to their counterparts for
operators in a Hilbert space, or elements in a ring with involution, and their algebraic
properties were extensively studied in the literature. In most cases, the conclusions on
the complex matrices and their counterparts in general algebraic settings are analogous.
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Also, note that the results in this chapter are derived from ordinary algebraic operations
of the given matrices and their generalized inverses. Hence, it is no doubt that most of
the conclusions in this chapter can trivially be extended to the corresponding equations
and inequalities for linear operators on a Hilbert space or elements in a ring with involution.
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Chapter 6

INTRODUCTION TO THE THEORY
OF TRIANGULAR MATRICES (TABLES)

Roman Zatorsky*
Precarpathian Vasyl Stefanyk National University,
Ivano-Frankivsk, Ukraine

Abstract

We consider elements of linear algebra based on triangular tables with entries in some
number field and their functions, analogical to the classical notions of a matrix, deter-
minant and permanent. Some properties are investigated and applications in various
areas of mathematics are given.

Keywords: Triangular matrix, determinant, paradeterminant, permanent, parapermanent,
Polya transformation, linear recurrent equations, power series

AMS Subject Classification: 15A15

1. Preface

It is difficult to overestimate the role of matrix theory and matrix method in different
branches of mathematics. But in mathematics, it becomes necessary quite often to oper-
ate not only with rectangular tables, but also with tables of numbers of a different kind.
Therefore, by matrices we mean tables of numbers of any form. In particular, the main
“characters” of the chapter are special tables (which, for lack of a better term, will be called
triangular matrices. As there are no ordinary triangular matrices in the chapter, there will
be no misunderstanding) and their functions — paradeterminants and parapermanents, which
are some analogs of the determinant and permanent of square matrices.

The paradeterminants and parapermanents of triangular matrices of the( n—tt)l order are

n(n+1

also multilinear polynomials of the elements of these matrices, but with ==— variables

and 2"~! summands. Consequently, one could expect that the paradeterminants of the n-th

*E-mail address: romazz @rambler.ru
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order are related to the determinants of special matrices of the n-th order. Theorem 5.3
validates this hypothesis.

The summation of summands in the paradeterminant is over the set of ordered partitions
of an integer n into natural summands, which made it possible to write it as a triangular
matrix. Accordingly, it got new properties, which are well suited for analysis of problems
with linear recurrence relations and partitions.

It should also be noted that paradeterminants and determinants are in fruitful collabo-
ration, which allows finding new properties of both functions. For instance, it gives partial
solution of Polya’s problem on reduction of the permanent of the square matrix to its equal
determinant of the respective transformed square matrix.

The chapter is organized as follows.

Definitions of functions of triangular matrices are based on the combinatorial notions.
In Section 2 we establish the combinatorial notions required for the construction of trian-
gular matrix functions.

In Section 3, we give definitions of triangular matrices and parafunctions of triangular
matrices, and operations with triangular matrices. We obtain an inverse triangular matrix
and consider a paradeterminant product of triangular matrices and a scalar product of vector
by parafunction.

We establish properties of parafunctions of triangular matrices In Section 4, and rela-
tions of parafunctions with other functions of matrices in Section 5.

Some theorems on applying triangular matrix calculus are considered in Section 6.

Facts set forth in Sections 2 were partly published in [1-4], in Section 3 and 4 were
published in [5-9], in Sections 5 were published in [10—12], and in Sections 6 were partly
published in [13, 14]

2. Combinatorial Preliminaries

Basic combinatorial notions, which give rise to the notions of the determinant and the
permanent [15] of a square matrix are the notions of permutation and transversal'. More
precisely, the determinant and the permanent of a square matrix are defined as follows?. Let

air a2 - Glp
azr agy - Ay

A= : : : . (2.1
Gnl1 Aap2 -+ Qapp

The permanent and the determinant of the square matrix (2.1) are, respectively, the
numbers
perA = Z Aj11A552 * + o« Qjm,
pESH

'"The transversal of a square matrix is a tuple of elements taken by one at a time from each row and each
column of the matrix.

2The permanent can be defined for any rectangular matrix. In order to compare the definitions of determi-
nant and permanent, however, we consider only the permanent of a square matrix.
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det A = Z SigN Y G132 -« - - Gipp,
pESH

where Sy, is the set of all permutations p = (111122:;), of order n, and sign  is the sign of
the permutation® .

Note that there is also an axiomatic approach to the definition of determinants (see, for
instance, [16, 17]).

Analogous functions of triangular matrices, which are the subject of this chapter, are
based on the combinatorial notions of an ordered partition of a positive integer n into pos-
itive integer summands and monotransversals 4. In the construction of triangular matrix
functions, the sets Z(n) are also important. We turn our close attention to these and other

combinatorial notions.

2.1. Multisets

In discrete mathematics, there are problems focusing on collections of objects, which
may include identical ones. In this case, the language of the Cantor Set Theory presents
certain difficulties and inconveniences. Since the mid-20th century, the notion of a multiset
has become more and more significant in this context.

Definition 2.1. A multiset A is an unordered tuple of elements of some set [A]. A set [A] is
called a basis of a multiset A.

Definition 2.2. If a multiset A consists of k1 elements a1, ko elements as, . . ., k, elements
Gn, then it is said that this multiset has primary specification

S(A) = [ah*,ak2, ... akn) (2.2)
The multiset A can then be written in its canonical form
A={d" ak2, .. . afny. (2.3)
Numbers k;, i =1,2,...,n, are exponents of the primary specification of A.
The primary specification of the multiset of exponents
{k1, ko, ..., kn}

of the primary specification of the multiset(2.3), is called the secondary specification of this
multiset and is denoted by

S(S(A)) = [[171, 2%, ... m* ],

and numbers \;, i = 1,2, ..., m are exponents of the secondary specification of A.

3In algebra it is proved that each permutation decomposes uniquely into a product of independent cycles.
The number n—r, where n is the order of the permutation, and r is the number of cycles, is called the decrement
of the permutation. The set of permutations of order n is divided into even and odd permutations. The evenness
of the permutation coincides with the evenness of its decrement.

*See the definition 3.4 on p. 198
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As the elements of a multiset are unordered, then, without losing generality, we can
assume that the exponents of its primary specification satisfy the inequality

by > ko> ... > k. (2.4)

It
ki=ky=...=ky=1,

then the multiset (2.3) becomes an ordinary set.
The number of all the elements of a multiset A is called its cardinality and denoted by
| A]. It is evident that the cardinality of the multiset (2.3) equals

Al =Fk1+ ko4 ...+ kn.

2.2. Partitions

There is hardly any area of knowledge where it would not be necessary to classify
objects by some criteria. Classification like this usually leads to partition of some set into
equivalence classes. That is precisely why much time and effort of different mathematicians
have been devoted to the study of partitions.

This section covers some aspects of the theory of partition of positive integers into
natural numbers. This aspect of the general partition theory has long been stimulated by a
great number of problems of combinatorial and number-theoretic nature and, therefore, is
well developed.

Definition 2.3. Let Q) be the set where an associative and commutative operation @ is
defined (i.e., Q) with an operation ® is a commutative semigroup). An m-partition of an
element w € () is the set

{wi,we, ..., wn}, wi € Q,
the elements of which satisfy

W PwyP...Bw, =w. 2.5
If the order of the elements w1, ws, . . ., wy, in the partition (2.5) is important, then this m-

partition is called an ordered m-partition of w, or an m-composition of w and is denoted
by
(wl, W, ..., wm).
Let us denote the set of all ordered and unordered m-partitions of w by Cy, (w, ®) and
Py, (w, @) respectively and set

C(w,®) = | Cnlw, ®) Pw,®) = | Pnlw,®)
m>1 m>1

If O = N and @ are ordinary addition, then C,,(n,+) and P,,(n, +) are respectively
the sets of all ordered and unordered partitions of a positive integer n into m positive in-
teger summands, and the sets C'(n, +) and P(n, +) are sets of all ordered and unordered
partitions of the same number into any quantity of positive integer summands.

A partition of a positive integer into an unordered sum of positive integer summands
may be regarded as the multiset of these summands.
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Example 2.1. Let us construct the set of all ordered partitions of the number 4 into positive
integer summands:

C4,+) =
={(4),(3,1),(1,3),(2,2),(2,1,1),(1,2,1),(1,1,2),(1,1,1,1)}.

02(4a +) = {(3a 1)a (1a 3)a (2a 2)}
Example 2.2.

P(4,+) ={{4},{3,1},{2,2},{2,1,1},{1,1,1,1}}.

P4(9a +) = {{6a 1,1, 1}a {5a 2,1, 1}a {4a 3,1, 1}a {4a 2,2, 1}a
{3a 3,2, 1}a {3a 2,2, 2}}

Remark 2.1. In unordered partitions of a positive integer n into m positive integer sum-
mands, its summands are usually arranged in a nonascending order.

The set C,, (n, +) is the set of all natural solutions of the equation
ar+...+a, =n, m<n; (2.6)
the set C(n, +) is the union of sets of all natural solutions of the equations
al+...+an=n m=1,...,n;
the set P,,,(n, +) is the set of natural solutions of the system

{al—l—ag—l—...—l—am:n, 2.7

Q1 Z Qg 2 ... 2 Q,

and finally, the set P(n, +), with regard for zero components of a partition, is the set of all
integral nonnegative solutions of the system

(2.8)

o1 t+og+ ... ta, =n,
a1 2 Q2. 2 ap,

If an unordered partition of a positive integer n consists of A; ones, A9 twos and so
on ), summands, which equal n, i.e., the primary specification of a partition is as follows
[171,2%2 . nAn], then the exponents of this specification satisfy the equation

AMF+2X+...+n\,=n 2.9

and the number of solutions of the system (2.8) equals the number of solutions of the equa-
tion (2.9).

But if an unordered partition consists of /m summands, then the exponents of this spec-
ification satisfy the system of equations

{ AL+ 2 4+ ...+ 1A\, =n,

2.10
AMF+A+...+ A, =m, ( )

Now the following is obvious.
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Proposition 2.1. There exists a natural bijection between the set of natural solutions of the
system (2.7) and the set of integral nonnegative solutions of the system (2.10).

Let us denote the following:

|Om(nv +)| = C(nv m)v |O(n7 +)| = C(n)v
‘Pm(na +)‘ :p(nam)a ‘P(na +)‘ :p(n)a (2.11)
and we suppose
C(na ’I?’L) - p(na ’I?’L) - 0
forn < m.
It is obvious that
c(n) =) c(n,m), p(n)=» p(n,m). (2.12)
m=1 m=1
Proposition 2.2. The following equality holds
n—1
= . 2.13
ctnm) = (1 71) @.13)

Proof. Since m < n, then we subtract m from both members of the equation (2.6). We
obtain the equation

(a1 — 1)+ (ag—1)+ ...+ (py— 1) =n—m.

Consequently, the bijection is established between natural solutions of the equation (2.6)
and integral nonnegative solutions of the equation

Pr+P2+...+ Bn=n—m,
where §6; = o; — 1, i = 1, ..., m. But the number of solutions of the latter equation equals
-1
(y)- =
Proposition 2.3. The following equality holds
c(n) =271, (2.14)
Proof. The validity of this proposition follows directly from the equality (2.13) and the first

equality (2.12):
c(n) = Z c(n,m) = Z <:1:11> = on-l

m=1 m=1

Definition 2.4. Let o = (a1, g, ..., ) € Cp(n, +). A number (n — m) is decrement
of an ordered partition o. A partition with an event decrement is even, nd with an odd one
— odd. To each ordered partition o, we also ascribe the sign (—1)" ™.
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Example 2.3. In the set

C4,+) =
={(4),(3,1),(1,3),(2,2),(2,1,1),(1,2,1),(1,1,2),(1,1,1,1)}

the partitions
{(3,1),(1,3),(2,2),(1,1,1,1)}
are even, and the partitions

{(4),(2,1,1),(1,2,1),(1,1,2)}

are odd.

An alert reader notices that the number of even ordered partitions of the set C'(4, +)
equals the number of its odd partitions.
The following general is true.

Proposition 2.4. The number of even partitions of the set C(n,+) equals the number of
odd partitions of this set.

Proof. From the known identity Zf:o (—1)¢ (]:) = 0 and the equality (2.13), it follows that

(—1)»m zn: c(n,m) = (=1)"" En: (:1__11>

m=1 m=1

2.3. Sets=(n)
Definition 2.5. [1]. The set Z(n) is the set of ordered n-options

§=(£(1),£(2),...,€(n)) (2.15)

from the multiset with the primary specification {1',22, ... n"}, the elements of which
satisfy the condition:
1) a positive integer £(j) satisfies

2) foreach 3 = 1,2,...,n the following equalities hold

§0) =¢G+1) =...=&(&0)).
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Note that for j = n the inequality from the first condition is of the form n < £(n) < n,
therefore £(n) = n.

Example 2.4.
=3) =1{(1,2,3),(2,2,3),(1,3,3),(3,3,3)}.

Remark 2.2. The sets =(n) first appeared while finding the number of shortest paths in a
Ferrer graph [11], connecting the limiting southeast point with the limiting northwest point
of this graph. Nevertheless, the number of shortest paths in a Ferrer graph of the multiset
A ={a]", a5?,...,al } was initially expressed in terms of the following formula:

Plag,ag,...,qp) =

15 g~y 42

_ Z (_1)r—()\1+...+)\p)

Il k! ’
{sfl,...,sfl}eE(T) =
where k1, ka, ..., k;and A1, Ao, ..., A\, are respectively exponents of the primary and sec-
ondary specifications (see p. 187) of the multiset {s]fl, ey sfl}. But it’s been a long time

before Z(n) is interpreted as the set used to add summands of the paradeterminant (see
Theorem 3.2 on p. 201) of some triangular matrix.

Remark 2.3. (Levitskaya A.A.) The following set may be written in its explicit form Z(n):

(1]

n—1
(n) = U {{i iz, T e R

k=0 1<i1<is<...<ip<n—1

Proposition 2.5. [1]. There is a one-to-one correspondence between the elements of the
set Z(n) and the elements of the set C(n, +) of ordered partitions of a positive integer n.

We prove this in several steps.
1. If an element £ € = has primary specification

[0 90(2)  paln)]

then the following equality holds

Therefore, the exponents (1), «(2), ..., a(n) of the first specification of an element £
form some ordered partitions of a number n. Hence, we obtain reflection

p:&— (a(l),a(2),...,a(n))

of the set Z(n) in the set C(n, +).
2. Injectiveness of reflection ¢. Let

&1 = (6(1),61(2),. .., &(n)), & = (&(1),82(2),...,8(n))
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be two different elements of the set =(n) with primary specifications

W) 9@ per(m) jee(l) 9ea?) | pea(m)

Let 7 be also the least index when the following inequality holds &; (i) # £2(7). We assume
that £1(¢) < &(i). Then from the condition 2) of the definition 2.5 follows the inequality
a1(&(1)) < ag(&2(1)), i.e., different ordered partitions of the set C'(n, +) correspond to
the elements &; and &».

3. We construct back reflection Z(n) in C'(n, +) by the following algorithm. Let p =
(0(1),p(2), ., p(5)) € C(n, +).

p-1. beginning

p2.i:=1; p:=p(); j:=1

P3.E() = ... = £(p) = p

pé. ji=p+1; i:=14+1

p.5.ifi < s, thenp:=p+ p(i); go to p.3.

p.6. end

Since 1 < p(i), then after meeting p.4 and p.5 of this algorithm, the following inequality
holds j < p, which together with the equalities of p.3. satisfy both conditions of Definition
2.5. U

Let £ € Z(n) and r be a number of different components of an element . The number
n — ris a decrement of an element &, and number £(§) = (—1)""" — its sign.

Remark 2.4. The bijection ¢ from the demonstration of the proposition 2.5 maintains the
signs as the number of different components of an element & equals the number of non-zero
components of the partition ().

From Propositions 2.3 and 2.5 it follows directly
Corollary 2.1. |Z(n)| =271
The set Z(n) can also be constructed with the help of the following recurrent algorithm.

Proposition 2.6. [1]. (i) E(1) = {(1)}.

(ii) If the set Z(k) is constructed already, then the elements of the set Z(k + 1) can
be obtained by forming two elements of the set Z(k + 1) with the help of each element
E=(&(1),...,&(k)) of the set Z(k). The first is ascribed to the (k + 1) place of a number
k + 1, and the second is formed with replacement of all the components equal to k by k+ 1
and is ascribed to the (k + 1) place of the component k + 1.

Proof. From the remark on Definition 2.5, (k + 1) place in each ordered multiset of the set
Z(k + 1) is taken by a number k + 1, therefore, ascribing the number & + 1 to the elements
of the set Z(k) to the (k + 1) place, we obtain 2¥~1 different elements of the set Z(k + 1).
The set of these elements is denoted by Z(k; k + 1).

Replacement of a number & by a number & + 1 in each multiset of the set =(k) as well
as ascription of k + 1 to the (k + 1) place does not violate conditions of the definition of the
set Z(n), for all the elements £(7), less than k, satisfy these conditions, and a number k + 1,
which appeared in the j place, also takes all the consecutive places up to (k + 1) inclusive.
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This procedure gives 2~! more different elements of the set Z(k + 1). Let us denote the

set of these elements by Z(k + 1; k + 1).

Multiplicity of occurrence of a number k£ + 1 in each element of the set Z(k; &k + 1)
equals 1, and multiplicity of occurrence of the same number in each element of the set
Z(k + 1;k + 1) is more than 1. Therefore, all the elements of these two sets are different
and belong to Z(k + 1)-set.

Since Z(k; k+1)UZE(k+1;k+1) C (k:—I—l)and\E(
then from the corollary 2.1 follows the equality Z(k; k + 1
]

ki k+1)UZE(k+1;k+1)] = 2,
JUE(k+ 1k +1) =Z(k+1).

Definition 2.6. [1]. Elements &1,&2 € E(n) are called amicable if their bases satisfy the
inequality
[&] N [&] # {n}.

If not, these elements are called non-amicable.

The set of all the elements of the set Z(n), which are non-amicable to the element o of
this set, are denoted by =, (n).
We leave it for the reader to prove the following proposition.

Proposition 2.7. [1]. There are exactly 3"~' ordered pairs of non-amicable elements of
the set Z(n), i.e.,

Y [Ea(m)] = [{(a, B) € E(n) x E(n) : [a] N [] = {n}}| = 3"".

a€E(n)

3. Definition of Triangular Matrices and Functions on Them

Due to the fact that a number of mathematical problems require introduction of trian-
gular tables of numbers and some numerical functions over them, it is necessary to adjust
the notion of matrix.

Matrix is any table of numbers from some number field.

To avoid confusion about the notions of rectangular and square matrices, we use the
term “matrix” with the respective adjective, which characterizes its form. Thus, the no-
tion of a triangular matrix is not confused with the notion of an upper or lower triangular
matrix related only to rectangular and square matrices. Not to heap up redundant mathe-
matical terms, however, in the theory of triangular matrices, we retain analogous notions of
algebraic complement, row and column of a triangular matrix, its diagonal elements.

3.1. Definition of Triangular Matrices

Let K be some number field.
Definition 3.1. [6]. A triangular table

ail
a1 Aa22

A= . . (3.1
anl Aap2 - Qpp

n
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of numbers from a number field K is called a triangular matrix, an element a1 is an upper
element of this triangular matrix, and a number n is its order.

Elements a;1, a;o, . . ., a;; form the i—th row of the triangular matrix (3.1), and elements
@jj,Aj11,5; - - -, Anj form its j—th column. Elements a11, aso, . . ., any are elements of the
hypotenuse of the triangular matrix; elements a;;_1, ¢ = 2,3,...,n are elements of the
first subhypotenuse; elements a;;—2, ¢ = 3,4,...,n are elements of the second subhy-
potenuse etc.

Sometimes we shall use a contracted notation of the triangular matrix (3.1)

A = (aiy)igi<isn

If in a triangular matrix, all elements, except elements of a hypotenuse, are zero, then
this matrix is called a triangular 1-matrix. But if in a triangular matrix, only elements
of a hypotenuse and elements of the first subhypotenuse are non-zero, then this triangular
matrix is called a triangular 2-matrix. In the same way we write a triangular 3-matrix etc.

Example 3.1. In the following triangular matrix, some regularities are found.

1
1
? 2

. L2 3

J 3 3

B:<, , > O (3.2)
=i+ 1g<icn Lo

1 2 3 4 .
n n1 n—2 n3 - ",

pr
The triangular matrix B is defined by the function of two variables
__J

i—j+1
where arguments ¢, 7 denote numbers of its row and column respectively.

Definition 3.2. [6]. A triangular 1-matrix of the form

1
0 1
I'=0ihgasn=|. . . )
o 0 --- 1
n
where 6;; is the Kronecker symbol, is an identity triangular matrix, and a matrix of the form
My
0 M
M=(Mdihgan=| . . . ) 3.3)
0 0 - M/
where M;, i = 1,...,s are some triangular matrices and rectangular zero tables are

denoted by zeros, is a block triangular matrix.

Apart from the given above finite triangular matrices, infinite triangular matrices are
also important
A = (aij)1gj<i<oo-
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3.2. Operations with Triangular Matrices

We could define the sum of two triangular matrices of one order. It is similar to the
corresponding operation with square matrices (lower triangular matrices).

It is known that linear transformations of vector spaces carry the main sense load of
square matrices. Transformations of this kind require introduction of corresponding oper-
ations with square matrices. Since triangular matrices are usually defined by families of
polynomials, then one of the functions triangular matrices serve is linear transformations of
some linear space of polynomial vectors.

Definition 3.3. A linear space of polynomial vectors is a linear space Py, the elements of
which are polynomial vectors in the form of

(vaflv .- '7fn)7

where
fi :(17;0—|—(I,;1."L‘—|—(I,;2(L‘2—|—...—|—(I7;i$z, Qs 7&0, 1=1,2,...,n

are some polynomials of the i-th degree from variable x.

We need Aigner’s idea of constructing connection coefficients between polynomial se-
quences (see [18], p. 110).

Let P, be a linear space of polynomial vectors and f = (fo, f1, ..., fn) — its element.
It is obvious that component of this vector form a basis in some linear space of polynomials
P, the degree of which are not more than n. The vector of polynomials

e(z) = (L,z,2%,...,2") € P,

is a standard polynomial vector.

Let us assume that besides the vector f = (fo, f1,. .., fn) € Py one more polynomial
vector g = (go, g1, - - -, gn) is given. We express components of the latter vector through
basic polynomials fy, fi, ..., fn- Thereby, we obtain the system of equalities

g0 = agofo
g1 = aiofo+aifi (3.4)

gn = anOfO + anlfl + an2f2 + ...+ annfn

or more concisely
i
gi:Zaijfj, i:(),l,...,n. (35)
j=0

We shall write this system of equalities as a matrix

90 apo fo
g1 def | @10 @11 fi

- : . ' : ’ (3.6)
9n apo Apl ... Qpp fn

n

Complimentary Contributor Copy



Introduction to the Theory of Triangular Matrices (Tables) 197

or
g = A- f7
where
apo
aip aii
A= _ : (3.7)
ano apl1 ... Qpp ntl

From the equalities (3.4), (3.6) follows the rule of multiplication of the triangular matrix
A by the polynomial vector f:

apo fo

aip a1 fi

ano Anpl ... Qnpp n fn
aoo fo

aofo + ai1fi

anOfO + anlfl + an2f2 +...+ annfn

Thus, the triangular matrix A can be interpreted as a linear operator A, which transforms
the polynomial vector f of the space P, into the polynomial vector g of this space.
It is obvious that the identity operator E is associated to the identity matrix

1

0 1
E =

o o0 ... 1

Using superposition of two operators, which are given by triangular matrices, it is pos-
sible to lay down a rule of multiplication of two triangular matrices:

C=AB= | aiby : (3.8)
s=J 0<j<i<n

3.3. Definition of Parafunctions of Triangular Matrices

In this section, we introduce the notion of functions of triangular matrices, which are
called the paradeterminant and the parapermanent of triangular matrices. To begin with, we
shall consider some subsidiary statements. To every element a;; of the triangular matrix
(3.1), we correspond (i — j + 1) elements a;, k € {j, ..., 1}, which are called derived ele-
ments of a triangular matrix, generated by a key element a;;. A key element of a triangular
matrix is concurrently its derived element. The product of all derived elements generated by
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a key element a;; is denoted by {a;;} and is called a factorial product of this key element,
ie.,

{aij} = H ik 3.9
k=j

Let us show schematically elements of the matrix (3.1) by means of circles, key ele-
ments — filled circles, and derived elements — asterisks. Fig. 2.1. presents the triangular
matrix of order 5, where a2 is a key element, and elements a42, a43, a44 are derived ele-
ments, which it generates.

[ eNe)
O @ %k

OO00O0O0

Figure 2.1.

Definition 3.4. [6]. A tuple of key elements of the matrix (3.1) is a normal tuple of this
matrix, if they generate a monotransversal, i.e., a set of derived elements of cardinality n,
no two of which belong to the same column of this matrix.

For instance, in order to add the key element of the matrix schematically shown in Fig.
2.1. to a normal tuple of key elements, it is necessary to add two more key elements a;;
and ass to it.

Let C(n,+) be the set of all ordered partitions of a positive integer n into positive
integer summands. It turns out that there is a one-to-one correspondence between elements
of this set and normal tuples of key elements of the matrix (3.1) of order n.

Let us consider some ordered r—partition p = (p1, ..., p,). To each component pg, s €
{1, ...,7}, of this partition, we correspond the key element a;; of the matrix (3.1) with the
help of the following algorithm :

p.1. beginning

p2. j:=1;5:=0;7:=0

p.3. s:=s+ 1;i:=1+ ps; key element(s) := a;;
p4. If s < rthenj:=j+ ps; gotop.3

p.5. end.

Thereby we obtain a normal tuple of key elements generated by the partition p. It is also
easy to establish a backward correspondence.

In general, there is a bijection between ordered r-partitions and normal tuple of key
elements (Tarakanov V.Ye.):

(n1,n2,...,n,) € Cr(n,+) < (AN, No+1, ONy,Ny+15 - - > AN, Ny—1), (3.10)
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S
Nog=0, Ng :Zni, s=1,2,...,7
i=1

The algorithm given above describes one more geometric image of ordered partitions of
a positive integer n into positive integer summands. Let us have a triangular matrix of order
n. By the partition p = (p1, ..., p,) of a positive integer n, we construct a normal tuple of
elements of this matrix, which form its monotransversal.

To the first component p; of this partition, we correspond a row of elements of a trian-
gular matrix, where there are exactly p; elements of this matrix. This row is the p;—th row
of the matrix. Then the first p; columns are ignored and a new triangular matrix of order
(n — p1) is considered. To the second component p, of the partition, we correspond a row
of a new matrix, which consists of py elements, etc.

Example 3.2. Let us show a one-to-one correspondence between ordered partitions of the
number 4 and normal tuples of key elements of a triangular matrix of order four according
to the following schemes:

(0] (0] [ ] (0]

o O o O (0] o [ ]

e} ® X * (0] (0] (¢]

® X Xk X o O o e e} ® Xk Xk o O e *

(4) (3,1) (1,3) (2,2)

(0] [ ] [ ] [ ]

[ ] o O (0] [ ] o e

(0] [ ] (0] (0] (0] (0] [ ]

(0] [ ] (0] [ ] (0] * (0] [ ]
(2,1,1) (1,2,1) (1,1,2) (1,1,1,1)

Figure 2.2.

To every normal tuple a of key elements, we correspond the sign (—1)(®), where (a)
is the sum of all the indices of the key elements of this tuple.

Definition 3.5. [6]. The paradeterminant of the triangular matrix (3.1) is the number

aii
ddet(4) =/ _
anl a?’L2 a?’LTL
- Z (_1)5(&) H{ai(S),j(s)}a (311)
(041,042,~~~7ar)€(C(n,+) s=1

where ;) j(s) is the key element corresponding to the s-th component of the partition
a = (a1,q,...,q.), and the symbol (a) is the sign of the normal tuple a of key elements.

In analogy to the notion of the permanent of a square matrix, we define the paraperma-
nent of a triangular matrix.
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Definition 3.6. [6]. The parapermanent of the triangular matrix (3.1) is the number

ail
a1 Aa22

pper(A)=1| . . =
anpl1 Aap2 - Qpp

- Z H{%(s),j(s)L (3.12)

(a17a27"'7a7‘)€(c(n’+) s=1

where a;(s) j(s) s a key element corresponding to the s-th component of the partition o =
(1,9, .., ap).

Remark 3.1. The parapermanent of a triangular matrix can be defined as a sum of products
of elements of all monotransversals of this matrix>.

Remark 3.2. Sometimes it is convenient to denote the paradeterminant (3.11) and the para-
permanent (3.12) by <az‘j>1§j§i§n and [aij]lgjgign .

Remark 3.3. Because of Proposition (2.3) on p. 190, the paradeterminant and the parap-
ermanent of order n consists of 2"~! summands.

In the sequel, where the paradeterminant and the parapermanent of a triangular matrix
are presented simultaneously, we will use the term parafunction of a triangular matrix.

Example 3.3. Using Definition 3.5, find the value of the paradeterminant of the triangular
matrix of order four (see the schemes on p. 199):

aiil

a1 Q22 _
azi1 as2 as3

a41 Q42 Q43 Q44

= —Q041042043044 + (31032033044 + 411042043044 +
+ a21022G43044 — 021022033044 — Q11032033044 —

— (11022043044 + 011022033044-
U

We shall prove the theorem which could be the definition of the paradeterminant and the
parapermanent of triangular matrices. This theorem, in principal, is based on the bijection
(3.10).

Theorem 3.1. [5]. If A is the triangular matrix (3.1), then the following equalities hold:

T

ddet(A) = Z Z (=" H{apl+...+ps7p1+...+]75—1+1}’ (3.13)

r=1pi+...+pr=n s=1

5The permanent of a square matrix is jokingly called the determinant without signs. It can be defined as
the sum of products of all elements of transversals of this matrix.
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n IS
pper(A) = Z Z H{ap1+...+Ps7P1+...+Ps—1+1}7

r=1pi+...+pr=n s=1

where the summation is over the set of natural solutions of the equalityp1 + ...+ p, = n.

Proof.
1) We shall prove that the result of the algorithm 3.3 on p. 198 is the tuple of key
elements
Ap1,15 Api+pa,pr+1s - - +5 Aprt..4prprt...+pr_1+1-

For this purpose, we shall compute the final values of the indices 4, j of the element a;;
in this algorithm. It is obvious they are the sums ¢ = p; +po+ ..., j=14+p1 + ...,
moreover, because s < 7, the last summand of the first sum is p,, and of the second —
pr—1. It is also obvious that the obtained tuple of key elements of the triangular matrix (3.1)
is the normal tuple of this matrix.

2) We shall prove that the sign (—1)5(%) of the normal tuple of elements of the triangular
matrix (3.1), in Definition 3.5, corresponding to the partition p = (p1, ..., p,), coincides
with the sign (—1)""" of this ordered partition.

It is true that:

T

Z((p1+...+ps)+(pl—l—...—l—ps_l—|—1))E
s=1
=(p1+...+ps+r)=n+r)=n—r (modr).

|
We shall prove one more theorem, which could be the definition of parafunctions of
triangular matrices. It is based on the notion of the set Z(n).

Theorem 3.2. [1]. If A is the triangular matrix (3.1), then the following equalities hold

ddet(A) = Z (_1)n—r CQg(1),10g(2),2 " -+ Ag(n)no
£€E(n)

pper(A) = ) ag(1)10¢)2" -+ Ag(n) m
£€E(n)
where r is the number of elements in the basis of the multiset £ or the number of elements
belonging to this basis.

Proof. By the algorithm, cited in the demonstration of Proposition 2.5, the following equal-
ity holds

T
Tt tpepitotpe 11} = e 10622 - - Qe () -
s=1

Therefore, the validity of this theorem follows directly from Theorem 3.1 and Remark 2.4.
]
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3.4. Inverse Triangular Matrix

First of all, we shall note that an inverse triangular matrix, in principle, coincides with
an inverse matrix of a lower triangular matrix. Therefore, we shall turn our attention only
to its construction by means of paradeterminant of its corners.

A triangular matrix A~! inverse to a triangular matrix A can be constructed with the
help of the equality (3.6), which is determined by a linear operator of reflecting the vector
of polynomials f = (fo, f1, ..., fn) on the vector of polynomials g = (go, g1, - - -, Gn)-

The elements of an inverse matrix can be obtained by solving simultaneous equations
(3.4) under the system of unknown ( fo, f1,. .., fn)-

Theorem 3.3. An triangular matrix A~ inverse to the triangular matrix (3.7) is a matrix
in the form of

(3.14)

(D)) sy
(bij)ogj<isn =

Qs At .
7 r4+j+1,54+j5+1 > .
0s<r<i—j—1 0<j<i<n

Proof. We show that solution of the simultaneous equations (3.4) is

—1)¢ts ptit] sti
=" < S

=0 Qjj Ap454+1,5+5+1

> -gj,i:(),l,....
0<s<r<i—j—1

For ¢ = 0, the simultaneous equations (3.4) have the following solution

O .
fo = Z (_1)O+J . Ar+j+1,5+j
=0

0 Ap454+1,5+5+1

>O<s<r<—j—1
here we consider that
Qpr 541,545 > -1
Aot .
r+j+1,5+75+1 0<s<r<—1

Let us assume that the simultaneous equations (3.4) for ¢ = k — 1 have the following
solution

k-1 k—1+4j
1 J Uy it] ani
fr1 = ( ),, < oot 95, (3.15)

: a QApr4j i >
=0 77 r+j+1,5+j5+1 0<s<r <h—j—2

and prove thereby

k .
fr = Z (_1)k+J . Ar+j+1,s+j
=0 Y

j G j+1,5+5+1

> ' g‘]'
0s<r<k—j—1

Let us find the polynomial f; from the last equation of the system (3.4) for i = k :

k—1

ki 1
sz—z M+ — gy

a a
= Okk kk
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Let us place in the last equality instead of polynomials f;, ¢ =0, 1,..., k — 1 their known
values (3.15):

k—1 i i

B ari N~ (=) ) arpjinsrg 1

fo==d_ ey (e 9+ —gr-
i—0 kk =0 jj r+j+1,5+j5+1 0<s<r<i—j—1 kk

Let us change the order of summation:

k—1 1
o= Y1 L
0 ajj

k—1
% Z(_l)i—k—i-l ki < Ar4j+1,54j

1
gk \Qrij ' > 9+ Ak Ik
i—j TSI cocrgio gt

But the expressions in the parentheses in the last equality is decomposition of the parade-

terminant
< Grtj+1,5+j >
P .
TSI [ <o <hmj—1

by the elements of the last row; therefore, we have:

! 1/ a 1
_ k+j r+j+1,s+j _
fe= E (—1) J; PR '9j+a—kk9k—
=0 33\ T LSt [ o1
k
=N (et L i g
— i
: o\ )
=0 77 r+j+1,5+j5+1 0<s<r<h—j—1

Remark 3.4. From Theorem 3.3 it follows that for an inverse triangular matrix to exist, it
is necessary its all diagonal elements equal zero.

Remark 3.5. It is obvious all the diagonal elements of an inverse triangular matrix are not
equal to zero.

Example 3.4. A triangular matrix inverse to the matrix

aoo
a a
A — 10 @11
ago Q21 a2
azo as1 as2 ass

according to Theorem 3.3 is written as

Complimentary Contributor Copy



204 Roman Zatorsky

1

aoo
_L<m> 1
a((L)O ail a1l
10
1 ain _L<m> 1
= aoo a0 421 a1l ‘a2 as2
[ 021 022
10
aiy azy
__1 a0 a1 1 a2 _L<£ﬁ> 1
aoo a1 a2 a1 asy  asz a2 \as3 ass
a30 431 432 as2 ass

asi as2 ass

If we find the polynomial vector f from the simultaneous equations (3.6), then we
obtain a new linear transformation f = A~'g, which is a matrix inverse to the matrix A
and transforms the polynomial vector g into the polynomial vector f.

Example 3.5. Let us find a triangular matrix inverse to the triangular matrix

ai
al ag
A=
ay as ... Qp

The paradeterminants of all corners R; j11(A’), 2 < i — j — 1 equal zero (see 4.5). The
diagonal elements of the inverse matrix equal ai“ Find the elements of the first subdiagonal.

1 <(Ij_1> i 1
(Ij_l (Ij (Ij '

Thus, the inverse triangular matrix is written as:

as as
Al =
1
0 0 el
0 0 -+ 1

3.5. Paradeterminant Product of Triangular Matrices

In one of the preceding sections where operations with triangular matrices are covered,
we have already considered the product of triangular matrices. But with this product of
triangular matrices, the following equality does not hold

ddet (AB) = ddet (A)ddet (B).

The purpose of this section is to construct the product of triangular matrices, for which it
does.

Definition 3.7. The incomplete product of two paradeterminants ddet (A) and ddet (B) of
triangular matrices A and B of order n is the expression ddet (A) o ddet (B), which is
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defined by the equality
ddet (A) o ddet (B) =

— Z (—1)=€) =€ k(g £1)ag, (1)1 -+ Qgi(nym ¥
(§i:€5) €E(n) xE(n)

X Bey(1).1 "+ by (3.16)
where
L [&IN[g] = {n},
k(&, &) = 3.17
&) {o, 610161 # ), 1

and £(&;), €(&;) — signs (see p. 193) of elements &;, &5 € =(n).

The equality (3.17) corresponds the number k(&;,&;) = 1 to the pair ({1, &;) of non-
amicable elements &; and &; (see Definition 2.6 on p. 194), and the number k(&;,£;) = 0 to
the pair of amicable elements.

In the same way, we can define the incomplete product of two parapermanents of trian-
gular matrices:

Definition 3.8. The incomplete product of two parapermanents pper(A) and pper(B) of
triangular matrices A and B of order n is the expression pper(A) o pper(B), which is
defined by the equality

pper(A) o pper(B) = (3.18)
2 (e =) x2m) F(&ir §5)ag, (1)1 -+ agynyn - beya)1 - bgy(m)m

Let us specify the equality (3.17). Number all elements of Z(n)-set in the order we
obtain them by means of the recurrent algorithm, which is based on Proposition 2.6 (see p.
193). Thereby we obtain the sequence

5155% .. 'a£2"—1a

each term of which is some multiset of the basis {1,2,...,n}. If all the values of the
function defined by the equality (3.17) are written in the table, and one is replaced with a
circle, and zero is replaced with an empty cell, then we obtain a fragment of a fractal figure®
of the n-th generation.

For n = 5 we obtain a fragment of a fractal figure of the fifth generation, which is
shown in the following table:

To construct an algorithm for finding an incomplete product of paradeterminants and
an incomplete product of parapermanents, an important task is to describe pairs (7, j) of
indices of function arguments

k(fiafj), 1< < 2n_1, gn—1 —i4+1<j< 2n—1’

®Fractal is an infinitely self-similar geometric shape, each fragment of which is repeated when scale is
reduced (see [19]). This notion was introduced by Benoit Mandelbrot in 1975. The birth of fractal geometry is
associated with the publication of his monograph ”The Fractal Geometry of Nature”, 1977.
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| TS TSI S Tl &1 & 18181 &1 ol &l &i3l&al &5l &l

& .
&2 o | .
&3 . .
54 L] L] L] L]
55 L] L] L] L] L]
56 L] L] L] L]
57 L] L] L] L]
58 L] L] L] L] L] L] L] L]
&o . .
510 L] L] L] L]
511 L] L] L] L]
512 L] L] L] L] L] L] L] L]
513 L] L] L] L]
514 L] L] L] L] L] L] L] L]

15 L] L] L] L] L] L] L] L]

16 L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]

to which in a fractal triangular of the n-th generation one can correspond 1.

Perepichka N.V. established dependence between the fragments of fractal figures and
number triangles of zeros and ones, which he called binary Pascal triangles. A binary
Pascal triangle can be obtained by replacing odd numbers with one and even numbers with
zero in a classic Pascal triangle, i.e., with respective numbers of a classic Pascal triangle by
module 2. Thus, we obtain an analogous recurrent algorithm for construction of a binary
Pascal triangle by replacing in the expression

Cij = Ci—1,j-1 T Ci-1,5

the sum logical operation with the & “exclusive or” operation. Now it is easy to prove the
equality:
i—1
k(& &) =

where indices ¢, j satisfy the inequalities

>mod 2, (3.19)

IR Ly S gy S L

Remark 3.6. From the symmetry of a square table relative to its diagonal follows the truth
of the equalities:
ddet (A) o ddet (B) = ddet (B) o ddet (A)

pper(A) o pper(B) = pper(B) o pper(A)

Let R;j(A) and R;;(B) be the corners of matrices A and B. Let us denote the in-
complete product of paradeterminants and parapermanents of these corners by d;; and p;;
respectively, i.e.,

dij = ddet (R,J(A)) o ddet (R,J(B)) = ddet (R,J(B)) o ddet (R,J(A)),

pij = pper(Rij(A)) o pper(R;;(B)) = pper(R;;(B)) o pper(R;;(A)),
and we shall assume that
diiv1 = piiv1 = 1. (3.20)
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Definition 3.9. The paradeterminant product of two triangular matrices A and B of order
d

n is a triangular matrix C' = A o B of the same order, whose elements c;; are defined by

the equality

d;;
Cij = (_1)6ij+1—d' o, (3.21)
i,7+1

here 0;; is the Kronecker symbol, 1 < j <1i < n.

In the same way, we introduce the parapermanent product of two triangular matrices.

Definition 3.10. The parapermanent product of two triangular matrices A and B of order

n is a triangular matrix C = A 6B of the same order, whose elements c;; are defined by

the equality
Pij

Cij = . (3.22)
Dij+1
The following equalities are obvious:
A4dB=B¢A, (3.23)
d .\ d d,d
(AoB)oC=Ao(BoC(). (3.24)

Analogous equalities also hold for the parapermanent product of triangular matrices.

Theorem 3.4. For triangular matrices A and B of the same order, the following equalities
hold:

ddet (A & B) = ddet (A)ddet (B), (3.25)
pper(A 5 B) = pper(A)pper(B). (3.26)
Proof. 1). First of all, we note that the factoral product of the element
cij = (_1)5n+1&
di j+1
equals (—1)"7d;; and that in the paradeterminant
d;j
ddet (A 8 B) = ddet <(—1)5w+1—”>
di j+1
the modules of all summands
di(1),19i(2),i(1)+1 " + - - Di(r) i(r—1)+1%n,i(r)+1 (3.27)

are different. Let us place in these summands instead of incomplete paradeterminant prod-
ucts their values and we shall obtain the sum of different products of some summands of the
paradeterminant of the matrix A by some summands of the paradeterminant of the matrix
B.

2). We shall prove that the paradeterminant ddet (A g B) consists of 22("=1) summands.
To each ordered partition of a positive integer n into r components one can correspond the
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summand (3.27). The incomplete paradeterminant product d;; consists of 3'~J summands
(see Proposition 2.7). Therefore, each summand in the form of (3.27), in its turn, consists
of 37" summands. But according to Proposition 2.2, there are exactly

n—1
r—1
r—partitions of a positive integer n. So,

n—1
37L—7‘
)

summands correspond to all r—partitions of a number n. Thus,

- n—r [T~ 1 n—1 2(n—1)
= =2
; 3 <r ~ 1) (3+1)

summands correspond to all ordered partitions of a positive integer n. We shall obtain just
enough different summands as a result of the product of the paradeterminants ddet (A) and
ddet (B).

3) It follows from the equality (5.1) that the sign of each summand in the left-hand
member of the equality (3.25) coincides with the sign of this summand in the right-hand
member of this equality.

The second equality of this theorem is proved in the same way. m

Proposition 3.1. For any triangular matrix A the following equalities hold
AdE-—Eda= 4,
ASE=EGA=A,
here E is an identity triangular matrix of the same order as a triangular matrix A.
Proof. The first equality of this proposition follows from obvious equalities
ddet (Rij(A))z’—j—i-l o ddet (E)z'—j—i-l = {(I,’j}
and the fact that the factorial product of the element
d, .
Cij = (_1)61']'4-1%
i,j+1

equals

d,'j = ddet (R,J(A)) o ddet (E)

i—j+1 i—j41 -

The second equality is proved in the same way. B
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3.6. Scalar Product of Vector by Parafunction

Let us consider one more operation relating to parafunctions of triangular matrices. It
occurs while studying partition polynomials, differentiating composed functions, inversing
series etc.

Definition 3.11. [8]. The scalar product of a vector (b1, ba, . . ., by,) by the paradeterminant
of the triangular matrix (3.1) is the number

bl ail
bo a
21 Q22 d

i Y ] (3.28)
bn Gnl Aanp2 -+ QApp n

n IS

=3 b X (D" TT {0t tpepi b tpei 1}
r=1 p1+...+pr=n s=1

In the same way, we define the scalar product of a vector by the parapermanent of a
triangular matrix.

Definition 3.12. The scalar product of a vector (by,ba, . .., by,) by the parapermanent of
the triangular matrix (3.1) is the number

de
(b, ba, . .., by) - pper(A) < (3.29)

T
= E :bT' E : H {%1+...+psm1+m+ps_1+1}-

r=1 p1+...+pr=n s=1

Example 3.6. Let us consider the product of a vector (b1, b, bs, b4) by the paradeterminant
of the triangular matrix (3.1) for n = 4.

bl ail

b2| [ an ax = (3.30)
b3 asy as2 as3

bs aq1 Q42 Q43 Q44

= —bi{aa} + b2 - ({as1}{aas} + {a11H{aso} + {a21}{asz})—
bz - ({a11HasoHaaa} + {ar1}{aoo} {ass} + {azi Hass}H{asa})+
ba{ai1}H{ago}{azs}{ass}.

Thus, when multiplying a vector by the paradeterminant of a triangular matrix, its r—th
component is multiplied by the sum of all those paradeterminant summands corresponding
to the partitions with » components. We also note that the product of a null vector or a
vector, all the components of which equal one, by a parafunction of a triangular matrix is
correspondingly equal to zero or parafunction of this triangular matrix.

Proposition 3.2. Let a, b be two vectors of order n, A and B — triangular matrices of the
same order, and o« — some number of a number field K. Then the following equalities hold

a-a-ddet(A) = (a-a)-ddet(A),
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(a+b)-ddet(A) = a-ddet(A) +b-ddet(A),
a - (ddet (A) 4+ ddet (B)) = a - ddet (A) + a - ddet (B).

We leave for the reader to prove this proposition. U

Proposition 3.3. For any triangular matrix (3.1) the following equality holds

(_1)n—1 all ail
(1) ay a asy g2
: : 2b T2 = _ . (33D
(_1)0 Gnl1 Aanp2 -+ QAnpnp n \‘ Gn1 Gp2 - dpp
Proof. According to the equality (3.28), we have
(‘Un_; an
(_1)n— az1 a92 .
0
(_1) anl Aap2 - Qpp n
n T
= > (=" > (=D 11 {ap1+...+psm1+...+ps—1+1} )
r=1 p1+...+pr=n s=1

from which, because of the second equality (3.13) (p. 200), follows the validity of this
proposition. m
In the same way we can prove the validity of the identity

a1 (=1t a1
as a (—1)"~2 a1 G2

2 = . (3.32)
Anl Qp2 -+ Qpp (_1)0 apl Ap2 -+ QAapp ‘ n

n

4. Properties of Parafunctions of Triangular Matrices

Unfortunately, so far there is no ’physical definition” of a triangular matrix paradeter-
minant, which would make it possible to considerably simplify some demonstrations of this
section. But it is interesting to know that despite the definition of triangular matrix para-
functions being substantially different from the definition of square matrix functions, there
are a number of properties among properties of triangular matrix parafunctions, which are
analogous to properties of determinants and permanents.

4.1. Algebraic Complements and Matrix Corners. Triangular Matrix
Decomposition

Let us first consider some important notions relating to triangular matrices, which are
analogs of the notions of a minor and an algebraic complement for square matrices.
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Definition 4.1. [6]. To each element a;; of the given triangular matrix (3.1) we correspond
a triangular matrix with this element in the bottom left corner, which we call a corner of
the given triangular matrix and denote byR;;(A).

It is obvious that the corner R;;(A) is a triangular matrix of order (i — j + 1). The
corner R;;(A) includes only those elements a5 of the triangular matrix (3.1), the indices
of which satisfy the relations j < s < r < 7.

Below we shall consider that

ddet (Ro1(A)) = ddet (Rpnt1(A)) = pper(Ro1(4)) =

= pper(Rpnt1(A4)) = 1. 4.1

Example 4.1. Let us have the triangular matrix:

ar
as a2
A= a3 a3 ass 4.2)

aq1 Q42 Q43 Q44
as1 as2 @53 As54 As55

then the corner Ryo(A) is written as:

ag
Ryo(A) = | azz2 ass
a42 Q43 Q44

If the j-th column of the corner R;;(A) is replaced with respective elements of the k-th
column (k < j), and the rest of the elements of the corner are left unchanged, then this
corner is denoted by R, ; (A). For instance, in the triangular matrix (4.2), we have:

'k

a1
Ry2(A) = | az1 ass
a4q1 Q43 Q44

Below we shall consider that
ddet (R, ni1(A)) = pper(R,, nt1(A)) = 0.

But if the ¢-th row of the corner R;; of the triangular matrix A is replaced with respec-
tive elements of the k-th row (k > i), and the rest of the elements of the corner are left
unchanged, then this corner is denoted by R i j(A), or just by R i Below we consider
that

ddet (Rq ;) = pper(Ro ;) = 0. (4.3)

Definition 4.2. [6]. A rectangular table of elements of the triangular matrix (3.1) is in-
scribed in this matrix, if its one vertex coincides with an element a1, and its opposite one
coincides with an element a;;, i € {1, ...,n}. This table is denoted by T (i).
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If in the definition 4.2 we set ¢ = 1, or ¢ = n, then an inscribed rectangular table
degenerates into the first column or into the n-th row of this triangular matrix respectively.

Example 4.2. In Fig. 3.1., the elements of the rectangular table 7'(3), inscribed in a trian-
gular matrix of the fourth order, are marked out with a rectangle

O OO0 O

@)

Figure 3.1.

When finding values of the paradeterminant and the parapermanent of triangular matri-
ces, it is convenient to use algebraic complements.

Definition 4.3. [6]. Algebraic complements D;;, P;; to a factorial product {a;;} of a key
element a;; of the matrix (3.1) are, respectively, numbers

D;j = (—1)"" . ddet (R;_11) - ddet (R, i41), (4.4)
Py = pper(R;-1,1) - pper(Rn,it1), (4.5)
where Rj_1 1 and Ry, ;11 are corners of the triangular matrix (3.1).

Remark 4.1. To mark out corners, an algebraic complement to a factorial product of an
element a;; of the triangular matrix (3.1) it is convenient to use the following scheme,
depicted in Fig.3.2.

7 1+ 1
o
o o
j—1 o o o
J °
) o
141 o o o o olo
n o O 0] @) @) @) 9]
Figure 3.2.

In this scheme a corner R;;, corresponding to an element a;;, is marked out. The elements
of this corner are marked with black circles. Two corners R;_1 1 and R, ; {1, the elements
of which are marked with white circles, are constituents of an algebraic complement of the
factorial product of an element a;;.
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Example 4.3. An algebraic complement D54 of a factorial product of an element as4 of a
triangular matrix

an

as  a

azr as2 as3
(aij)igj<i<r = | @a1 Qa2 43 Qaq

as1 G52 Q53 0A54 (G55
ae1 Ge2 A3 Ae4 0G65 A66
ary ar2 ary a4 Qs are  arr

equals
aii a
D5y = (—1)5+4 -ddet | ao1  a99 - ddet <a66 a >
76 a7
azy as2 ass
Now we shall study the properties of triangular matrix parafunctions.

Theorem 4.1. [6]. (Decomposition of a parafunction by elements of an inscribed rectan-
gular table). Let A be the triangular matrix (3.1), and T'(i) be some rectangular table of
elements inscribed in it. Then the following equality holds:

ddet (A) = Zz: i {aTs}Drsa 4.6)
s=1r=i
pper(A) = ; i.{ars}Pm, 4.7)

where D,.; and P,; are respectively algebraic complements to the factorial product of a key
element a,.s, which belongs to T (1).

Proof. Corners R,_1 1 and R,, ;1 consists of different elements of the matrix (3.1), which
respectively have order (s — 1) — 1+ 1 =s—1landn—(r+1)4+1 =n—r. By
Definitions 3.5 and 3.6 (p. 199), the paradeterminant and the parapermanent of these corners
are respectively the sum 2572 and 2"~ "~! of different summands (here, according to the
agreements (4.1), it is convenient to assume that 271 = 1). Therefore the expressions
{a;s} Dys, {ars} Prs forn € {1,2,...} consist of 2572 . 27»="=1 different summands.
From Fig. 3.3. it is clear that a key element a,¢ of the matrix (3.1) belongs to a normal
tuple of key elements of this matrix only combined with normal tuples of key elements of
its corners Rs_1 1, R, »4+1. Note that each summand belonging to the right-hand member
of the equalities (4.6), (4.7) consists of the product n of different elements of the matrix
(3.1),for (s —1)+ (r—s+1)+ (n—r) = n, where s — 1 and n — r are orders of corners
Rs_1 1 and Ry, ,41, and the product {a,} consists of  — s + 1 factors (see Fig. 3.3.).

The expressions in the right-hand member of the equalities (4.6), (4.7) consist of 271

summands. Indeed,
i

Z z”: 23—2 . 2n—r—1 _

s=1 r=i

= (14204, 427t ponmim2 4 490 4 ) =2l
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S r+1
o
o o
s—1 o)
S o O o e}
r o o o ° *
r+1 o ol o
n o o o o o| o o
Figure 3.3.

Because all these summands are different, the theorem is proved. m

Corollary 4.2. [6]. Ifi = 1, then Theorem 4.1 gives decomposition of parafunctions by
the elements of the fist column and the equalities (4.6), (4.7) are as follows:

ddet (A) = Z {arl} D, = Z (_1)T+1 {arl} -ddet (Rn,r—i-l)a (4.8)
r=1 r=1
pper(A) = > {ar1} Pri =Y {an} - pper(Ror41)- 4.9)
r=1 r=1
But if © = n, then we obtain decomposition of parafunctions by the elements of the last row:
ddet (A) =Y {ans} Dns = > (=1)""* {ans} -ddet (Ry-1,1), (4.10)
s=1 s=1
pper(A) =Y {ans} Pos = Y _ {ans} - pper(Re_11). (4.11)
s=1 s=1

Proof. For i = 1, an inscribed rectangle degenerates into the first column of the matrix
(3.1). Thereby, considering the equalities (4.4), (4.5), because of the agreements (4.1), we
obtain the equalities (4.8), (4.9).

The equalities (4.10), (4.11) are proved in the same way.

Corollary 4.3. If all the elements of the i—th column (i € {1,...,n}) of the triangular
matrix (3.1) are zeros, then
ddet (A) = pper(A) = 0.

Proof. The validity of this corollary follows from the fact that all factorial products of
elements of an inscribed rectangular table 7°(7) equal zero. m
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Example 4.4. Let us find the value of the paradeterminant

_Q1 i
P2
q2 q?
0 2—; q3
Qn=| . N , (4.12)
0 0 0 ... gu_1
Pn
_0 o 0 ... e |
ifa=1,p+a=1 1=2.3,....
It is obvious that
Q1=[q] =1,
Q:= | » =patq@=1
2= 1;_5 @ =p2Tq =1

Let us decompose the parapermanent (4.12) by elements of the last row. By induction
we have:

Qn = qnQn-1+pnQn-1=q +pp=1.
4.2. Properties of Parafunctions of Some Classes of Triangular Matrices

Proposition 4.1. [6]. If respective elements of all rows of an inscribed rectangular table
T(i), i =1,...,n—1 of the triangular matrix (3.1) are equal, i.e., the following equalities
hold

Qj5 = Aj4-1,5 = ... = QApj = Ay, jZl,...,’i, (4.13)

then this equality also holds

Z{aiS}Dis == Z Z {ars} Dys. “4.14)
s=1

s=1 r=i+1
For the parapermanent of such a triangular matrix, the analogous equality holds:

Z{aiS}Pis = Z Z {ars}Prs- (415)
s=1

s=1 r=i+1

Proof. We prove the equality (4.14). By Definition 4.3 of an algebraic complement (see the
equality (4.4) on p.212), the expression {a;s} D;s, according to the equality (4.13), equals

{ais}Dis = (—1)"Sasasy1 . . .a;ddet (Rs_q1)ddet (Ry,i11)- (4.16)

We shall consider the expression

Z {ars}Drs-

r=i+1
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Since
{ars} = as...ai{ariv1}, T=i+1,...,n,
then .
Z {ars}Drs =
r=i+1
= Z (_1)r+sas R (I,;{(Ini_;_l}ddet (Rs_m)ddet (Rn’r_i_l) =
r=i+1
= as...aiddet (Ry_11) Y (=1)""*{apir1}ddet (R 41) =
r=i+1
= as...aiddet (Ry_11) > (=1)""*{api1}ddet (Ry pi1).
r=i+1
But the sum

n

> (1) ayiq1 bddet (R 1)
r=i+1

is the result of decomposition of the paradeterminant of a corner 12, ;41 by elements of the
first column, therefore, taking into consideration the equality (4.16), we have:

Z {ars}Drs =

r=i+1

= (_1)s—i—l+2ias ...q;ddet (Rs_m)ddet (Rn’i+1) = —{a,;s}D,;s.

It is the last equality that proves the validity of the equality (4.14).
The equality (4.15) is proved in the same way as the equality proved above. m

Corollary 4.4. If the respective elements of all rows of a rectangular table T(1), i =
1,...,n—1, inscribed into the triangular matrix (3.1), are equal, i.e., the conditions (4.13)
of Proposition 4.1 are true, then the paradeterminant of this triangular matrix equals zero,
and for the parapermanent the following equality holds:

o ]
a21 a22
pper(A) = 2 - pper(Ry ;1) | cee : (4.17)
a;i—1,1 Qi—12 **° G;—1;4-1
| a1 a T ai—1 a; |

Proof. Let us decompose the paradeterminant of the given triangular matrix by the element
of the inscribed rectangular table 7°(7) :

ddet (A) =Y {ar}Dre = ({ais}Dis + ) {am}Dm> :

s=1 r=3g s=1 r=i+1
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The expression in the parenthesis of the last equality equals zero because of the equality
(4.14). This is what proves the first part of the corollary.

Let us prove the second part of the corollary. Considering the equality (4.15) we obtain
the following equalities in the same way:

pper(A) = Z Z{ars}Prs = Z <{ais}Pis + Z {ars}Prs> =

s=1 r=i s=1 r=i+1

=2 pper(Ryiy1) Z{ais} pper(Rs—1.1).

s=1

Since the sum '
1
Z{@is} pper(Rs—11)
s=1

is the result of the decomposition of the parapermanent of the corner

ar
a1 as?
R =
ai—11 @i—12 - Gi-1,i-1
| a1 ag - Gi-1 4

by the elements of the last row, then this proves the second part of Corollary 4.4. m

Corollary 4.5. If all the elements of the first column of the triangular matrix (3.1) for
(n > 1) equal a, then its paradeterminant equals zero, and the parapermanent equals
twice the product of this number by the parapermanent of the triangular matrix resulting
from deleting its first column.

Example 4.5. Let us find the values of the paradeterminants of triangular matrices

i
A= (=) B D)
i~ 1) ien i) 1<j<isn
The values of the first column elements of these triangular matrices equal

a;] = : =1,b1=11=1,2,...,n.

=141

Consequently, according to Corollary 4.5, the paradeterminants of these matrices equal 0
for n > 1. For n = 1 the paradeterminants of these triangular matrices equal 1.

Example 4.6. Let us find the value of the parapermanent of the triangular matrix

1
i
501 350Q2 (1 '
.. = 5&1 .
1 1 1
2(11 2(12 2an n
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For this purpose we apply (n — 1) times the second part of Corollary 4.5 to the given
triangular matrix. At that we obtain the following result:

1
pper <§&J> = 5 H&i.
1<i<isn i=1

If in the given triangular matrix a; = 7, then, decomposing it by the elements of the last
row, we obtain the identity for the factorial:

n! "L (s — 1)l
e

2n—1 2n—s+1 ’
s=2
or
_ n —
n'_ 2n 1 Z(S_l)'sn s+1
T on—1 _ 1 on—s+1 :
s=2

Proposition 4.2. Given the triangular matrix (3.1), then the following equalities hold:

n

> " {anj} Dyj =ddet (R;_11)ddet (Ry;), (4.18)
r=j
> {ar;} Prj = pper(R;_1.1)pper(Ru;). (4.19)
r=j

Proof.

> {ar}Drj = {ar;} - (1) ddet(R;1,1)ddet( Ry 1) =
r=j r=j

n

= ddet(R; 1) - »_ (=1)""7 {an; }ddet(Rpy11).

r=j

The last sum is the result of decomposing the paradeterminant ddet(R,,;) by the elements
of its first column, and so the equality (4.18) holds.
In the same way, the following equality is proved (4.19). m

Proposition 4.3. If all the elements of the j-th column (1 < j < n) of the triangular
matrix (3.1) equal a, then its paradeterminant equals the product of a number (—a) by the
paradeterminant of the triangular matrix B, which we obtain from the given one by deleting
the j-th column and the (j — 1)-th row.

For the parapermanent of this triangular matrix, the following equality holds

ai

aj—1,1 -+ Gj—1,5-1 _
a1 ... aj45-1 a

L An1 - QGpj-—1 a ... 0Qnn |

= a - (2pper(R;_1,1) - pper(Ry j41) + pper(B)).
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Proof. We shall prove the first part of this proposition. Let us decompose the paradetermi-
nant of the given triangular matrix by the elements of the inscribed rectangular table 7(j).
This decomposition will include all the summands resulting from its decomposition by the
elements of the j-th column. According to Proposition 4.2, all of them are included in the
expression ddet (R;_1 1) - ddet (R,,;), the value of which equals zero (see Corollary 4.5 on
p. 217), for ddet (R,,;) = 0. But the expression includes ddet (R;_; 1) - ddet (R,,;) all the
summands, the multiplier of which is at least one element of the (j — 1)-th row, therefore
when finding the paradeterminant of the triangular matrix (3.1) the (j — 1)-th row may be
deleted. The rest of summands of paradeterminant decomposition by the elements of an
inscribed rectangular table has a factor a, therefore its factoring out equals deleting the j-th
column of the triangular matrix (3.1). At that the sum of indices of a key element belonging
to an inscribed rectangular table is reduced by one, and indices of the rest of key elements
remain unchanged. Consequently, deletion of the j-th column changes evenness of the sum
of indices of a key element of each summand and (—1) must be factored out.

We shall prove the second part of the proposition (4.3). Let us decompose the parap-
ermanent of the given triangular matrix by the elements of the inscribed rectangular table

T(j):

j—1 n
Pper Z Z {ars} P = Z Z {ars} P+ Z{GT]}PT] (4.20)
s=1r=j s=1r=j

The arguments, analogous to the arguments of the demonstration of the first part of this
proposition, give us the following equality

i—1 n

Z Z {ars} Prs = a - pper(B).

s=1r=j

The second summand of the equality (4.20) is decomposition of the parapermanent of the
given triangular matrix by the elements of the j—th column; therefore, according to Corol-
lary (4.5), we have:
n
> {arj}Prj = pper(Rj-11) - pper(Ry;) =
r=j
= 2a - pper(R;j_1,1)pper(Ry ji1).-

]

Proposition 4.4. [6]. If all the elements of the a,;, i—th column of the triangular matrix
(3.1) are the sum of some two elements, i.e., a,; = by; + ¢,;, where r € {i, ..., n}, then the
following equality holds

a1
a1 a2
ddet ’ T ’ -
ail a2 ... byt
apl Ap2 ... bpi+tcni ... Gun
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ail
a1 Aa22
ddet ’ o ’ +
;1 a; e bi,‘
anl ap2 ... bm' ... Qpp
ail
a1 a2
+ddet ’ o ’ . 4.21)
;1 a;o oo Gy
Apl ap2 ... Cpi ... Qpp

For parapermanents, an analogous equality holds.

Proof. By the definition of the paradeterminant, each if its summands is the product of n
elements of the triangular matrix (3.1). And each of them includes one and only one element
of the i-th column as a factor. Therefore, in each of 2”~! summands of the paradeterminant
of the left-hand member of this equality, there is a multiplier (b,; + ¢,), 7 € {i,...,n}.
Removing the parenthesis in each summand and grouping respective summands, we obtain
the right-hand member of the equality (4.4). m

Remark 4.2. Using Proposition4.4, by induction, we can prove the validity of an analogous

proposition in case of £ summands bﬁ) + bg) 4+ ...+ bff;), re{i,...,nk

Proposition 4.5. [6]. If all the elements of the i—th (i € {1, ...,n}) column of the parade-
terminant of the triangular matrix (3.1) satisfy the equalities a,; = k - by, r € {i,...,n},
then the following equality holds:

ai1
a1 a22
ddet : Cen . _
;1 a;o ... k- b,‘,‘
anpl AaAp2 ... k‘bm ... Qpp
aii
a1 a2
k - ddet
;1 a;o ... b,‘,‘
anpl AaAp2 ... bm' ... Qpp

For parapermanents, an analogous proposition is true.
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The demonstration of this proposition is analogous to the demonstration of Proposition
44, O

Proposition 4.6. [6]. For the block-diagonal matrix (3.3) the following equalities hold:

M,y
0 M,
ddet ) ) = ddet (M) - .. .- ddet (M), (4.22)
0 0 M,
M,
0 M,
pper | . . = pper(M;) - ... - pper(DM), (4.23)
0 0 M,

where M;, 1 < i < s are some triangular matrices.

Proof. We shall prove the equality (4.22). Let a;, ;, be upper elements of matrices M. We
decompose the paradeterminant of the matrix (3.3) by the elements of the table 7'(i3). Since
the elements of this table, except the elements of the column 5, equal zero, then according
to Proposition 4.2 (equality (4.18), p. 218), we have the equality

M,y Mo
0 M, 0 M;
ddet . ] = (M) - ddet
0 0 ... M 0 0 ... M

Applying Theorem 4.1 in sequence to the tables T'(i3), . . ., T'(is), on the ground of Propo-
sition 4.2, we obtain the equality (4.22).
The equality (4.23) is proved in the same way. m

Proposition 4.7. [6]. Let the elements of the matrix (3.1) be differentiable functions of the
variable t, then the following equalities hold:

ay
(I/ aoo
4 (ddet (A)) = ddet [ _ + (4.24)

any Gn2 ... Gpg

ai ai

ag1 by a1 a2

+ddet . ) + ...+ ddet ) . )
apl Gy .. Apg T
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aiy
ay a2
dr(pper(A4)) = | N + (4.25)
any ap2 ... Qpp
[&11 ] [&11 ]
as  ahy a G2
+ 1 . . ‘ +...+ { . . ‘ .
S R A T anl Qpg .. L,
Proof. By the definition of a paradeterminant, it consists of 27! summands, each of which
is the product of n factors, taken by one from each column. Let (—1)5(“)%11@,-22 R F

be one of the summands of this paradeterminant. It is known that

d
—\A;;1A552 * ... Q4 n):
dt( 1 2 n
/ / /
= Q1352 - Qi + Aij1Gp0 * - - - Aipn + o Q1052 0 Qg (4.26)

We isolate the summands of paradeterminants in the right-hand member of the equality
(4.24), respective to the summands a;,1a;,2 - . . . - a;,n and find their sum, then we obtain
the expression in the right-hand member of the equality (4.26). At that, according to the
mentioned correspondence, the sign of the summand a;,1ai,2 - ... - a4, coincides with
the signs of the respective summands of the paradetrminants of the right-hand member of
the equality (4.24). By summing all the summands %((—1)5(“)a¢11a¢22 “...-an) of the
left-hand of the equality (4.24) and considering the equality (4.26), we obtain the equality
(4.24). The equality (4.25) is proved similarly to the equality (4.24).m

4.3. Transformations of Triangular Matrices that Fix Their Parafunctions

Proposition 4.8. For any triangular matrix (3.1) and any number k € K, where K is some
number field, the following equalities hold:

ain +k an
a1 +k a az1 G2
ddet . . . = ddet . . ) 4.27)
ap1 +k an2 - anp n Gnl Gp2 - Qnpn n
a1l — k ail
a1 +k ag az1 G2
_| . (4.28)
an1 +k an2 - anp Gn1 Aap2 - Qpp

Proof. We shall prove the second equality of this proposition, using Proposition 4.4 and
Corollary 4.5.

pper(A) =
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a1 +k—k a1 +k
a1 +k—k ag ag1 +k ag
. . = . . _|_
a1 +k—k an2 - apn an1 + Kk Gna - Gnn
—k ain +k
—k ag ann +k ag
+1 . S = : . +
L —k apnz -+ am J Lan1+k an2 *++ Qnn J
{ a2 } |' ail + k }
as2 Q33 a1 +k ag
+(=2k)-| . = . o +
An2 Qp3 **  Gpp J { a1 +k ana - Qun J
—2k all — k‘
0 a2 as1 +k as
+ . . . = . . .
{ 0 apy --- amJ {anl—l—k‘ apa - amJ

The first equality is proved in the same way. m

Proposition 4.9. If in a triangular matrix A its upper element (see Definition 3.1 ) equals
0 and any element of the first column is multiplied by some number k # 0, and the re-
spective element of the second column is divided by the same number, then the value of
the paradeterminant and the parapermanent of the obtained triangular matrix A’ remains
unchanged.

Proof. We shall prove the validity of this proposition for parapermanents. Let us compare
the factorial products of the elements of the first column of triangular matrices A and A’.
It is obvious that they are equal. Consequently, decompositions of the parapermanents of
these triangular matrices by the elements of the first column coincide.

For paradeterminants the demonstration is analogous. m

Remark 4.3. If in the triangular matrix (3.1), in its first column, besides the upper element,
there are also zero elements, then they can be replaced with ones, but their respective ele-
ments of the second columns must be replaced with zeros. The validity of this remark is
proved by the arguments analogous to the arguments of the demonstration of Proposition
4.9.

Theorem 4.6. [9]. Given the triangular matrix
A= (ars)lgsgrgna
then the following equality holds

ddet(A) = ddet(A'), (4.29)
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where
A =
aii
aj—l,l e aj—l,j—l
N S L
)
i—11 -+ Gj—1,5—-1 Aj—1,5 « -+ Qj—14—1
0 N 0 {L‘,;j R 7 . | (0773
Q1,1+ - - Q1,51 Ai41,5 « - - Qi15—1 G415 Ai4-1,441
anpl - - - an,j_l anj ce. Q-1 QApyj Qni+l --- 0ann
and
ddet (R ;-1 ,)
T =a; | 1— i ) (4.30)
J J ddet (Rj—l,l)

Proof. To prove the equality (4.29) it is enough to compare an algebraic complement only
of those factorial products of the elements belonging to the i-th row and columns starting
from the first to the j-th.

In the left-hand member of the equality, we have

({an}(=1)"""ddet (Rpi41) + {ain} (~1)""%ddet (R11)ddet Ry, i1)

+ . H{aij1 }(—1)" ddet(Rj_o,1)ddet( Ry, 141) ) +
+{ai; }(—1)"ddet (R;_1 1)ddet(Ry, i11) =
= {ai; }(—=1)"* " ddet( Ry i11) (aij—1ddet(R; 21)—
—a; j—2a; j—1ddet (Rj_31) + ...+ (1) 2a; - ... a;j—1) +
+{ai; }(—1)"ddet (R;_1 1)ddet(Ry, i11) =
— {a,;j}(—1)i+j_1ddet(R%71)ddet(Rn,Hl)—l—
+{ai; }(—1)"ddet(R;_11)ddet( Ry, i41) =

= {ai;}(~1)"* ddet(Ryi+1) (ddet(Rj_Ll) — ddet (R@J)) .

The sum of the respective elements of the right-hand member of the equality is obvi-
ously equal to

{."L‘,;j} (—1)H—jddet(Rj_Ll)ddet(Rn’i_H) =

= x,;j{a,;,jﬂ}(—1)dedet(Rj_Ll)ddet(RmH)

Comparing the obtained sums of the right-hand and left-hand members of the equality
(4.29), we receive the equality (4.30.) = We shall give one useful corollary of Theorem
4.6, which allows deflating parafunctions by one.
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Corollary 4.7. For any triangular matrix (3.1), the following is true:

ai (@11 — a21) - az
a as2 a11 —asi)-as2 a

2 _ /) A ) a2y ass (4.31)
apl Ap2 -+ QAapp n (all - anl) *Ap2 aAp3 - Opn n—1

ail (a11 + a21) - as

a1 a2 (a11 +az1) -as2  ass

= . . (4.32)

Lanl an2 - annJ n L(all +an1)  Gna anz - annJ n—1

Proof. Indeed, we shall apply Theorem 4.6 for j = 2, ¢ = 2,3,...,n to the paradeter-
minant and the parapermanent of the triangular matrix (3.1) respectively, the we get the
equalities:

ail
a1 0 agl(l-— %
az1 22 as
= 0 (I32 1 - ;1% (I33 =
Upl Gno e Gy :
a.
0 an (1—@—73) 4 e o
ail
as
a pad=E
11 0 ag(l+ s
az1 22 -
. — 0 as9 1 + %1% ass
a
I 0 ang(l—l—a—ﬁ) an3 ... am_

from which evidently follows the proposition of the corollary. m

5. On Relation of Parafunctions with Other Functions
of Matrices

5.1.  On Relation of Paradeterminants to Parapermanents

Theorem 5.1. [6]. (The theorem on relation of the parapermanent to the paradeterminant).
If A is the triangular matrix (3.1), then the following equality holds

pper (aij)lgjgign = ddet ((—1)5@'4-1&1.]») 5.1)

1<j<i<n
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Proof. By the definition of the paradeterminant of a triangular matrix, the sign of its each
summand depends on evenness of the sum of indices of all key elements. It is obvious that

the sign of the factorial product of the key element a;; of the matrix ((—1)5“ +1a,'j> eicic
\.] \l\n

coincides with the sign of the expression (—1)%'. Consequently, all the summands of the
paradeterminant of the right-hand member of the equality (5.1) have the plus sign. m

Corollary 5.2. For any triangular matrix (b;j)1<j<i<n, the following equality holds
ddet(bij)1<j<i<n = PPer((—1)%7bij)1<j<icn.

Proof. This corollary immediately follows from the equality (5.1) for a;; = (—1)%*1b;;.
[

5.2. Relation of Paradeterminants to Determinants

The analogy of properties of determinants and paradeterminants can be explained to a
great extent by close relation between them. It turns out that in a number of cases, deter-
minants can be replaced with paradeterminants. Since to find the values of the latter ones,
it is enough to perform only @ multiplications and the same number of additions, in
many cases, the replacement of the determinant by the paradeterminant equal to it may
considerably simplify computing.

Consider the matrix in the form of

b11 1 0 0 0
b21 ba2 1 0 0
B b31 b3a b33 0 0 ’ (5.2)
bp-1,1 bn-12 bp_13 bp—1p-1 1
bnl bn2 bn3 bn,n—l bnn
which is called a lower quasitriangular matrix.
Theorem 5.3. [5]. For any triangular matrix (3.1) The following equality holds
b11 1 0 0 0
b21 ba2 1 0 0
ddet(A) = f’?% bz s o0 (5.3)
bp-1,1 bn-12 bp-13 bp—1p-1 1
bnl bn2 bn3 bn,n—l bnn
where ,
(3
bij = {aij} = H aig, 1 <j<i<n. (5.4)

k=j

Proof. We shall prove that the algorithm:
1) if a;; is a key element of a triangular matrix, then the element b;; of a square matrix
belongs to the transversal;
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2)butif a;, k= j+1,...,71s any derived element of the key element a;;, then to the
transversal belongs unity, which is in the (k — 1)—th row and the k—th column of the square
matrix,

— establishes a one-to-one correspondence between the set of normal tuples of key
elements of a triangular matrix and the set of transversals with non-zero elements of the
lower quasitriangular matrix.

) Let us consider two factorial products of key elements a;, j, a;, j,,» which belong to
one normal tuple. By the definition of a normal tuple of key elements and their factorial
product, the sets of column numbers of all the elements of these factorial products satisfy
the equality

{jlajl + 1,...,’i1} ﬂ{jg,jg—l—l,...,ig} =J.

Therefore, the given above the algorithm corresponds the transversal of non-zero elements
of the lower quasitriangular matrix (5.2) to each normal tuple of key elements of the trian-
gular matrix (5.2).

b) In consideration of point 1) of the given above algorithm, different transversals with
non-zero elements of the lower quasitriangular matrix correspond to different normal tuples
of key elements of a triangular matrix.

¢) The number of transversals with non-zero elements of a matrix B, for n = 2, equals
two. Decompose the determinant of a lower quasitriangular matrix of order k by the ele-
ments of the first row. At that we obtain two determinants of lower triangular matrices of
order k — 1. Consequently, by induction the number of transversals with non-zero elements
of the matrix (5.2), as well as the number of all normal tuples of the triangular matrix (3.1),
equals 271,

d) To prove the theorem, it remains to show that the sign of the respective summands of
the paradeterminant and the determinant are the same. Let

Qiyj1s Qiggas « -+ Qigjy,

be some normal tuple of key elements of a triangular matrix, to which the following sign
corresponds (—1)25=1(is+7s) | and the following equalities hold i, < i < ... < iy. By
the given above algorithm, to a key element a;; and its derived elements corresponds an
element b;; and 7 — j elements, which belong to the rows with the numbers less than 7.
Thus, the total number of transpositions of permutation of the first indices, respective to
the given normal tuple, equals Z§:1 (is — js) and has the same evenness as the value of
the expression Z§:1 (is + js), which defines the sign of the respective summand of the
paradeterminant.

Note that this demonstration is valuable not because of its simplicity, but because of
construction of a one-to-one correspondence between the normal tuples of key elements of
a triangular matrix and transversals of non-zero elements of a lower quasitriangular matrix.

Let us give a more simple proof of this theorem.

For n = 1 and n = 2 the equality (5.3) is obviously true. Let it be true for all n =
1,2,...,k — 1. Let us prove the validity of an induction condition. For this purpose, we
decompose the paradeterminant and determinant of this equality by the elements of the first
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column. After some simplifications in the right-hand member, we obtain the equality
k k .
+1ly ) o i+17 ’L’L—I—l,...k‘
> (1) andden (Rge) = 3000 B( 1T ),
=1 =1
which proves the fulfillment of the induction condition. m

Remark 5.1. In the last equality, we assume that

n+1ln
ddet (R, , =B =1.
et( ’+1) <n—|—1n>

Corollary 5.4. For any lower quasitriangular matrix (5.2), it is obvious that the following
equality holds

b11 1 0 0 0

ba1 baa 1 0 0

b31 b32 b33 0 0 |_

bp-1,1 bn—12 bp_13 bp—1pn-1 1

bnl bn2 bn3 bn,n—l bnn
b11
b

= ddet Kg% K% b33 (5.5)

e e,
an bn3 bn4 nn

Remark 5.2. Note that the equality (5.5) holds even when some elements of a lower quasi-
triangular matrix equal 0, because when finding the value of the respective paradeterminant,
zeros are canceled and uncertainty disappears.

Proposition 5.1. The following equality holds

ajl 1 0 0 0
—a21 a22 1 0 0
asy —as2 ass 0 0
(—1)”_3(1”_271 (—1)”_4(1”_272 (—1)”_5(1”_273 C 1 0
- - 4
(=) 2ap_11 (-1)"Pap_12 (-1)" *ap_13 ... an-15-1 1
(_1)n_1an,1 (_1)n_2an,2 (_1)n_3an,3 —Qpn—1 Ann
all -1 0 0 0
asi ao -1 0 0
asy asz ass 0 0
= : : (5.6)
(p—21 Op—22 0Op_23 -1 0
p-1,1 OGp-12 GOp—13 p—1n-1 —1
Qan,1 Qn2 an,3 Qpn—1 Qpn,
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Proof. For n = 1 and n = 2, it is obvious that the equality holds.

Let the equality (5.8) hold forn = 1,2, ..., k— 1. We shall prove its validity for n = k.
Decompose the determinant of the left-hand member of the equality (5.8) by the elements
of the last column into two determinants of order (k£ — 1), multiply the second determinant
and each element of its last row by (—1). Apply Proposition (5.8) for n = k — 1 to both
determinants of order (k£ — 1) and discover that the sum of two obtained summands results
from decomposition of the determinant of the right-hand member of the equality (5.8) by
the elements of the last column. m

5.3. On Relation of Permanents to Determinants

Permanents are an important notion of linear algebra and can be applied in different ar-
eas of mathematics, especially in combinatorial analysis [20]. Despite the surface simplicity
of permanents, the natural algorithm for finding their values, similar to the Gaussian algo-
rithm for finding the values of determinants, has not been discovered yet. In this context,
Polya in 1913 [21] defined the problem of finding a transformation, which could replace
permanents with determinants, and proved himself that there is no way to ascribe the signs
”+” and ”—” simultaneously to the elements of a matrix of order n, 3 < n so that its
permanent turns into the determinant. After fundamental generalization of Polya’s result
given by Marcus and Minc [22], the hope to find even linear transformations, which would
transform the permanent of a matrix of order n— (3 < n) into the determinant of the same
order, disappeared. In this regard, in [15] (p. 22-23), in principle, the following problem is
posed:

From all matrices of order n—, we are to isolate a class of matrices, for which there
is such a linear transformation on the set of their elements that the permanent of an initial
matrix equals the determinant of a transformed matrix.

Definition 5.1. Let
A = (aij)ij=12,..n

be a square matrix. Polya transformation of this matrix is distribution of signs ”"+” and
”—" before its elements, which transforms the permanent into the equal determinant. This
transformation is denoted by P(A).

We shall isolate a matrix class, for which Polya transformation exists.
According to Theorem 5.3 (p. 226), for any triangular matrix (3.1) and lower quasitri-
angular matrix (5.2), the following identity holds

ddet (A) = det(B),
in which

i
bz‘j:{aij}:Haika 1<j<i<n
k=j
In this very point, there is Corollary 5.4, where the identity between the determinant
and the paradeterminant of a triangular matrix is established.
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In the first part of the proof of Theorem 5.3, the bijection between the summands of the
paradeterminant of a triangular matrix A and the summands of the determinant of a quasi-
triangular matrix B is established. In the second part of the theorem, the correspondence of
the signs of these summands is proved. Since the permanents of square matrices differ from
the determinants of these matrices only in signs, then from Corollary 5.4 of this theorem it
follows that the equality holds

per(B) = pper(4), (.7

where B and A are respectively the lower quasitriangular matrix (5.2) and the triangular
matrix (3.1), and
bijt1

(I,;j =

On p. 225 we proved the theorem on relation of the parapermanent to the paradetermi-
nant and its corollary on relation of the paradeterminant to the parapermanent of a triangular
matrix

dij+1

ddet (aij)1<j<i<n = pper((—1) “ @) 1<j<i<n-

From this identity, the equality follows
. = dig+1 . .
pper(az])lgjgzgn = ddet ((—1)%7" - az])lgggzgn-
Thus, considering the equalities (5.7) and (5.1), we obtain the following relations:

per(bij)i j=12,....n = Pper <b' ' >
L+ 1<<ign

b..
= ddet <(—1)5w‘+1¢>
bij+1 1<ign

But since

- ikt

i
bik
15 =0
k=j
then the identity holds

per(bij)ij=12,..n = det ((_1)i_jbij)v;,j=1,2,...,n )
and so does the following

Theorem 5.5. [12]. For the quasitriangular matrix (5.2) there is Polya transformation
P(B) = (_1)1_1137,]7 Zv] = 17 27 sy T
i.e., the following equality holds

per(B) = det(P(B)).
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It is interesting that if in the quasitriangular matrix (5.2) at least one non-zero element
bij, © —j > —1is added, then there is no Polya transformation for such a matrix.

Indeed, let B* be a square matrix obtained from the quasitriangular matrix (5.2) by
adding a non-zero element b;;, 2 < j — 4. Then, due to the fact that the permanent of any
matrix does not change after rearranging any of its columns or rows, we shall proceed to a
new matrix, in which the :—th column changes places with the j—th column. At that we
obtain the permanent of a matrix, in which the blocks can be isolated in sequence on its
main diagonal:

[b11], [baz], - - -y [bim1,i-1]; [bij]s [Div1ital, - -, [bj—2,5-2],

bj—1j-2 bj_1;-1 bj_1;
bij—2  bij—r bi | (b2 4] [banl.
bjt1-2 bjt15-1 bjy1,i
Thus, in the initial permanent the elements of six transversals are constructed with the help
of the elements of six transversals of an isolated block

bj—1-2 bj—15-1 bj-1
bjj—2  bjj—1 by
bjit1j-2 bjy15-1 b1

and the elements of the main diagonal of this matrix. While three of them, which correspond
to even permutations, must be positive, and other three — negative. But Polya proved [21]
that one cannot place the signs in a matrix of order three in such a way’. This is what our
proposition proves.

Thus, a quasitriangular matrix is maximum in terms of the number of non-zero elements
of a matrix, for which Polya transformation does exist. Since a quasitriangular matrix con-
sists of (n? + 3n — 2)/2 elements, then the proved theorem agrees with Gibson’s propo-
sition [23] about the fact that if (0, 1)— matrix A of order n has a positive permanent and
if the permanent A can be written in the form of the determinant, ascribing signs =+ to the
elements of a matrix A, then the number of elements in A is not more than (n? +3n —2) /2.

Let us prove one more proposition, which allows us to find new Polya transformation
for a lower quasitriangular matrix.

Proposition 5.2. The following equality holds

ajl 1 0 N 0 0

—an ago 1 0 0

asl —as9 ass N 0 0

(—1)”_3(1”_271 (—1)”_4(1”_272 (—1)”_5(1”_273 R 1 0

(-1)"2ap—11 ()" Bap-12 (-1)"tan_13 o ap-1pe1 1
(_1)n_1an,1 (_ )n_2an,2 (_1)n_3an,3 -+ TQpn—1 QAann

"Let us assume that a transformation like this exists, then the number of minuses of each transversal, which
corresponds to even permutation, must be even, and the total number of minuses is even. On the other hand,
the number of minuses on each transversal, responsible for odd permutation, must be odd, and the total number
of minuses is odd, which, actually, contradicts the preceding reasoning.
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ajl -1 0 e 0 0
a1 as2 -1 - 0 0
asl as9 ass N 0 0
= : : : e : e (5.8)
p—21 Gp-22 0ap-23 --- -1 0
p—1,1 Op-12 Qp-13 -+ Qp-1p-1 —1
Qn,1 Qn2 an,3 s Qpn—1 Qnn

Proof. For n = 1 and n = 2, the equality is obviously true.

Let the equality (5.8) hold forn = 1,2, ..., k— 1. We shall prove its validity for n = k.
For this purpose, we decompose the determinant of the left-hand member of the equality
(5.8) by the elements of the last column into two determinants of order (k — 1), multiply the
second determinant and each element of its last row by (—1) and apply to both determinants
of order (k — 1) Proposition (5.8) for n = k — 1. But the sum of two obtained summands is
the result of decomposition of the right-hand member of the equality (5.8) by the elements
of the last column. m Thus, the following also holds

Theorem 5.6. [12]. For the quasitriangular matrix (5.2), there is Polya transformation

bij, 1<j<i<n,
0, j—i>2.

6. Some Theorems on Applying Triangular Matrix Calculus

Let us present a number of theorems on some application of triangular matrix calculus
without proving them.

Mostly, it is difficult to solve a secular equation of a linear recurrence equation. In this
case, it is useful to apply the following theorem, which is Stanley’s theorem to the point,
but formulated in terms of parapermanents (see [24], p. 301).

Theorem 6.1. [13]. Suppose we are given two vectors
a = ((Il, az, as, . . .,ak),

b= (bo=1,b1,ba, ..., be_1).

For the sequence {u, }°°, the following three equalities are equivalent:
1. Linear recurrence equality of the k—th order

Up = A Up_1 + A2Up_9 + a3Up_3 + ...+ QxUn_p, n=k,k+1,k+2,... 6.1)
with the initial conditions

U(]:bO:l,U1:b1,U2:b2, ey Uk—1 :bk—l- (62)
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2.
- arcy -
az
a1 a1C
ag—1 ag—2
ag—2  Ap_3 a1Ck—1
un = pper(An) == _ap ap—1 . as (Il 3 (63)
ap—1 ap—2 ai
0 Lk 93 2 g
ap_—1 az ay 1
o Ak .. Q2
00 R 2 oa ]

where the corrections c; are found from equalities

. -1
i bz
i =b; g sbi—s = ; 6.4
‘ <s:1 ¢ ) a; + a;j—1b1 + aj—2ba + - - -+ agbi_2 + ar1b;—1 64

i=1,..

3.

:1—|—b1(1——>z + by (1——>z bt (1= )

k=1,

[e.e]
1—|—Zu,~zi =

6.5
1—a12—a9z?2 —...—apzk 6.5
Theorem 6.2. Suppose we are given the generating function
1+diz+dez® + ... +dp_12F!
f(z) = 5 7 (6.6)
l—a1z—a9z—...— apz
of the sequence {u, }°° . Then it satisfies the recurrence equation
Up = A1UR—1 + A2UR—2 + ...+ ARUL
with the initial conditions
ay + dy
az+do a
ai .
ug =1, u; = ) ,1=1,2,...,k—1. 6.7)
ai+d; a;—1 . J
\~ a;—1 a;—2 ai i
Theorem 6.3. Let K be some number field. For the triangular matrix
B1
atr zy a
b+s x1 bxl
at+(n—1r gz, a+(n— 2)7" Tp_1 a
F= b+(n—1)s zpn—1 b+(n—2)s zp_2 °°° Ll 5
0 at(n=1)r ax, a+r xo aq
b+(n—1)s p_1 """ b+s x1 bl
at(n—r z, a
0 0 mmn—l b.’L‘l
(6.8)
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and the parameters a, b, r, s, the values of which belong to the number field K , the following
identities hold:

ddet(F) = O = 6.9)
A An
= > kK a N e N
o A WSS Wil Rte 2 BERALRN Wi e ) B AR
1+...4+nA,=m
pper(F) =0y = (6.10)

k! al{T} A an{r} An N R

A+ AnAp=m

If A(z), B(z), X (z) are respective notations of formal power series with nonzero con-

stant term
(o] (o] (o]
E a;z", E b;iz', E 2", ag =bg=x9 =1
i=0 i=0 i=0

Then the following theorems are true:

Theorem 6.4. [14]. If

then

. b —r+1 |
_§ |Ja, . b . <L> ,'L'— 727""
:177, = ( ) ( 1—] l—]) bs r 1<7‘<S<]

J=0

Here and below, we suppose that

<bs—r+1 > 1
bS—T 1<r<s<0

Theorem 6.5. [4]If X (z) = (A(2))?, here
Alz) =1+ Zaizi,
i=1

and p is some real number, then

pom (U220 D) o)
(i—37) p—13J Ai—j [ 1gi<ign
o G e e P (6.11)
(i—J) p—13J Ai—j J11gi<ign

Theorem 6.6. [14]. Let f and f~' be reciprocal functions, then if the following equality
holds
f(l+aiz4az? +azz® +..) =1+ bz +by2® +b32> + ..., (6.12)
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where
b; = <TSTGS_T+1> i=1,2,.. ., (6.13)
As—r [ 1<r<s<
then the following equality also holds
A4 az+a2® + a3 + .. ) =14+ x12 4+ 192° + 2325 + .., (6.14)

where

z; = <T;j_T+1 fomril Li=1,2,.... (6.15)

As—r > 1<r<s<i

Remark 6.1. According to Theorem 6.6, while constructing the triangular matrix

-1 Qs—r+1 .
<7‘s7s_T+1 > ,1=1,2,...]
As—r [ 1<r<s<

it is necessary to remember that the coefficients of its elements are inverse to the coefficients
of the elements of the triangular matrix

As—r41 .
<7‘s7« ,1=1,2,...,
As—r [ 1<r<s<i

and written in each row in reverse order.

Theorem 6.7. [3]. (Theorem on composition of power series) If the formal power
series c(z) = Y ioi ;2" is the result of the composition of the formal power series

a(z) =32 a;zt and b(z) = D2 b;2", then the following equalities hold:

al bl
ba
a9 by bl
C; = .
) bl bi—l .
@i L bi—1  bi_2 by Jz

Theorem 6.8. [3]. (Theorem on inversion of a series) Suppose we are given two formal
power series
a(z) =y = x + aga® + azz® + agz* + . ..

and
b(y) =2 =y + bay® + bsy® +bay* + ...,

then the following equalities are true

b —l.(_l)n—1<(i—j+1)”+(j—1) 'ai—j+2> B
n (i—g)n+j Gi—j4+1 L <iign—1

1 [(_1)% (i—g+Dn+ (-1 aijy Lai=1.  (6.16)

n i—j)n+j Qi ]
(1 —J)n+j i+ | cicient
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7. Conclusion

This short introduction to the Theory of Triangular Matrices (Tables) includes only its
main notions and theorems, which make it possible to become familiar with this theory
skin-deep. For a more detailed familiarization with it, the reader should consider the mono-
graph [25], where the main results obtained by the author and his students before 2010 are
systemized.

Any mathematical theory is of no importance if it is not connected with other areas of
mathematics and does not solve applied problems. In this introduction, Chapter 7 covers
these aspects where one can find a number of theorems without their proving. It should
be mentioned that with the help of parafunctions of triangular matrices, the principles of
recurrence fraction theory are established. This theory is the most natural n-dimensional
generalization of chain fractions.
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Chapter 7

RECENT DEVELOPMENTS
IN ITERATIVE ALGORITHMS FOR SOLVING LINEAR
MATRIX EQUATIONS

Masoud Hajarian*
Department of Mathematics, Faculty of Mathematical Sciences,
Shahid Beheshti University, General Campus, Evin, Tehran, Iran

Abstract

The aim of this chapter is to present the latest developments in iterative methods for
solving linear matrix equations. The iterative methods are obtained by extending the
methods presented to solve the linear system Ax = b. Numerical examples are inves-
tigated to confirm the efficiency of the methods.

Keywords: Linear matrix equation; Sylvester matrix equation; Iterative method

AMS Subject Classification: 15A24; 93E24; 65F10; 65F30

1. Introduction

It is well-known that the linear matrix equations such as (coupled) Lyapunov, (coupled)
Sylvester, and Sylvester-transpose matrix equations are important equations which play a
fundamental role in the various fields of engineering theory, particularly in theories and ap-
plications of stability and control [31-33,71]. The Sylvester and Lyapunov matrix equations
arise in stability analysis of linear systems [53], model reduction [1] and in the solution of
the algebraic Riccati matrix equation [54]. The coupled Lyapunov matrix equations

N
ATXi + XiAi+ Qi+ ) _piX; =0, Qi>0, i€{1,2,...N}, (1)
j=1

*E-mail addresses: m_hajarian @sbu.ac.ir; mhajarian @aut.ac.ir
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and

N
=1

with unknown matrices X; are often encountered in stability analysis of linear jump systems
with Markovian transitions [3,55]. In the analysis and design problems associated with the
linear system

z(t) = Az(t) + Bu(t),

the generalized Sylvester matrix equation
AX — XF =BY +R, 3)

is encountered [70]. Also it can be shown that certain control problems, such as
pole/eigenstructure assignment and observer design of the second-order linear systems

Mi(t) + Dx(t) + Kz(t) = Bu(t), 4)
are closely related with the second-order Sylvester matrix equation [5,32,45-47]
MXF?+ DXF + KX = BY. (5)

The above applications have motivated both mathematicians and engineers to construct
a large number of methods catering to solving linear matrix equations [8—12,43,48-52,62—
68,72-79].

In this chapter, we survey some of the latest developments in iterative algorithms for
solving several linear matrix equations. The outline of this chapter is as follows. In Sec-
tion 2, we propose four iterative algorithms based on the conjugate gradient method on the
normal equations (CGNE) for finding the generalized centro-symmetric and generalized
bisymmetric solutions of general matrix equations. The gradient based iterative algorithms
are proposed for solving matrix equations over the generalized centro-symmetric and gener-
alized bisymmetric matrices in Section 3. In Section 4, the least-squares QR-factorization
(LSQR) algorithms are extended for solving the generalized Sylvester-transpose and pe-
riodic Sylvester matrix equations. The matrix form of bi-conjugate gradients (Bi-CG)
and bi-conjugate residual (Bi-CR) algorithms are given to solve the generalized Sylvester-
transpose matrix equation in Section 5. In Section 6, the conjugate gradients squared (CGS)
method is developed to obtain an algorithm for solving the general coupled matrix equa-
tions. We propose the extended bi-conjugate gradient stabilized (Bi-CGSTAB) method for
finding the solutions of coupled Sylvester matrix equations in Section 7. In Section 8§,
the matrix form of quasi-minimal residual variant of the Bi-CGSTAB algorithm (QMR-
CGSTAB) is proposed to find the solutions of the general coupled and periodic coupled
matrix equations. Numerical results are reported in Section 9. Finally Section 10 ends this
chapter with a brief conclusion.

In this work, we will use the following notations. Let R™*™ and SOR™*" denote the
set of m x n real and symmetric orthogonal matrices, respectively. The symbols A7 and
tr(A) represent the transpose and the trace of a matrix A, respectively. The unit matrix
of order n is denoted by I,,. We also write it as I, when the dimensions of this matrix is
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clear. For an m x n matrix A, the so-called vectorization operator vec(A) is defined by the
following

vec(A) = (al al ... aT)T,

where ay, is the k-th column of A. The notation A ® B stands for the Kronecker product of
matrices A and B. A well-known property of Kronecker product is, for matrices A, B and
X with appropriate dimension

vec(AX B) = (BT @ A)vec(X).
The inner product (., .) in R™*" is defined as follows.
(A,B) =tr(BTA) for A,BeR™",

The induced matrix norm is ||A|| = /(A, A) = y/tr(AT A), which is the Frobenius
norm. The generalized centro-symmetric and generalized bisymmetric matrices have wide
applications in many fields [6]. These matrices can be defined as follows.

Definition 1. Let P € R™ "™ and Q € R™™ be two symmetric orthogonal matrices, i.e.,
P=Pl =P landQ =QT =Q '. IfA= PAQ (A= AT = PAQ) then A is called a
generalized centro-symmetric (generalized bisymmetric) matrix with respect to (P, Q). The
symbol SR” ( IB%SR” ) denotes the set of order n generalized centro-symmetric (gener-
alized blsymmetrlc) matrlces with respect to (P, Q) where P,Q € SOR™". It is obvious
that every n X n (symmetric) matrix is also a generalized centro-symmetric (generalized
bisymmetric) with respect to (I, I,).

2. The Matrix Form of CGNE Algorithm

In this section, first we briefly review the CGNE algorithm. Second the matrix form
of CGNE algorithm is proposed for solving various linear matrix equations. The CGNE
algorithm is known as one of the most efficient methods for finding the solution of non-
symmetric linear equations. The CGNE algorithm for solving Az = b can be summarized
as following [2,7].

Algorithm 1. (CGNE algorithm)
x(1) initial vector, r(1) =b— Ax(1), p(1) = ATr(1),
Fork‘:2,3,<..(. —
_ Ar(k—=1),r(k—1
(k= 1) = sy
z(k) = ( —D+ak—Dpk—-1), rk)=rk—1)—a(k—1)Ap(k—1),
B(k) = (r(k),r(k))
(k

(k 1),r(k—1))’

) = Alr(k) + B(k)p(k — 1).

The CGNE algorithm is mathematically equivalent to the LSQR which possesses more
favorable numerical properties, for more details about CGNE see [2]. In recent years, vari-
ous methods based on the CGNE algorithm were proposed for solving linear matrix equa-
tions [16-21,23,24,57]. In this section, four extended CGNE algorithms are presented for
solving general matrix equations. First we consider the following problems.

p
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Problem 1. For given matrices A;; € R"*", By; € R™ %, M; € R"*% and the symmet-
ric orthogonal matrices R;, S; € SOR"™ ™™, find the generalized centro-symmetric matrix
group (X1, Xo, ..., X;,) with X € SR;%X;;’ j=1,2,...,p, such that

p
ZAinjBij =M;,, i=1,2,..p. (6)
j=1

Problem 2. For given matrices A;; € R"*", B;; € R"%*%, M; € R"*% and the sym-
metric orthogonal matrices Rj, S; € SOR" ", find the generalized bisymmetric matrix
group (X1, Xo, ..., Xp) with X; € IB%SR”JXH] j=1,2,...,p, such that (6) holds.

Problem 3. For given linear operators Ay, As, ..., A; from R™™™ onto RP*4, the symmet-
ric orthogonal matrix P,Q € SOR™ " and C4,Cs, ...,C, € RPXY, find the generalized
centro-symmetric matrix X € SRT}LDXQ” such that

Al(X) =,
As(X) = Co,

. P (7)
A(X) =G

Problem 4. For given linear operators Ay, As, ..., A; from R™™™ onto RP*9, the symmet-
ric orthogonal matrix P,Q € SOR™ " and C4,Cs, ...,C, € RPXY, find the generalized
bisymmetric matrix X € ]B%S]RT]LD’XQ" such that (7) holds.

Obviously, the matrix equations (6) and (7) include several linear matrix equations such
as (1)-(5). By similar ways to those in [14,15,41], we can extend the CGNE algorithm to
obtain the following iterative algorithms for solving Problems 1-4.

Algorithm 2. (7o solve Problem 1)

Step 2.1. Choose arbitrary initial matrices X (1) € SR”J Xn]  forj=1,2,.

Step 2.2. Fori=1,2,...,p, calculate

p
R( d1ag(M1 ZAltXt Blt,MQ _ZAQtXt )th,...,Mp —ZAtht(l)Bpt),

t=1

P.(1) =5 ; (A% (0, Z AuX(1)Ba ) BE] + Z [ReaT, (M, Z AuX.(1)B.) BES] }.

k:=1;

Step 2.3. If||R(k)|| = 0 or ||R(k)|| # O, ||Pn(k)|| = O forallm = 1,2, .., p, then stop;
elsek =k +1;

Complimentary Contributor Copy



Recent Developments in Iterative Algorithms ... 243

Step 2.4. Calculate
|R(k — D||F
b1 [1Pe(k — D)%

P P
R( dlag (M1 Z AltXt Blt, MQ —_ Z AQtXt(k)BQt, ceny Mp — Z Atht(k)Bpt)

t=1 t=1

IRk~ D||F

—R(k—1)—
k=D~ RGO

xdiag(zp:AltPt(k —1)Bu,, zp:AgtPt(k —1)Ba, ..., zp:AptPt(k - 1)Bpt),

t=1 t=1 t=1
[ZA (M. ZAstXt St)Bm+ZRA (m. ZAstXt B..)BLsi]
+MP(I<: 1), i=12,..,p

[R(k — D)%
Step 2.5. Go to Step 2.3.

Algorithm 3. (7o solve Problem 2)
Step 3.1. Choose arbitrary initial matrices X ;(1) € BSR} ]X Jfor] =1,2,.
Step 3.2. Fori=1,2,...,p, calculate

p
R( dlag(M1 Z AltXt Blt, MQ — Z AQtXt )th, ceny Mp — Z Atht(l)Bpt),
t=1

p

Py =1 {3 [A% (0, Z Ao Xi(1)Bt ) BY] + 2_: (B (M. — zj: AaXe()Bur) A

s=

P P T
[RiaZ (M, - > A Xe()Bot ) BES] + 30 [RiBs (M. — ; AuXu(1)Bur) AuSi]},

s=1 t=1 s=1
k:=1;
Step 3.3. If ||R(k)|| = 0 or ||R(k)|| # O, ||Pn(k)|| = O forallm = 1,2, .., p, then stop;
elsek =k +1;
Step 3.4. Calculate

-

+

|R(k = DI .
sz :sz—l—F Plk—l 5 7,:1,2,..., y
() =Xelk =D+ 5= B - g kY p

P P P
R(K) :diag(M1 — " AuXi(k)Bie, Mo =" AsiXo(k)Baty oy My — > Atht(k)Bpt)
t=1 t=1 t=1
|R(k —1)||%
vy || Pe(k —1)\\2

=R(k —1) -

p
Xdlag(ZAltPt k—l Blt, ZAQtPt —1 BQt,... ZAptPt —1 Bpt),

t=1 t=1

P :i [XP:A ( ZAstXt )BsTi +ZB“ (MS - ;Astxt(k)Bst)TAsi

s=1
+ Z RoAT (M, Z AuiXe(k) Bot) BLS: + 2: RiBui (M. ~ tz: AaXu(k)Bor) AuSi]

HR( )HF P(k—-1), i=1,2,...p;

+7
|R(E = DIIE

Complimentary Contributor Copy



244 Masoud Hajarian

Step 3.5. Go to Step 3.3.
Algorithm 4. (7o solve Problem 3)
Step 4.1. Choose an arbitrary initial matrix X (1) € SRSLD’XC;;

Step 4.2. Compute

Step 4.3. If L [|R.(K)|| = 0 or S2E_, ||RA(K)|| # 0, ||Q(K)|| = 0, then stop; else
k=k+1;

Step 4.4. Compute

LRk = D)

I
XE) =Xk =D+ = oo

Q(k—1);
R;j(k) =Cj — Aj(X(k))
S 1B (k= DI,

:Rj(k_l)_ ||Q(k’—1)||2 J(Q(k_l))v for j:1727"-7l;
l
Q) =5 3 [AT (R (k) + PAT (R.(1)Q
r=1

S RA(R)|
SR (k= 1)]2

Step 4.5. Go to step 4.3.

Q(k —1);

Algorithm 5. (7o solve Problem 4)
Step 5.1. Choose an arbitrary initial matrix X (1) € IB%SR?D’XC;L;

Step 5.2. Compute
R;(1) =C; — A;j(X(1)), for j=1,2,...,1;
l
Q) =3 S {AT (R ) + [AT (R + PLAT(R ) + [AL(R,(1)] '] @)
r=1
k :=1;

Step 53. If Sy BB = 0 0r YLy [IR-(R)]| # 0. [|QR)|| = 0, then stop; else
k=k+1;
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Step 5.4. Compute

vy e [Re (B =D
X(k)=X(k-1)+ TR Q(k —1);

R;(k) =C; — A;(X(k))

p o et Bk = DI o '
—Ri(k—1) oD@ = 1), for j =121
l
Q) = S {AT(Ru(k)) + [AT(R(R)] + PAT(R,(R) + [AT (k)] | @)
r=1

1
2=t |[Re(k = D)2
Step 5.5. Go to step 5.3.

By similar proofs to those in [14,15,41], it can be proven that Algorithms 2-5 converge
within a finite number of iterations in the absence of roundoff errors. Also by using Algo-
rithms 2-5, the solvability of Problems 1-4 can be determined in the absence of roundoff
errors respectively, for more details see [14,15,41].

Recently in [42], the CGNE algorithm was also extended to the periodic discrete-time
generalized coupled Sylvester equations

{ Ap Xy By, + CrYr Dy, = M, )

Ep X1 Fy + Gy Y Hi, = Ny,

for k = 1,2, ..., where the coefficient matrices Ay € RP*" Cj € RP*™ B, € R™4
Dy € R™M Ep € R G € R™™ F, € RS H € R™*% M € RP*Y N €
R"*# and the solutions X}, € R"*", Y}, € R™*™ are periodic with period ¢, i.e., Aj14 =
Ak, Bryy = Bg, Ciy¢ = Cky Diyy = Dy, Epyy = Eg, Fiygp = Fr, Girgp = G,
Hk+¢ = Hk, Mk+¢ = Mk, Nk+¢ = Nk, Xk+¢ = Xk and Yk+¢ = Yk. This class
of periodic matrix equations contains various linear discrete-time periodic matrix equations
such as the periodic discrete-time coupled Sylvester matrix equations. The extended CGNE
algorithm to solve (8) can be summarized as follows.

Algorithm 6. (To solve (8))

Step 6.1. Choose the initial matrices Xi(1) € R™"™ and Yi(1) € R™™ for
k=1,2,...,¢,

Set X¢+1(1) = Xl(l);

For k=1,2,...,¢ compute

Rl’k(l) = Mk — Aka(l)Bk — CkYk(l)Dk,

Rg’k(l) = Ni — Eka+1(1)Fk - GkYk(l)Hk;
Set Rg’o(l) = Rg’(;s(l), Ey = E¢ and Fy = F¢,‘
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For k=1,2,...,¢6 compute
Sk(1) = A Rup(V)BY + EfL Ro 1 (D) FL

Te(1) = CHRy (1) D + GH Ry 1, (1) HE;

Set Sg11(1) = Si(1) andi := 1;
Step 6.2. If || R1 (7)|| = 0 and || R 1(i)|| = 0 fork = 1,2, ..., ¢, then stop, else, i := i+1,;
For k=1,2,...,¢ compute

S0 R — D2+ [[Rayj(i — 1))
SO 1856 = D12+ 1756 — 1)]12]

Xu(i) = Xa(i — 1) + Sk(i—1),

set Xg11(1) = X1 (i),

S0 IR G — D)2+ [ Ra (i — 1)
SIS = DI + 1|5 — D)2

RLk(’L') = M — Aka(’L')Bk — CkYk(Z)Dk

Yil(i) = Ya(i — 1) + Ti(i — 1),

S0 IR ;G = D)2+ || Ra (i — 1) 1]

= Ry p(i—1)— ApSy(i—1)By+Cyp Tho(i—1) Dy,
T IS DIEF T i T B G
Rgﬂ;(’i) = N — Eka+1 (’L)Fk — GkYk(Z)Hk
¢ 'L— 2 2j7'_ 2
iy Sl R DIP I RasG = DIF) o

S [11S5 G = D)2 + 1756 — 1)[]2]

Set Ry o(i) = Ro,4(i) and for k = 1,2, ..., ¢ compute
Sk(i) = Af'Ri (i) B! + E{L  Ro 1 (i) FiL,

S0 R + | Ra,j(0)1 2]

Sr(i — 1),
S0 1Ry — D)2+ [[Rayi — 1) K=

Ti(i) = Cf Ry (i) Dff + G Ry (i) H{!

S0 1R (012 + [| Ry (0)]]7
S0 MRy — D)2 + || Ray(i — 1)

Set Sy11(i) = S1(i) and and go to Step 2.

Ti(i —1);

In [42], it was shown that Algorithm 6 converges within a finite number of iterations in
the absence of roundoff errors.
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3. The Gradient Iterative Algorithms

One of the famous method for solving the linear system Ax = b is gradient based
iterative algorithm [25-27] as follows.

2
e+ = o ®) L AT~ Az®)), 0<p< AP )

Ding and Chen [26-28] introduced gradient based iterative algorithms and least squares
based iterative algorithm for solving (coupled) matrix equations. In [22,25,35,36,44,75,
78], several gradient based iterative algorithms were proposed for solving linear matrix
equations. By applying Kronecker product and vectorization operator, we can generalize
the gradient based iterative algorithm (9) to solve Problems 1 and 2.

Algorithm 7. (To solve Problem 1)
Step 7.1. Choose arbitrary initial matrices X;(1) € SRET& for 3 = 1,2.....pand a

parameter
2

0<pu< . (10)
=1 2_5=1 | Ai;Bij] |2

Compute

P

R4(1) :MS—ZAsiXi(l)Bsi for s=1,2,....p;

i=1

Step 7.2. Fort = 1,2, ..., compute
u T _

Xs(t+1)= 5[2/1 —I—ZPA t)B;,Ps| for s=1,2,...,p,

Rs(t+1) =M, — ZAsiXi(t +1)Bg; for s=1,2,...p
i=1

Algorithm 8. (To solve Problem 2)

Step 8.1. Choose arbitrary initial matrices X;(1) € IB%SR”JXH] forj =1,2,....,pand a
parameter
2

1 21 |[AiBij| 1>

0<p< (11)

Compute

P
Rs(1) = M, — ZAsiXi(l)Bsi for s=1,2,..,p;
i=1
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Step 8.2. Fort =1,2,..., compute

# T
X,(t+1) = Z[ZA ZPA )BT P,
p
+3° BiRi(t) Ais + ZP BisRi(t )TA,;SPS} for s=1,2,...p,
=1 =1
p
Rs(t+1) =M, — ZASZ'X,;(t +1)Bg; for s=1,2,...p
=1

Similar to the proofs in [22,35,36,44], we can show that Algorithms 7 and 8 converge.

4. The Matrix Form of LSQR Algorithms

Based on the Golub-Kahan bidiagonalization process, two different forms of the LSQR
method are presented for computing the solution x of the linear systems Ax = b and uncon-
strained least-squares problem min,, || Az — b||. The LSQR algorithms can be summarized
as follows [56].

Algorithm 9. (The variant 1 of LSQR method)
7(0) :=1; £(0) :=—1; w(0):=0; w(0):=0; 2(0):=0;
B(Lu(1) =b; a(l)v(l) = ATu(1);

Fori =1, 2, ..., until convergence, do:

§(i) = —€(i — 1)B(i) /i),

2(i) = 2(i = 1) + £())v (@),

w(i) = (7(i —1) = B))w(i — 1)) /ali);

w(i) =w(i—1)+ ( Ju(i);

Bli+ Du(i+1) = Av(i) — ali)u(i);

(i) = =7(i = 1af(i )/ﬁ( +1);

a(i+1v(i+1) = ATu(i+ 1) — B(i + 1)v(i);
EZ) = 6@ +1)§( )/( (i+ Dw(i) —7(4));

Algorithm 10. (The variant 2 of LSQR method)
O(1)v(1) = ATb; p(1)p(1) = Av(1);

w(l) =v(1)/p(1); £(1) = 0(1)/p(1); z(1) = £(1)w(1);
Fori =1, 2, ..., until convergence, do:

0(i + (i +1) = ATp(i) — p(i)v(i);
pli+)p(i+1) = Av(i +1) — 00 + 1)p(i);
w(i+1) = (v(i+1) =00+ w(i))/p(i+1);
§(i+1) = —=£(i)0( + )/P(H'l)’
z(i+1)=2z()+ &0+ Nw

In this section, first we obtain the matrix form of the above LSQR methods for solving
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the generalized Sylvester-transpose matrix equation

p q
> (AxX B+ CeX'Dy) + > (E;YFy+ G YT Hy) = M, (12)
k=1 j=1

and the minimum Frobenius norm residual problem

P q
1M =S (AX By, + CuXTDy) = S (EYE + G Y Hy)||. (13)
k=1 J=1

where Ay, C, € R**", By, Dy, € RnXt, Ej, Gj € R*™, Fj, Gj € R™t and M € RS>t
are known matrices and X € R™"*"™, Y € R™*™ are the matrices to be determined. Second
we present the matrix form of the LSQR methods for finding solutions of the periodic
Sylvester matrix equation o N

A XiB + C X 11Dy = Ej, (14)

for [ = 1,2,..., where the coefficient matrices Al, Cl € RPL*™ Bl, Dl € Rmxa, El
RP1*4L and the solutlons Xl € R™ ™ are periodic with period )\, i.e., Al+ x = A Bl+ A=
By, Ciyx = Cp, Diyy = Dy, Ejpy = Eyand X1y = X,

By using the Kronecker product, we can transform the generalized Sylvester-transpose
matrix equation (12) into the following linear system

( Yhot (B @ A+ (Df @ Cy)P) Y9 (F] ® Bj + (H] @ G;)Q) )

A
vec(X) ) vec
x < vee(Y) ) = ( vee(M) ), (15)
S—— b

T

where P € Rs*"* and Q € Rst*m” are unitary matrices [80]. It is obvious that the size
of the above linear systems is large. The LSQR methods will consume more computer
time and memory space once the size of the linear systems is large. To overcome the com-
plications, we directly develop the LSQR methods for solving the generalized Sylvester-
transpose matrix equation (12) and the minimum Frobenius norm residual problem (13).
By considering the linear systems (15), we rewrite the vectors u(i), v(i), p(7), z(i), w(i),
Av(i), ATp(i) and ATu(i) of Algorithms 9 and 10 in the matrix forms. For Algorithm 9,
we can write

B(1)u(1) = b — B(1)u(1) = vee(M), (16)
a(1)v(1) = ATu(1) — a(1)v(1)
= (X0 (B @A+ (DF @ Cu)P) Y4 (FF @ B;+ (HF © G)Q) )" u(1)

j=1(Fj @ Ef + Q(H; ® G})) ’

B+ Du(i + 1) = Av(i) — ali)u(i) — B + 1)u(i+ 1)

a7
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=( Xho(Bf @ Ay + (D @ Cy)P) Y I_(F @ Ej + (H @ G;)Q) ) (i) — a(i)u(i),
(18)
ali+Dv(i+1) = ATu(i+1) — 3G + 1)ov(i) — a(i + 1)v(i + 1)
P (B, ® AT + P(D, @ CT
— (Z%j((Fng? i_Q((ngG?))))> u(i+1) — B + 1)v(i). (19)

By considering (68)-(71), we define

u(i) = vee(U(3)), (i) = <Zg2%%> , (20)

where U (i))R**t, V4 (i)R™™ and Va(i)R™*™ for i = 0, 1, .... This implies that
BU(1) = M, 1)
a()Vi(1) = zp:(AZU(l)B{f + DU Ck), a(1)Va(1) = zq:(EjTU(l)FjT + H;U)"Gy), 22

Bli+ U(i+1) =Y (AxVi(i)Bi + Ck Vi (i) Dy) +Z E;Va(i)F;+ G Va (i)' Hy) — a(i)U (i), (23)

k=1 j=1

3

a(i+D)Vi(i+1) =Y (AfU(i+1)Bf + DU+ 1)TCr) — Bi + DVA(E),  (24)
k=1
q
a(i+D)Va(i+1) =Y (BfU(i + DF] + H;U(i + 1)"G;) — B(i + 1)Va(i).  (25)
j=1
By applying (20)-(25), we can develop Algorithm 9 for solving (12) and (13) as follows.

Algorithm 11. (The variant 1 of matrix LSQR method to solve (12) and (13))

7(0) = 1; £(0) = —1; ©(0) := 0; Q2(0) := 0;, w(0) := 0; Z1(0) :=
: = 0; X(0):=0; Y(0):=0;

BQA) = [[M]|; U(1) = M/5(1);

al) = (15 AUMBE + DUMTCHIP + 1354 (BEJUME] +
H;U)TGIIH)Y?:

a(MVi(1) = 3 (AU B + DU Cr), a(W)Va(1) = X1 (EfUL)F +
H;U(1)'Gj);

Fori =1, 2, ..., until convergence, do:
§(i) = —€(0 — 1)B(i) /au(i);
Z1(i) = Z1(i — 1) + £()Va(d);
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Zy(1) = Zo(i = 1) 4+ £(0)Va(i);
w(i) = (r(i = 1) = Bli)w(i — 1)) /a(i);
Qu(3) = Qi — 1) + w(i)Vi(i);
Qo(i) = Qa(i — 1) + w(i)Va(i);

Bli+1) = || 202, (AxVi(9) By, + Cp Vi (i)' D) + 329 (E;Va(i) Fy + G;Va(i)T H;) —
a()U(@)|[;

B + VUG + 1) = Y (AVi(i)Be + CVi(i)'Dy) + Y- (EjVa(i)Fy +
G;Va(i)" Hy) — a(i)U (4);

7(1) = —7(i — Da(i)/B(i + 1);

a(i+1) = (|| h_(ATU (i + 1)BL + DU (i + 1) Cx) — B(i + 1)Va(4) ||
+I X1 (BIUGi+ ) FF + H;U (i + 1)TGy) — B+ 1)Va(i)| )YV

ali+1)Vi(i+1)=>"0_(ALU(i + 1)Bf + DyU(i + 1)TCy) — B(i + 1) Vi (4);
a(i+)Va(i+1) =Y (EJUG + 1) F] + H;U (i + 1)TGj) = B(i + 1)Va(i);
Y(@) = B+ 1)§(E) /(B + Dw(i) — (i),
X (i) = Z1(i) = (1) (),
V(i) = Za(i) — () 22(4).

Similarly for Algorithm 10, we can obtain

S h_1(Br @ Al + P(Dy, @ C})))

o00) = 470 = 0000) = (S0 5 28 T Gl

> vec(M), (26)

p(1)p(1) = Av(1) — p(1)p(1)
= (Sho (Bl @A+ (DE@CyP) Y1 (FF @ Ej+ (HI @ G)Q) )v(1), (27)
0(i + 1)o(i + 1) = ATp(i) — p(i)v(i) — 6(i + 1)v(i + 1)

(X (Br® Al + P(D, @ C))

- (R e B L ot k) ) 0 = plint) o9

pli + 1)p(i+1) = Av(i+ 1) — (i + 1)p(i) — p(i + 1)p(i + 1)

= ( Xho(Bi @ A + (D @ Cr)P) Y1 (Ff @ B; + (H @ G5)Q) )v(i+1) — 0(i+ 1)p(i).
(29)
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From (26)-(29), we define

P(i) = vec(P(i)), wv(i)= <Z22E“28;> ’ -

where P(i)R$*t, V} (i)R™ ™ and V5 (i)R™>™ fori = 1,2, .... We can get

I
M=

p
= (ALMB[ + DyM"Cy), (E] MF} + H;M"G}),

k=1 j=1
(31)
p q
p()P(1) =Y (AVi(1) By, + CVi(1)TDy) + Y (BjVa(1)F; + G3Va(1)THy), (32)
k=1 J=1
p
0(i+ 1)Vi(i +1) = > (AL PB{ + Di.P[ Ck) — p(i)Vi(i + 1), (33)
k=1
q
0(i+ 1)Va(i + 1) = Y (Ef BiF} + H; P G}) — p(i)Va(i + 1), (34)
j=1
p
pli+ )P(i+1) =Y (AgVi(i+ 1)By + CiVi(i + 1) Dy)
k=1
q
+> (BjVali + 1)Fj + GVa(i+ 1)T Hy) — 6(i + 1) P(3). (35)

7=1
By considering (31)-(35), we can extend Algorithm 10 for solving (12) and (13) as follows.

Algorithm 12. (The variant 2 of matrix LSQR method to solve (12) and (13))

0(1) = (Il Zh=1 (AT M B + DkMTCy)| P + || o (Bf MF] + HiMTGy)|[*) Y2
O()Vi(1) = Y b (ALM B +DpMTCy), 0(1)Vo(1) = Y1 (Ef MF} +H;M"G;);
p(1) = || 25— (AVi(1) B + CeVi(1) T D) + X29_ (B Va(1) Fy 4+ G3Va(1) " H;) ||,
p()P(1) = Y23 (AVi(1) By + CeVi(1)T D) + Y0 (B Va(1) Fy + G V(1) " Hj);

1(); Q1) = Va(l)/p(l); &) = 0(1)/p(1); X(1) =
1 :

Fori =1, 2, ..., until convergence, do:

0(i+1) = (| 0_ (ALP.B] + DyPTCy) — p()Vali + 1|12 + || 0y (BT BFT +
H;PIGj) = p(i)Va(i + D)%

0(i + DVi(i + 1) = 320 (AL BB + D P/ Cy) — p(i)Vi(i + 1);
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0(i + D)Va(i +1) = X9 (E] BF} + H;P/ Gj) — p(i)Va(i + 1);

pi +1) = || 02 (AVa(i + D) By + CeVa(i + 1)"Dy) + 31 (EjVa(i + D EF; +
GiVa(i + 1)TH;) — 0(i + 1) P(i)||;

p(i+1)P(i+1) =320 (ApVi(i+ 1) B+ CpVa(i + 1) Di) + 30 (B Va(i+ 1) Fy +
G;Va(i +1)TH;) — 0(i + 1) P(i);

M@ +1) = Vi +1) =06+ D) /p(i +1); Q@i +1) = (Va(i +1) -
0(i +1)2(i))/p(i + 1);

§(i+1) ==£(@)0(i +1)/p(i+1);
X(@+1)=X0)+ &6+ D)+ 1);
Y(i+1)=Y(@)+ &0+ 1)Q03 +1).

The stopping criteria on the above algorithms can be used as

p
1M = 3 (ApX () B+ Cu X (0)TDy) — Y (B;Y (i) Fy + G ()T Hy)|| <,
k=1 J=1

£~}

where £ > 0 is a small tolerance.
We can easily show that the periodic Sylvester matrix equation (14) is equivalent to the
following Sylvester matrix equation

AXB +CXD =€, (36)
where
0 0 A 0 Bs 0
A2 0 . ‘. . ~ o~ ~
A= . . ) B= ) oL ) C:dlag (Cla02a"'a0)\>a
- : 0 B
0 Ay O By 0 --. 0

D= dlag (ﬁl,EQ, ...,Zj)\> y £ = dlag (El,EQ, ...,E}) y X = dlag ()?2,5(:3, ...,5(:)\,5(:1> .

By Algorithms 11 and 12, we can compute the solutions of the Sylvester matrix equation
(36). But obviously the size of (36) is also large. By considering (14), (36) and applying Al-
gorithms 11 and 12, we propose the following algorithms for solving the periodic Sylvester
matrix equation (14).

Algorithm 13. (The variant 1 of matrix LSQR method to solve (14))
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0, for 1=1,2,...,\

B(L) = (SHIEIPDYZ Ui(1) = Ey/B(1) for 1=1,2,.., )

Set Co = C», Do = Dy, Up(1) = Ux(1);

a() = (i AT U B] + G, Ui (1) D7)/

a(1)Vi(1) = ATU,(1)BT + CL U _1(1)DE |, for 1=1,2,...,);

Set Vair (1) = Vi(1);

Fori=1,2, ..., until convergence, do:

§(i) = =¢(i = 1)B(2) /ali);

Z1(i) = Zi(i — 1) + EDVi(@), for 1=1,2,..., \

w(i) = (r(i — 1) = Bli)w(i — 1)) /a(i);

Qi) = Qi — 1) + w@)Vi(@), for 1=1,2,..,\

Bli+1) = (X0, [|AVi(i) By + CiViga (i) Dy — a(i)Ui(3)[|2) V3

B+ 1D)U(i + 1) = AVi(§) By + CVig1 (i) Dy — a(i)Ui (i), for 1=1,2,.., X
(i) = —7(i — Va(i)/B(i + 1);

Set Up(i + 1) = Uy(i + 1);

a(i+1) = (S 14T U + 1) B + CL Ui (i + D)D) — B+ D))/
a(i + Vi@ + 1) = ATUG + )BF + CLU_1(i + 1)DE, — B(i + 1)Vi(i),
for 1=1,2,..,

Set Vay1(i +1) = Vi(i + 1);

v(i) = B+ 1)&0)/(B(i+ Dw(i) — 7(3));

X(i) = Z1(i) — v(D)(i), for 1=1,2,... X\

Set Xxy1(i) = X1 (i).
Algorithm 14. (The variant 2 of matrix LSQR method to solve (14))

Set 5’0 = 5’)\, 150 = f))\, EO = EA;

Complimentary Contributor Copy



Recent Developments in Iterative Algorithms ... 255
6(1) = (S AT EB] + G Era D[P
0(1)Vi(1) = ATE,BF + CT (B, 1D |, for 1=1,2,..,\
p(1) = (X0 JAVI(0) By + CiViga () Dl )/,
p(V)P(1) = AVi(1)By + CiViga(1) Dy, for 1=1,2,.., A
Q1) =Vi(1)/p(1); £(1) =0(1)/p(1); Xu(1) = &) U(L), for 1=1,2,.. .\
Fori =1, 2, ..., until convergence, do:
Set Py(i) = Py (i);
0(i+1) = (i 1AT R B] + CLy Pea () Dy = p(i)Viti + DIIP)Y2%
0(i+1)Vi(i+1) = AT P () BF +CF P (i)DF | — p(i)Vi(i +-1), for 1=1,2,.., X
Set Vap1(i+1) =Vi(i + 1);
p(i+1) = (30 |AVi(i + 1) By + CiViga (i + 1) Dy — 0(i + 1) Bi(3)[|2) V%
p(i+1)P(i+1) = AVi(i+1)Bi+CVig1(i+1) Dy —0(i + 1) P (d), for 1=1,2,...,\;

Qi+ 1) =Vi(i4+1) =06 + D)) /pli+1), for 1=1,2,... A
E(i+1) =—£(0)0(i +1)/p(i+1);
Xi(i+1)=X() + 6+ D)6+ 1), for 1=1,2,..., X

Set Xaq1(i+1) = X1(i +1).

The stopping criteria on Algorithms 13 and 14 can be used as

A
J > NE — AXi(i) B — X () Dil? < e,
=1

where € > 0 is a small tolerance.

5. The Matrix Form of Bi-CG and Bi-CR Algorithms

To solve nonsymmetric linear systems Ax = b where A is an m x m real nonsymmetric
matrix and b is an m-vector, the Bi-CG and Bi-CR methods have been proposed as an

extension of CG and CR, respectively.

First we present the Bi-CG algorithm and then based on the Bi-CG derivation, we present
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the Bi-CR algorithm. There are several ways to derive the algorithm of Bi-CG. Here we
give the details of one of the simplest derivations [61]. By using Ax = b and a dual linear
system ATz* = b*, we obtain the following 2m x 2m symmetric linear system

G)T é) @) — <bb> . or Az =b. (37)

Now for solving (37), we apply the CG algorithm with the following preconditioner:

O I
P:<1 O). (38)

Hence the resulting algorithm at the n-th iteration step can be written as:
]an = P_l"zn + ﬁn—lﬁn—la

(P, )
(Dns Apn)

Tpt1 = Tn + QpPn,

Qp = )

'Fn—i-l = fp — anA]ana

(P_l"zn—i-la "A"n—i-l)
(P17, )

ﬁn:

Substituting P~ of (38) and the vectors

By = <x> i 1= <r> b = <p> : (39)
Tn Tn pn

into the previous recurrences, we obtain the following Bi-CG algorithm [58].

Algorithm 15. (Bi-CG algorithm)
xq is an initial guess, ro = b — Ax,
choose r{; (for example r§ = ro),
setp* 1 =p_1=0,61=0,
forn = 0,1, ..., until convergence, do:
Pn = Tn + Bn-1Pn—1,
Py =13+ Bno1D 1,

Sp = Apn,

sy = ATpr,
J— <7':“7'n>

An = Tpx )

Tptl = Tp + QnpPn,
Tntl = Tn — QpSnp,
* ok *
ﬁ — <7":L+177"n+1>

" (rrn)
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By using the preconditioned CR method with the preconditioner (38) to symmetric
linear system (37), we have
]an — P_l"zn + ﬁn—lﬁn—la
(P~ Y7, AP 17,)
(P=1Ap,, Apy,)

n 9

Tp1 = Tn + O Pn,

'Fn—i-l = fp — anA]ana

P 1¢,.,, AP~ 1
Tn+1, Tn+1

== p1r, AP-1r,)

Substituting P~1 of (38) and vectors (39) into the previous recurrences, we obtain the
following Bi-CR algorithm [58].

Algorithm 16. (Bi-CR algorithm)
xq is an initial guess, ro = b — Ax,
choose r( (for example vy = 1),
setp’y =p_1=0,081=0,
forn = 0,1, ..., until convergence, do:
Pn = Tn+ Bn_1Pn-1,
Pl =4+ Bu1ph 1,

Sp = Apn,
sy = AijL,
t, = Arp,,

J— <T:L7tn>
On =I5k sn)”

Tptl = Tn + QpPnp,
Tnd1l = Tn — QpSp,
Tnal = Tn = QnSp,
thi1 :< A""n+1:>
T 7tn
Bn = 72:“_;‘1,1%";_1
In [37], Algorithms 15 and 16 were developed to solve the generalized Sylvester-

transpose matrix equation
p

> (AXB;+CiX"'D;) = E, (40)
i=1
where A;, B;,C;, D;, E € R™*™ (; = 1,2,...,p)and X € R™*™, By using Kronecker
product and vectorization operator, the generalized Sylvester-transpose matrix equation
(40) can be transformed into the following nonsymmetric linear systems

( P (B ® A + (DF @ C))P) ) vee(X) = vec(E), 41)
~ —— T
A x

where A € Rmzxmz, x,be R™ and P € R™**™” jsa unitary matrix [80]. It is obvious
that the size of the above system is large. However, iterative methods will consume more
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computer time and memory space once the size of the system is large. To overcome this
complication, Algorithms 15 and 16 are directly extend to solve (40). By considering the
linear systems (41) and using the vectorization operator, we rewrite vectors r, 1., Pn, D,
Sn» Sy, tn and x,, of Algorithms 15 and 16 into the matrix forms. We can write

rg=b— Axy — ro = vec(E)

— (X0, (Bl ® Ai + (DF @ C) P)) o, 42)
Sp = Apn — Sp
= ( L(B-T ® A; + (DI & Ci)P)) pn, (43)
= ATp: — s*
= ( L(B? @ A; + (DT @ C))P))" p;
= (X1 (Bi@ AT + P(D; © C))) py,, (44)

t, = Ar, — t,
= (Xhi(B] ® 4 + (Df @ C)P)) ry. (45)
By considering (42)-(45), we define:

xn = vec(X,), s, = vec(Sy), (46)
pn = vec(Py), o = vec(Ry), 47
S:L = VeC(S:L)a p:L = VeC(P;:)a (48)
rr =vec(R)), and t, = vec(T,), (49)

where X,,, Sy, S%, Ry, RY, Py, P, T, € R™*™. From (46)-(49), we can get

p
Ry=FE - (AiXoB; + C; Xy D), (50)
=1

p
Sn = (AiP,Bi + CiP] D), (51)
i=1
p
Sy = Z(AzTP;:BiT +DiP;Cy), (52)
i=1
p
T, =Y (AiR,Bi+ CiRLD;), (53)
i=1
Pn = Rn + ﬁn—lpn—la P;: = R:L + ﬁn—lp;:—l (54)
Xnp1 = Xp +an Py, (55)
R,i1 = R, — a, Sy, a1 = Ry, —anS;,. (56)
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For Algorithms 15 and 16, parameters «, and (3,, can be determined respectively as

Chra) (vee(R).vee(R,)) (R Ry)
O pn sa)  (vee(BL),vec(Sn)) | (P Sn) o7
4 (T _ ey vec(Ro)

" (re. rn) (vec(Ry),vec(Ry,))

<R:L aRn+1>
:<%ﬂm’ 8
nd (it (vee(RS) vee(T))  (RoTo)
W= ooy (vee(Sa),vec(Sn)) Bk ) 9
g i tug) (vl ), vec Toe)
" (re tn) (vec(Ry), vec(Ty))
<R:L aTn+1>
:<%m»' (©0

Here by applying (46)-(60), we present the matrix form of Algorithms 15 and 16 for finding
the solution of (40).

Algorithm 17. (Matrix form of Bi-CG algorithm to solve (40))

Xo € R™*™ js an initial guess and
Ry=F — Zle (AzXoBz + CngDz),
choose R, (for example Ry = R),
set le =P 1=0, ﬁ_l =0,
forn = 0,1, ..., until convergence, do:
Pn = Rn + ﬁn—lpn—l,
=R}, + B P4

Sn =11 (AP, B; + C; Py D),
Sy =2 (ATPBY + DiPyTCy),
RS
Xn—i—l =X, +an Py,
Rn—i—l =R, — anSn:

s = Ry — S
/8 _ <R:L+17Rn+1>
T (R, Ra)

Algorithm 18. (Matrix form of Bi-CR algorithm to solve (40))

X € R™*™ s an initial guess and
Ry=F — Zle (AzXoBz + CngDz),
choose R}, (for example R = Ry),
set le =P 1=0, ﬁ_l =0,
forn = 0,1, ..., until convergence, do:
P, =R, + ﬁn—lpn—l,

= R; + ﬁn—lpn_l
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Sp =" 1 (A;P,B; + CiPI'Dy),
Sy =" (ATP:BI + D;P:TCy),
T, = S (A;R,B; + C;RLD)),

Xn—i—l =X, +ap Py,

Ry = Ry, — a5y,

Ry = R — 0,5,

Tt = >¢ 1 (AiRn1Bi + C;RL 1 D),
o <R:L+17Tn+1>

I

6. The Matrix Form of CGS Algorithm

The CGS method is based on the Bi-CG method and not the original CG algorithm
for solving Az = b. One major drawback of Bi-CG method is that it requires a multipli-
cation with the transpose of A. A number of hybrid Bi-CG methods such as CGS have
been presented to improve the convergence of Bi-CG and to avoid multiplication by A”.
The CGS method avoids using A7 and accelerates the convergence by squaring the Bi-CG
polynomials [59]. The CGS algorithm can be summarized as follows [34].

Algorithm 19. (CGS Algorithm)

Choose xy € R™;

Set pg = ug =19 = b — Axg, v9 = Apo;
Choose 1 such that pg = (ro, 7o) # 0 (for example 7o = 1¢);
Forn = 1,2, ...until (||rn—1]|/]|0||]) < &, do:
Set on—1 = (Un-1,70), On—1 = Pn—1/0n—1;
gn = Un—1 — Opn—1VUn—1,

Set xy, = xp_1 + an—l(un—l + Qn);

'm = Th—1— an—lA(un—l + Qn);

Set Pn = <7"na ?O>: ﬁn = pn/pn—l;

Up = Tn + ﬁn(bz;

Pn = Up + ﬁn(QH + ﬁnpn—l); vy, = Mpy,.

In the above algorithm, the stopping tolerance € is a small positive number. In exact
arithmetic, Algorithm 19 terminates after a finite number, say n*, of iterations. In [38],
Algorithm 19 was generalized to solve the general coupled matrix equations

p
ZAinjBij =C;, 1=1,2,..p, 61)
j=1

where Aij, Xj, B,‘j € R"™*™ for i,5j=1,2,...,p.
By means of Kronecker product and vectorization operator, the general coupled matrix
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equations (61) can be transformed into the following linear systems:

Bﬂ ® A B%; ® A1a ... B%—' X Alp vec(Xl) vec(C’l)
Bgl ® Aoy B%; ® Ags ... B2p ® A2p VQC(XQ) VQC(CQ)
. . . . = ) . (62)
Bl ®A,y BL®Ap ... Bl @A, vec(X,) vec(Cp)
A T b

The dimension of the associate matrix A is high when m is large. In order to overcome this
problem, we obtain the matrix form of Algorithm 19 for solving (62). Applying Algorithm
19 for (62) gives us:

po =up =19 =">b— Axg

B?l ® A1 B?Q ® A1a ... B%;) X Alp
Bgl ® Aoy B%; ® Agg ... ng X Agp
—b— _ _ ] ] x0, (63)
BLi® Ay Bly®Ap ... Bl,® Ay,
B%:l ® A1 B;& ® A1a ... B?P X Alp
B21 ® Aoy B22 ® Ago ... 32 X Agp
vo = Apo = : : : ! : Po; (64)
BLi®An Blh®Ap ... Bl,®Ay,
'm = Th—1— an—lA(un—l + Qn) =Tn—1— 0pn—1
Bﬂ@AH B%;@Alg B{ ®A1p
Bgl ® Aoy B%; ® Agg ... 32 X Agp
X : : . (n—1 + gn)- (65)
Bli®Ay BhL®Ayn ... Bl,®A,
Noting that (63)-(65), the following vectors are defined
vec(Ch) vee(X1 ) vec(Ut p)
vec(Cy) vee(Xa.p) vec(Us,p)
b= . y Tp = . y Un = . ) (66)
vec(Cp) vec(Xpn) vec(Up,n)
vec(Vin) vec(P1 ) vec(Q1,n)
vec(Va,p) vec(Pa ) vec(Q2,n)
Up = . y Pn = . y n = . s (67)
vec(Vpn) vec(Ppp) vec(Qpn)
vec(Ry p) Vec(él 0)
vec(Ra ) _ vec(R
Tn = . " , and 79 = ( 270) ) (68)
vec(Rpn) vec(Ry,0)
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where Ci, Xin, Pins Qims Uiy Vins Rimy Rig € R™™ for i = 1,2,..,pand n =
0,1,2,.... Substituting (66)-(68) into (63)-(65) gives us

vec(P o) vec(Ut o) vec(R1,0) vec(Ch — ?:1 A1;X;0B1j)
vec(Py ) B vec(Us,) B vec(Ra) B vec(Cy — Z?:l A2; X 0Baj)
vec(P, ) vec(Up,) vec(Rp0) vec(Cp — Z?:l Api X 0Bpj)
(69)
vec(Vin) vec(30_y A1 PjnBij)
vec(Va, vec(>F_ Ag'P»’nt»)
(. 2.n) _ j=112j475,nD2; ’ (70)
vec(Vp.n) Vec(Z] 1 A i Pj.nBpj)
vec(Ry ) vec(R1pn-1) vec(3F_y A1j(Ujn—1+ Qjn)Bij)
vec(Ra,p) vec(Ra pn—1) Vec(zg»’:l A2i(Ujn—1+ Qjn)B2j)
. = . — Qp—1 .
vec(Rp.n) vec(Rpn—1) Vec(Z?zl Api(Ujn—1+ Qjn)Bpj)
(71)

Also by using (66) and (68), the parameters ¢,,—; and p,, can be written as

vec(Vin—1) VeC(ELO)
vee(Va,n—1) vec(Ra,0) >

On—1 :<’U7L—1a?0> = <

vec(Vpn-1) vec(Rp0)

3" (veelVir) vee(Fr)) = Z< e )

=1 =1

and ~
vec(Ry p) vec(Ry o)

pn = (Tp,To) = < VeC(?zm) ; VeC(f%ZO) > = Z <Ri,na E;i,0>-
vec(Rpn) Vec(ﬁno)

From the above discussion, the following matrix algorithm can be constructed for solving
the general coupled matrix equations (61).

Algorithm 20. (Matrix form of CGS Algorithm for (61))

Choose the initial matrices X; o € R™*™, fori=1,2,....p;

Set P;o = Uig = Rip = C; — Z§:1 AijXjo0Bij, Vio = Z§:1 AijPjoB;j, fori =
1,2, .. p;

Choose %i,(] such that po = Y 0_ (R 0. IAi;,-,0> #0, fori=1,2,...,p(for example Ei,(] =
Ri,ofori = 1 2 ,p)
Forn=1,2,...until \/> 0| [|Rin-1]]? <&, do:

Set o, 1 = Zlea/z,n—la Rz,0>: On—-1 = pn—l/o-n—l;
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Qi,n = Uin — an—l‘/i,n’ Jori=1,2,....p;

Set Xin = Xin—1+ an-1(Uin—1 + Qin) fori=12,..p;
Rin=Rin-1—an Z?Zl Aij(Ujn—1 + Qjn)Bij, fori =1,2,...,p;
Set pp, = Z?:l <Ri,na Ri,0>: ﬁn = pn/pn—l;

Ui,n = Ri,n + ﬁnQi,n’ Jori=1,2,...p;

Pin =Uin+ Bn(Qin + BnQin—1);

Vvi’n = Z?:l Aiij,nBij: fOI"i = 1, 2, ceey P

From Algorithm 20 is the matrix form of the original CGS algorithm, therefore in gen-
eral Algorithm 20 has the same properties as Algorithm 19. For example, in exact arith-
metic, Algorithm 20 terminates after a finite number of iterations.

7. The Matrix Form of Bi-CGSTAB Algorithm

One major drawback of Bi-CG algorithm is that it requires a multiplication with the
matrix A”. In many areas, the transpose matrix is not readily available or the multiplication
is difficult to perform. To avoid calculating the matrix A’ and to improve the convergence
rate in Bi-CG, many efforts have been devoted to investigating more efficient methods from
restructuring Bi-CG algorithm [69]. In [60], van der Vorst introduced one of the most suc-
cessful improvement of Bi-CG, known as Bi-CGSTAB. In Bi-CGSTAB, the accelerating
polynomial is defined by using two-term recurrence relations to design the residual polyno-
mial of Bi-CGSTAB. The Bi-CGSTAB is characterized by residuals as:

T = Tn(A)on(A)ro = (I — w1 A)(I — w2 A)...(I — wpA)pn(A)ro,

where rg = b — Axg, ¢, € Pp, ¢n(0) = 1, and the w;’s are chosen to locally minimize
the residual by a steepest descent method, for more details see [29,60]. By computing
the above residual, a more smoothly converging algorithm is obtained. The Bi-CGSTAB
algorithm can be summarized in as follows.

Algorithm 21. (The Bi-CGSTAB algorithm)
Choose xy and compute ro = b — Axg;

Pick an arbitrary vector rq (for example 7o = rq);
Setvg=po=0;,pg =01 =wy =1;

Forn = 1,2, ..., until convergence

o = (T B = (22) (22);

P =Tn-1+ Bn(Pn-1 — Wn—10n-1);

v = App;

On = (Un,T0); Q=22

Sp = Tp—1 — QpUp, tn = Asp;

_ <sn7tn> .
“n = b))
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Tn = Sp — Wply,
Ty = Tp—1 + QpPp + WpSn.

As explained in [60], in exact arithmetic, the Bi-CGSTAB algorithm terminates with
true solution after n < m steps. In [40], the Bi-CGSTAB algorithm was developed for
solving the coupled Sylvester matrix equations

(72)

S (A XB; + C;YD;) = M,
S (E:XF +G;YH;) = N,

where A;, B;, C;, D;, E;, F;, G;, H;, M, N, X, Y € R™*™_ By means Kronecker product
and vectorization operator, we can transform the coupled Sylvester matrix equations (72)
into the linear systems of equations Ax = b with the following parameters:

_ Zf:leT(X)Al Zf:lDzT@)Cl 2m?2x2m? _ VCC(X) 2m?
A‘(zi;lFfm sufea) S T L)) ST
~ [vec(M) o2
_<vec(N)>€]R '

(73)

Obviously the dimension of the above associate matrix A is high when m. In order to
overcome this problem, the Bi-CGSTAB algorithm is directly developed for solving the
coupled Sylvester matrix equations (72). By applying the Bi-CGSTAB algorithm for Ax =
b with parameters (73), we can write

vec(M) SF BT A Y. Drec
=b— A — _ =1 "1 =1 "1 74
" "o <vec(N)> <Zf=1 FI'®E; Zf:l H!' ® G; o 7

k k
S FreE Y. HI'«G )"

k T k T
P BT A; YF, DIec
t, = As, = Zz—l % 2 i=1""14 s, (76)
" " (Zﬁﬁ?®& Zﬁﬁg®0) "

By considering the above equations, we define

(75)

e () me (i) == (Sg). o
o= (1R e (i) = () s = ()
(78)

where X,,, Y, Pins Sins Tims Piny Rimy Rig € R™™ fori = 1,2andn = 0, 1,2, .... By
using these definitions, the scalars p,,, 0, and w,, can be written as

o s (e, ()
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= <VCC(R1’H_1),VCC(§1’0)> + <VCC(R2’H_1),VCC(§2’0)> = <R1,n_1, §1,0> + <R2,n_1, §2,0>,

(719)
on = (0 7o) = (Vi Fr0) + (Vo o). (80)
o — (S tn) _ <Sl,naTLn> + <52,n,T2,n> _ <51,n,T1,n> + <S2,n;T2,n>' 1)

st (T, T ) + (T Tom) 173l 12 + 11Tl P

From the discussion above, we obtain the matrix form of the Bi-CGSTAB algorithm for
solving the coupled Sylvester matrix equations (72).

Algorithm 22. (Matrix form of the Bi-CGSTAB algorithm for solving (72))
Choose initial matrices X, Yy € R™*™;

Compute RLO =M — Zle (A,;XQB,; + CzYE]Dz) and R270 = N — Zle (E,;XQFi +
GiYoH;);

Pick arbitrary matrices El,o, IAi;g’o € R™™ (for example EI,O = Ry pand Ego = Rao);
SetVig=Vog=Pog=Po=0,po=ar =wy=1;

Forn = 1,2, ..., until convergence

pn = (Rin-1, Ri,0) + (Ron—1, Rog); B = (S2o) (52 )s

P, =Ripn1+ Bn(Pin-1—wn-1Vipn-1);

Py =Rop 1+ Bn(Pon—1 —wn-1Von—1);

Vin= Zle(AiPLnBi + CiPy D),

)

Vo = S8 (BiPLoFi 4 GiPon H;);

)

On = <V1,7La §17O> + <V27n, ]A‘_L;270>; oy, = P_n;

Sl,n = Rl,n—l - anVLn; S2,n = R2,n—1 - anVZn;
Ty p = Zle(AiSLnBi + CiS2.,D;);
Ty, = Zle(EiSLnFi + GiSonH;);

<Sl,n7T1,n>+<52,n7T2,n> .
1T1 ]+ T2,n]?

Wp =
Rl,n = Sl,n - WnTl,n; R2,n = S2,n - WnT2,n;

Xn =X 1+ anPLn + Wnsl,n; Y, =Y, 1+ anP2,n + WnSZn-

The stopping criteria on the matrix form of the Bi-CGSTAB algorithm can be used as

k k
IM = (AiXnBi + CYu D)2+ [N = Y (B X, F; + GiY, Hy)|]? <,
i=1 =1
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or

VIIXn = Xnal2+[|Yn — Yot |2 <5,

where € > 0 is a small tolerance.

8. The Matrix Form of QMRCGSTAB Algorithm

The QMRCGSTAB algorithm is a biorthogonalisation method for solving nonsymmet-
ric linear systems Az = b which improves the irregular behaviour of Bi-CGSTAB algo-
rithm. This method is based on the quasi-minimisation of the residual applying the standard
Givens rotations that lead to iterations with short term recurrences [4]. The pseudocode for
the QMRCGSTAB algorithm can be summarized as follows.

Algorithm 23. (OQMRCGSTAB algorithm )
Choose the initial guess vo € R"™, ro = b — Axy,
choose r{ (for example r§ = ro),
po=vo=us=0, po=ag=wo=1; 7=||ro||, 8o =0, no =0,
fork=1,2,...do
Pk = (15, Th=1); Br = (prok—1)/(Pr—1wWk—1),
Pk = Tk-1 + Be(Pr—1 — Wk—10k-1),
vk, = Apy,
ag = pr/(r5, V),

Sk = Tk—1 — QgUL,
0y, = [Iskl|/7; c=1/4/1+ 5,% F =10k,

]%_1771»@—1
o k—1

e = C Qg Uy = P +
Tp = Th—1 + Nk,
th = Asg; wr = (Sk, tr) /[ (t, th),

T = Sk — Witk Ok = ||Tk]| /Ty c=1/4/1+ 5,% T = 70k,

02 i
Mk = wiy ug = Sk + o Uk,
Tk = Tk + MUk,

if xi is accurate enough, then quit,
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end.

In exact arithmetic, the QMRCGSTAB algorithm terminates after a finite number, say
k*, of iterations (for more details about QMRCGSTAB algorithm see [4]). In [39], the
QMRCGSTAB algorithm was extended to find the solution of the general coupled matrix
equations

l
> (AinjXaBiaj+ AigjXoBioj+ ..+ AijXiBigy) =C; for i=1,2,.,1, (82)
j=1
where A; i j, Bik,j, Xi € R™*" fori,j,k = 1,2,..,1. Also the extended QMRCGSTAB
algorithm was proposed to solve the periodic coupled matrix equations

{ Ay X B1t +CraXer 1Dy + E1 Ve Fie = G,

for t=1,2,..,¢, 83
Ao 1 X Bt + CotXir1 Doy + E0 1 Vi For = Gay, ¢ (83

where the coefficient matrices Aj¢, B, Cjt, Djt, Ejt, Fjt, Gjr € R™ ™ and the solutions
Xy, Ve € R™ ™ are ¢-periodic for j = 1, 2.

To solve (82) by the QMRCGSTAB algorithm, we need to transform (82) into linear
system Az = b. By using the Kronecker product and vectorization operator, we can trans-
form (82) into the following system:

Z{ (B ® Ay y) 2—1(312;®A12) Zzlj:1( 11;®All)
> = 1(B21;®A21 ) 23:1(322,;@’1422 ) > j—1(B 21;®A2l )
Zé’:ﬂle;@All ) Zé’:l(Bl2] ® Aigg) - Z§:1(Bzz; ® Arg)
A
vec(X7) vec(Ch)
vec(X5) vec(Cy)
X . = . )
vec(X)) vec(Cy)

z b (84)
where A € R?*n*l and 2, b € R™!. Obviously the dimension of the associate matrix A
is high when n or [ is large. Iterative methods like the QMRCGSTAB algorithm take much
computer time and memory for solving the large systems (84). Also the solutions obtained
by iterative methods are not accurate enough. To overcome these complications, we directly
extend the QMRCGSTAB algorithm for solving (82). For this purpose, we substitute the
parameters of linear systems (84) into the QMRCGSTAB algorithm. We have

ro=b— Axyg —

VeC(Cl) Zf 1(B1 1,5 ® Al 1 J) Z;j:l(B%:Q,j ® ALQJ) T Z%:I(Bflﬁj ® Al,l«,j)
vec(Ca) 2771(32,1,7 ®A215) 35o1(Bloy; ®A2n) o 351 (BI, ® Az ;)
To = . - . . . . xo,
vee(Cy) S (Bl ®Auy) Xy (Bl©Aeg) o i (Bl ® Avy)
(85)
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22:1(3514 ® A1,1,5) 22:1(3524‘ ® A12,5) - 22:1(sz,j ® At1,1,5)
S (BY @ As;) X5 (BI, ®Ass;) o X5_(BY ®As;)
v = Apg — v = : : : Pk»
22:1(351; ® Ap1,5) 22:1(BZT,QJ ®Ai2,y) o Z‘lj:l(qu:lJ ®Arj)
(86)
and
}:1(3514 ® A1,1,5) }:1(3524 ® Arzj) - }:1(3514 ® A1)
i (Bii; ®Azny) 34 (Bia; © Azzg) - 35 (B ® Azuy)
tr = Asp — t, = . . . . Sk.
S (Bl @A) Y (Blay ® Avgy) o Y (Bl @ Avy)
Now from the above equations and the QMRCGSTAB algorithm, we define: ®7)
vec(R1(k)) vec(Vi (k)) vec(S1(k)) vec(Py(k))
vec(Ra(k)) vec(Va(k)) vec(S2(k)) vec(Pa(k))
Tk: = : 9 Uk: = . ’ Sk: = : ) pk: - : )
vec(R;(k)) vec(Vi(k)) vec(S;(k)) vec(P;(k))
(88)
vec(R;(k)) vec (T (k)) vec(X1(k)) vec(U; (k))
vec(R5(k)) vec(Ta(k)) vec(Xo(k)) vec(Usz(k))
7”]: = . y ty = . , Tk = . , Uk = : y
vee(R? (k) vee(Ti (k) vee(X, (k)) vee(Ui(k))
(89)
vee(X (k) vec(Uy (k))
vec(Xa(k vec(Usz(k
5 — | I g | e 90)
vec(X;(k)) vec(Uy(k))

where Ri(k), Vi(k), Si(k), Pi(k), Ri (), Ty(k), Xi(k), Us(k), Xi(k), Us(k) € R™" for
i1=1,2,..land kK = 0, 1, 2, .... By substituting the definitions in (86)-(87), we can get

vec(R1(0)) vec(C1 — Zl,-zl (A1,1;X1(0)B1,1; + A12,X2(0)B12,j + ... + A1,1,;X:1(0)B1,1,5))
VeC(RQ(O)) VeC(CQ — Zj:l (A2717jX1 (O)BQJJ‘ + AQVQJ‘XQ(O)BQVQJ‘ + ...+ AQJJXL(O)BQJJ'))
vec(Ri(0)) vec(Cr — le:l(Al,l,le(O)Bl,l,j + A2, X2(0)Bi2j + ... + A1, Xi(0) By j))
On
vec(Vi (k)) VeC(le:l (A1,1;P1(k)B1,j + A12,j Po(k)Bi2,j + ... + A11,;Pi(k)B1.j))
VeC(‘/Q (k)) vec(zjzl (A2717jp1 (k)BQJJ + A2727j PQ(k)BQVQVj 4+ ...+ Azylyjpl(k)Bzylyj))
vec(Vi(k)) Vec(zljzl(Al,l,jpl(k)Bl,l,j + Ai2,i Pa(k)Biz,j + ... + A Pi(k)Biig))
92)
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and
vee(Ty(k)) vee(32h_1(A1,1,;S1(k)B1,1,j + A1,2,S2(k)B12,j + ... + A1, S1(k)B1,,))
VeC(TQ(k)) VeC(ijl(AQJJ S1 (k)BQ,l,j + AQ,QJ SQ(k)BQQJ + ...+ Ag’lﬁj Sl(k)BQ’lﬁj)) (93)
VeC(Tl(k)) VeC(Zézl(Al,l,jsl (k)Bl,l,j + Al’g’j.SQ(k)Bl’Q’j + + AUJSZ (k)Bl,l,j))
Also we have
vec(R7;(0)) vec(Ri(k — 1))
. vec(R5(0)) vec(Ra(k — 1)) L .
o=t = (|| ; ) = (R0, Bulk — 1),
: : i=1
vec(R;(0)) vec(Ry(k — 1))
%94)
l
ak = pr/ (s, ok) = pr/ Y _(R;(0), Vi(k)), (95)
i=1
and
l l
w = (sk, k) /(o te) = D _(Si(k), Ti(k))/ > (Ti(k), Ti(k)). (96)
i=1 i=1

From the discussion above, the matrix form of QMRCGSTAB algorithm for solving (82)
can be given as follows.

Algorithm 24. (The matrix form of QOMRCGSTAB algorithm to solve (82))
Choose the initial guesses X;(0) € R™™" fori = 1,2, ..,1,

Ri(0) = Ci =51 (Ai1 jX1(0) Bi1 j+ Ai2,jX2(0) Big j + -+ Ai ;X1(0) By ), for
i=1,2,.,1
choose R (0) (for example R} (0) = R;(0)), fori =1,2,..,1

PZ(O) = ‘/;(0) = UZ(O) = 0, for 1 = 1,2,..,l po = Qg = Wy = 1; T =

l
(Xict [[R:(0)|[*)'/2, 60 = 0, 10 = 0,
fork=1,2,...do

pr = St (RE(0), Ri(k — 1)); B = (prck—1)/ (Pr—1wi—1),
Pi(k)=Ri(k — 1)+ Br(Pi(k — 1) —wi_1Vi(k — 1)), fori=1,2,..,1,

‘/;(k) = Zé‘:l(Ai,l,jpl(k)Bi,l,j + Ai727jP2(k)Bi727j + ...+ Ai,l,jpl(k)Bi,l,j)s for

ar, = pr/ Yiet (R} (0), Vi(k)),
Si(k) = Ri(k— 1) — o Vi(k), fori=1,2,..,1,

O = (Sl 1Si (R ri e = 1/y/1 4 837 = e,

2
e = Cag: Uy(k) = Pi(k) + 2=y (k — 1), fori = 1,2, .1,

g
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Tz(k‘) = Zé’:l (Ai,l,jsl(k)Bi,l,j + Ai’QJSQ(k‘)Bi’QJ + ...+ Ai,l,jSl(k)Bi,l,j)a for

wi = Y25 (Si(k), Tak)) ) iy (Th(k), Ti(k)),

Ri(k) = Si(k) — wpTy(k), fori = 1,2,.,1, 6, = (X'_, [|R(k)|[2)V/2/7: ¢ =
1/\/1+ 63, 7 = Toje,

M = s U(k) = Si(k) + ERT(k), fori = 1,2, .,1,

X;(k) = Xy(k) + Ui (k), fori =1,2, .1,
if X;(k) are accurate enough fori = 1,2, .., [, then quit,

end.

The stopping criteria on Algorithm 24 can be used as

l l
Z Z A1 X1(k)Binj + Aig i Xo(k)Bigj + .. + Ay j Xu(k) Biyj)l1? < e,

or

ZIIX (k=DI? <e,

where £ > 0 is a small tolerance.
We can easily show that the periodic coupled matrix equations (83) are equivalent to
the following generalized coupled Sylvester matrix equations

A1 XBy+Ci XD+ EYF, =G, 97)
As X By + CoX Doy + E3Y Fy = (o,
where
0 cee 0 .Aj,l 0 Bj2 0
Ajo 0 . .
Aj = . ) s Bj = : . s Cj = diag (Cj,l,Cj,Q, ...,Cj’qg) s
c. : 0 Bj@
0 Ay 0 Biix 0 - 0

Dj = diag (Dj’l,Dj’Q, ...,Dj,qa) y Ej = diag (Sj’l,gj,z, ...,Sj,qa) y Fj = diag (.7‘-]',1,.7‘-]',2, ...,.7‘-]',45) y

G; = diag (G;1,Gj2,-..Gje), X = diag (X2, Xs,..., X, X1), Y = diag (V1, V2, ..., Ve) ,

for 5 = 1,2. It is obvious that the size of the matrix equations (97) is large. By consid-
ering (83), (97) and Algorithm 24, we extend the QMRCGSTAB algorithm for solving the
periodic coupled matrix equations (83) as follows.
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Algorithm 25. (The matrix form of QMRCGSTAB algorithm to solve (83))

Choose the initial guesses X;(0) € R™*™ and );(0) € R™*" fort =1,2,.., ¢,

set Xp41(0) = &1(0), and Yy11(0) = V1 (0),
' le,t(;)) =Gt — A1 X (0)Bj s — Cj 1 X41(0)Djp — £+ (0)Fjy, fort =1,2,.., ¢ and
J=454L4

choose R7 ,(0) and R3,(0) (for example R7 ,(0) = R1,4(0) and R ,(0) = R2.(0)), for
t=1,2,...,

P;(0) =V;4(0) =U;4(0) =0, fort =1,2,..,¢and j = 1,2,

po =g =wy =15 7= (S0, [[|R14(0)|[ + || Rai(0)|[2)) /2, 6 = 0, mo =0,
fork=1,2,...do

i = 01 [(R} (0), Ry g(k—1))+ (R} ,(0), Ros(k—1)), B = (prose—1)/ (Pr—16k-1)-

Pj (k) = Rji(k—1)+B(Pji(k—1) —wi_1Vj(k—1)), fort = 1,2, ..,¢and j = 1,2,
set P1’¢+1(k‘) Pl’l(k‘) and P2’¢+1(k‘) Pg’l(k‘),

Vj’t(k‘) = .Aj’tpl’t(k‘)Bj,t —I—C ',tpl,t—i-l(k')(k')pj,t —I—g"tpg’t(k‘)}-j’t, fort = 1, 2, .y gband
J=12,

ar = pr/ S0 [(R] (0), Vie(k)) + (R ,(0), Vau(k))],

Sji(k) =Rk —1) — o Vju(k), fort =1,2,..,¢and j = 1,2,
set Sl’¢+1(k‘) = Sl’l(k‘) and Sg’¢+1( ) 52’1( ),

(S 1SR + [|Sa,0(R)[)Y2 /75 ¢ = 1/3/1 4 6, 7 = Thie,

O

2
Mk = Aoy, Uj (k) = Pjy(k) + ek—l"‘“‘lUj,t(k —1), fort =1,2,..,¢and j = 1,2,

g

)?t(k) = Xt(k - 1) + ﬁkﬁl,t(k)’ fort = 1a 25 =0y ¢a
Yi(k) = Vy(k — 1) + uUs(k), fort =1,2, .., 6,

Tj’t(k‘) = Aj,tSLt(k:)Bj,t —|—C',t51’t+1(k‘)(k‘)pj’t + 5j,tS2,t(k)~7:j,ta fort = 1, 2, .y gband

W= g [(Suak), Tra(R) + (S, Toa(k))/ S0 [(The(R), Tua(k)) +
(To1(k), To.x(K))],

Rj(k) = Sji(k) —wiTji(k), fort =1,2,..,¢and j = 1,2,
O = (L[l Rui(R)| 2 + | Roa(R)|[P)Y2/7, ¢ = 1/3/1+ 62, 7 = Ty,

N2~ ~
e = o, Uje(k) = (k) + 22054 (k), fort =1,2,..,¢and j = 1,2,

)
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X, (k) = Xy(k) + meUp (k). fort =1,2,..,¢,

Vi(k) = Yi(k) + milsy(k), fort =1,2, .., ¢,
set X¢+1(k‘) = Xl(k‘) and y¢+1(k‘) = yl(k‘),
if X;(k) and ), (k) are accurate enough for ¢t = 1,2, .., ¢, then quit,
end.

We can the stopping criteria on Algorithm 25 as follows

2 ¢
11Gjt — Aj X (k)Bji — Cj X1 (k) Djp — Eiai(k) Fjal* < e,

7j=1t=1

where € > 0 is a small tolerance.

9. Numerical Results

In this section, some numerical examples are proposed for the validation of the proposed
methods. We performed our computations using Matlab software on a Pentium I'V.
Example 1. Consider a system of matrix equations in the form of

AX1B+CXeD =M,
{ EX\F+GXoH =N,

with the following parameters

1 1 2 -3 4 2 2 3 1 1 4 3 4 4 1
3 4 2 2 1 0 5 4 -2 -2 -2 -2 3 4 4
A=|0o 4 7 2 4|, B=|2 3 4 1 1]|,c=|5 6 5 0 1],
-1 -1 -1 2 4 2 0 2 0 1 5 4 5 3 3
4 4 3 2 1 -3 -3 1 2 2 1 2 0 0 1
-2 -1 -2 3 2 1 23 1 2 1 2 3 -1 -1
6 5 4 4 3 01 2 3 1 3 0 0 3 3
D=|2 3 2 1 1|, E=|4 4 2 1 3|, F=|1 2 3 0o -2/,
1 1 2 41 1 00 -1 0 -1 -1 2 2 3
0 0 2 3 2 2 45 3 2 5 4 5 4 4
1 2 1 1 2 4 3 2 1
3 3 3 1 2 0O -3 -3 -3 2
G=11 2 3 -4 -4, H=]1 1 1 0 O
5 5 5 4 4 1 1 2 3 4
2 =2 -2 =2 1 2 3 4 5 2

It can be verified that these matrix equations are consistent over generalized bisymmetric
matrix pair (X1, X2) and have a unique generalized bisymmetric solution pair (X7, X3)
as follows

2 2 0 4 2 2 0 04 0
2 =2 0 4 2 0 -2 4 0 2
* 5x5 * 5x5
Xi=|0 0 2 0 0feBSRYS, Xj=|0 4 2 0 2|eBSRYY,
4 4 0 0 2 4 0 0 0 O
2 2 0 2 2 0o 2 2 0 2
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with
10 0 00 1 0 0 0 0
01 0 00 0 -1 0 0 0
P=|0 0 -1 0 0] € SOR>, Q=10 0 -1 0 0 |eSOR>™.
00 0 10 0 0 0 1 0
00 0 01 0 0 0 0 -1

By applying Algorithm 3 with the initial matrix pair (X1(1), X2(1)) = 0, we obtain

2.0000 2.0000 —0.0000 4.0000  2.0000
2.0000 —2.0000 0.0000  4.0000  2.0000
X1(33) = [ 0.0000 —0.0000 2.0000 —0.0000 —0.0000 |,
4.0000 4.0000  0.0000  0.0000  2.0000
2.0000 2.0000  0.0000  2.0000  2.0000

2.0000 —0.0000 0.0000  4.0000 —0.0000
0.0000 —2.0000 4.0000  0.0000  2.0000
X2(33) = [ 0.0000 4.0000  2.0000 —0.0000 2.0000 |,
4.0000 0.0000 —0.0000 —0.0000 0.0000
0.0000 2.0000  2.0000  0.0000  2.0000

with corresponding residual
||[R(33)|| = 1.0497 x 101,

The obtained results are presented in Figure 1, where

(X1 (k), Xo(k)) — (X7, X5)]|
(XT, X3

d(k) = logyg and r(k) = logyg || R(K)]|.

From Figure 1, we can see that Algorithm 3 is effective.
Example 2. Consider the system of matrix equations

A1 XD, = Cy,
Ay X Dy = O,

with the parameters
A; = tril(rand(10, 10), 1), As = tril(rand(10, 10), 1) + diag(80 + diag(rand(10))),

D, = triu(rand(10,10),1), Dy = —tril(rand(10, 10), 1)+ diag(70 + diag(rand(10))),

0.4752 1.5819 1.2979 0.3225 2.3894 2.0078 1.7323  0.8166  0.8911
0.2283 1.2500 0.7226 0.5247 1.9341 1.9930 1.6817  1.0292  1.1276
0.5633 2.4746 1.7033 1.2994 4.5379 4.4119 3.9496  2.5569  2.3597
0.4243 2.4563 1.2918 1.1377 5.6673 3.7479 5.0162  3.1931  3.2798
0.8805 2.4842 2.3836 0.9075 5.8859 4.5445 4.6132  3.1371 1.9735
0.8405 2.8620 2.3549 1.2453 7.1221 5.5886 6.7545  4.9200  3.5456 )
0.7069 3.9678 2.1694 1.9116 9.5221 6.9670 9.7375 7.0484  6.7634
0.5821 3.5256 1.8747 1.9998 8.3373 6.8889 9.3980  7.1389  6.6456
1.1014 4.1475 3.1459 1.8569 9.3099  7.8557 10.2282 7.6441  6.8865
0.8221 5.2980 2.6205 2.7589 12.4282 9.3805 14.3536 10.6867 11.6303

Cy

0
0
0
0
0
0
0
0
0
0
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2 Sm————
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-~
of e i
~~~
21
-4+
-6r
-8r
-10F
=12+
14}
-16 L L L L L
0 5 10 15 20 25
k (iteration number)
Figure 1. The obtained results for Example 1.
1.0705 0.0016  —0.0000 0 0 0 0 0 0 0
0.0054 0.8956 0.0009 —0.0000 0 0 0 0 0 0
0.6863 0.0009 0.9202 0.0014 —0.0001 0 0 0 0 0
0.0061 0.8296  —0.0019 1.0586 —0.0021 —0.0000 0 0 0 0
Co = 104 1.0099 0.0089 0.1527 0.0009 0.9575 0.0057 —0.0000 0 0 0
2= 0.0054 0.4600  —0.0088 0.4710 —0.0022 0.7984 0.0012 —0.0000 0 0
0.5210 0.0186 0.2178 0.0099 0.8071 0.0158 0.3886 0.0021 —0.0000 0
0.0131 1.0395 —0.0154 0.6018 0.0012 0.9916 0.0015 0.5023 0.0058 —0.0000
0.9314 0.0064 0.2987 0.0029 0.3508 0.0071 0.3802 —0.0064 0.9823 0.0018
—0.0039 1.0096  —0.0250 0.7476 —0.0117 0.6680 —0.0128 70.6905 —0.0092 1.0990

It can be verified that this system is consistent over the generalized centro-symmetric ma-
trices and has the generalized centro-symmetric solution X *, that is

1.9003 0 0 0 0 0 0 0 0 0

0 1.5839 0 0 0 0 0 0 0 0

1.2137 0 1.6263 0 0 0 0 0 0 0

0 1.4764 0 1.8636 0 0 0 0 0 0

Xt — 1.7826 0 0.2778 0 1.6636 0 0 0 0 0
0 0.8114 0 0.8373 0 1.3958 0 0 0 0

0.9129 0 0.3974 0 1.4189 0 0.6839 0 0 0

0 1.8338 0 1.0503 0 1.7200 0 0.8898 0 0

1.6428 0 0.5444 0 0.6092 0 0.6824 0 1.7515 0

0 1.7873 0 1.3443 0 1.1871 0 1.2426 0 1.9767

10x10
€ SRR,
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10 0 0 0 0 0 0O 0 0
0O 1 0 0 0 0 0 0 0 0
0 0 -1 0 0 0 0 0 0 0
00 0 1 0 0 0 0 0 0
0 0 0 0O -1 0 0 0 0 0 10%x 10
P=1 69 0 0 0 0 1 0o o o o |ESORTT
00 0 0 0 0 —1 0 0 0
00 0 0 0 0 0 1 0 0
00 0 0 0 0 0 0 —1 0
00 0 0 0 0 0 0 0 1

For this problem, we apply Algorithm 7 to compute X (k) with the initial matrix X (1) = 0.
In Figure 2, we give the obtained results with several values of § where

|| X (k) — X~|
[1X*]]
It can be observed from Figure 2 that Algorithm 7 is effective. The effect of changing the

convergence factor w is illustrated in Figure 2. We see that the larger the convergence
factor w is, the faster the convergence the algorithm.

r(k) = logio(||C1— A1 X (k) Duf | +[|C2— A2 X (K) Dal[),  6(k) = logg

Example 3. We consider the Sylvester matrix equation AX + X B = C with

1
A:B:M+2TN+¢2IGR”X”,

(n+1)

where
M = tridiag(—1,2,—1) € R™" and N = tridiag(0.5,0, —0.5) € R™*".

Now we obtain the sequence of solution { X (i)} by Algorithms 11 and 12. The obtained
results are presented in Figures 3 and 4 where

ri =logyo||C — AX (i) — X()B[|, 6 = logyo(|[X () = XT||/[IX7[)).  (98)
The results show that Algorithms 11 and 12 are quite efficient.

Example 4. We study the periodic Sylvester matrix equation

X, +CX 1D =E;, for 1=1,2, (99)
where B
Cy = tril(rand(n, n), n) + diag(1.75 + diag(rand(n))),
Dy = triu(rand(n, n), n) — diag(2 — diag(rand(n))),
Cy = —tril(rand(n, n), n) — diag(3 + diag(rand(n))),
D5 = tril(rand(n, n), n) — diag(2 + diag(rand(n))),
and

Ey = By = rand(n, n).

When n = 30we apply Algorithms 13 and 14 for computing the solutions of the the periodic
Sylvester matrix equation (99). The numerical results are depicted in Figure 5 where

r1q = logio ||B1— X1 (i) —C1 Xo () Dy|| and  ro; = logyg || Ea— Xa(i) — Co X1 (i) Dol|.

From Figure 5, we can see that Algorithms 13 and 14 are effective.
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r(k)

(k)

—o— $=2.6008e-008
—&— $=3.6008e-008
6=4.6008e-008

-
-12F | . 5-5.6008¢-008 \ i
-14 I I I I I I [
0 5 10 15 20 25 30 35 40
k (iteration number)
0
20 ?9\&
41
6f
-8+
3
-10f
12
14} | —— 8=2.6008e-008 I
—5— $=3.6008e-008
16l $=4.6008e-008 N
—%— §=5.6008e-008 ¢
_1 8 Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40

k (iteration number)

Figure 2. The obtained results for Example 2.
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i (iteration number)

-1 I I I I I
60 200 400 600 800 1000 1200

i (iteration number)

Figure 3. The obtained results for Example 3 with Algorithm 11.

Example 5. As the final example, we consider the matrix equation
AXB=C,

where
A = —triu(rand(n, n), 1) + diag(1.5 4+ diag(rand(n))),
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-1 I I I I
60 200 400 600 800 1000

i (iteration number)

-14 L L L I I
0 200 400 600 800 1000 1200

i (iteration number)

Figure 4. The obtained results for Example 3 with Algorithm 12.

B = tril(rand(n,n), 1) 4+ diag(1.25 + diag(rand(n))),
C =rand(n,n).

For n = 50 we apply Algorithms 17, 18, 20, 22 and 24 for computing the solutions of this
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2
0 .
-2 J
-4 4
6 ——r,; of Algorithm 13 1
8l —Ty; of Algorithm 13 |
—r,, of Algorithm 14
-10+ —_T,, of Algorithm 14 i
-12F
-141
-1 6 L L L
0 500 1000 1500 2000

i (iteration number)

Figure 5. The obtained results for Example 5 with Algorithms 13 and 14.

matrix equation. The numerical results are presented in Figure 6 where
r(k) =logyo [|C — AX (k)B]|.

From Figure 6, we can see that Algorithms 17, 18, 20, 22 and 24 are efficient.

10. Conclusion

In summary, we have presented some of the latest developments in iterative algorithms
for solving various matrix equations. The presented iterative algorithms were obtained
by extending CGNE, LSQR, Bi-CG, Bi-CR, CGS, Bi-CGSTAB and QMRCGSTAB algo-
rithms. Numerical results have indicated the effectiveness of the iterative algorithms.
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Chapter 8

SIMULTANEOUS TRIANGULARIZATION OF A PAIR
OF MATRICES OVER A PRINCIPAL IDEAL DOMAIN
WITH QUADRATIC MINIMAL POLYNOMIALS

Volodymyr M. Prokip*
Pidstryhach Institute for Applied Problems
of Mechanics and Mathematics, Lviv, Ukraine

Abstract

The problems of existence of common eigenvectors and simultaneous triangularization
of a pair of matrices over a principal ideal domain with quadratic minimal polynomials
are investigated. The necessary and sufficient conditions of simultaneous triangular-
ization of a pair of matrices with quadratic minimal polynomials are obtained. As
a result, the approach offered provides the necessary and sufficient conditions of si-
multaneous triangularization of pairs of idempotent matrices and pairs of involutory
matrices over a principal ideal domain.

Keywords: principal ideal domain; common eigenvector; simultaneous triangularization

AMS Subject Classification: 15A18, 15A21, 15A36

1. Introduction

Let R be a principal ideal domain with an identity element e # 0 and let M,, ,(R)
denote the set of m x n matrices over R. In what follows, I,, is the identity n X n matrix,
Om,k is the zero m x k matrix, and O is a zero matrix whose order is obvious from the
context. The symbol [A, B] is the standard notation for the commutator AB — B A of the
matrices A, B € M, ,(R).

*E-mail address: v.prokip@gmail.com
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Matrices A, B € M,, ,,(R) are said to be simultaneously triangularizable if there exists
a matrix U € GL(n, R), such that

11 0 N N 0
UAU_l _ a91 a929 0 e 0
Qpn1 Op2 ... Qpp-1 Qpp
and
B 0 ... ... 0
UBU-! — fo1 P22 O e 0

ﬁnl ﬁn,2 C ﬁn,n—l ﬁnn
are lower triangular matrices.
The question as to whether two complex matrices are simultaneously triangularizable
is an old problem of linear algebra and has a long-standing history. In principle, it is solved
by McCoy [1].

Theorem 1.1. Let A and B be given n X n complex matrices. Matrices A and B are
simultaneously triangularizable if and only if, for any polynomial p(x,y) in noncommuting
variables x and y, the matrix p(A, B)(AB — BA) is nilpotent.

The McCoy proof is complicated and contains no finite procedure for verifying the
condition of the theorem. The more elementary proof is presented in [2] (see also [8, 10]
and references therein).

Laffey [5] and Guralnick [6] have proved that if A and B are n X n matrices over any
algebraically closed field and if rank (AB — BA) = 1, then there exists an invertible matrix
S such that SAS~—! and SBS~! are both triangular. Laffey also gives the examples of pairs
{A, B} with rank (AB — BA) > 1, where the conclusion does not hold. Several other
interesting results were discussed in [9, 12, 14].

Simultaneous similarity and triangularization of matrices over integer domains were
investigated in [15]. In this article a simple numerical criterion for the triangularization of
sets of 2 by 2 matrices is proposed.

In this paper the problems of existence of common eigenvectors and simultaneous tri-
angularization of a pair of matrices over a principal ideal domain with quadratic minimal
polynomials are investigated. The paper is organized as follows. In Section 2 we present
the necessary and sufficient conditions for diagonalizability of matrices of M, ,,(R) with
quadratic minimal polynomials. Using the results of the section 2, in Section 3 we indicate
the conditions of existence of a common eigenvector for matrices over R with quadratic
minimal polynomials. The necessary and sufficient conditions for the simultaneous trian-
gularizability of two matrices over a principal ideal domain are established in section 4.

2. Preliminaries

If the matrix A € M,, ,,(R) is similar to a diagonal matrix, then A is said to be diago-
nalizable. In other words, for A there exists a matrix U € GL(n, R), such that

UAU ! = diag (a1, 2, . .., a,) € My 4 (R)
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is a diagonal matrix. From this equality it follows, that the matrix A € M, ,(R) is diago-
nalizable, then its characteristic polynomial a(\) admits the representation in the form of a
product

a(\) =det(I,h— A) = A—a)fr (A —a)® ... (A — o),
where o; € R, 7 =1,2,...,rand o; # «; for i # j. Itis obvious that A € M,, ,(R)is a
diagonalizable matrix, then its minimal polynomial m(\) has no multiple roots, i.e.,

mAN) =A—a)(A—a2)...(A— ).

Let R = F be a field. Then the last condition is necessary and sufficient for the diagonal-
izability of the matrix A over a field F. It is easy to verify that this condition is not sufficient
for the diagonalization of matrices over a commutative ring with an identity element (and
over a principal ideal domain, in particular). Conditions under which a matrix with entries
in a commutative ring can be reduced to a diagonal form by a similarity transformation were
presented in [16, 17, 18]. In this section we present the necessary and sufficient conditions
for the diagonalizability of matrices of M, ,,(R) with quadratic minimal polynomials.

Let A € M, ,(R) be an idempotent matrix, that is A> = A and 1 < rank A < n. Itis
obvious that m(\) = A(A — e) is a minimal polynomial of the idempotent matrix A. It was
proved in [3] that an idempotent matrix A € M,, ,(R) is diagonalized. In other words, for
the idempotent matrix A, there exists a matrix U € GL(n, R) such that

I, ‘ Ok,n—k ]

Op—k.k ‘ On—k,n—k

UAU! = [

In what follows, we describe a structure of diagonalized matrices from M, ,,(R) with
minimal polynomial m(A) = (A — a)(\ — [3), where o # £3.

Lemma 2.1. Let A € M, ,,(R) be a matrix with characteristic polynomial det(I,A —A) =
A=)\ = pB)" % where 1 <k <n, o, 3 € Rand a # (3. Then A is diagonalizable if
and only if the two following conditions hold:

(@) m(\) = (A — «)(\ — ) is the minimal polynomial of the matrix A;
(b) (A—al,)=0,, ( mod (8 —«a)).
Proof. Let the matrix A € M,, ,(R) with characteristic polynomial
det(InA — A) = (A = @)r(A = B)n—k
where o, € R, a # fand 1 < k < n, be diagonalizable, i.e.,
I O
O | Bk

where U € GL(n,R). Itis obvious that m(\) = (A —«)(\ — ) is the minimal polynomial
of the matrix A. Then

UAU! =

9

A—al, =U"!

O | O ]
O ‘ (ﬁ — a)ln—k

O] O
O In—k

Complimentary Contributor Copy

Ut UB—a)= 0p,( mod (8—a)).




290 Volodymyr M. Prokip

Conversely, let A € M, ,(R) be a matrix with characteristic polynomial det(I,A —
A)=A—a)*(\=B)" % where a,3€R, a# 3,1 <k <n,and

(A - aIn) = On,n ( mod (ﬁ - Oz)) (2.1)
From equality (2.1) it follows
A—-T,a=(—-a)P,

where P € M, ,(R). Using the fact that m(\) = (A—a)(A—f3) is the minimal polynomial
of the matrix A, we have

m(4) = (al, — A)(Bl, — A) = (8 — )*(P* = P) = Oy .

)

From the last equality it follows, that P is an idempotent matrix. Thus, the matrix A admits
the representation in the form

A=TIa+ (8- a)P,

where P is the diagonalizable matrix. It is obvious that the matrix A is similar to the
I o4 O

0] ﬁIn—k
Corollary 2.1. Let A € M, ,(R) be a matrix with minimal polynomial m(\) = (XA —

a)(A =), where o, 5 € Rand o # (. If (a — 3) is a divisor of unity in R, then the matrix
A is diagonalizable.

diagonal matrix [ . The Lemma is proved. O

Corollary 2.2. Let A € M, ,(R) be a diagonalizable matrix with minimal polynomial
m(A) = (A —a)(\ — B3), where a, B € R and o # 3. Then for the matrix A there exists
the unique pair of idempotent matrices P, P3 € M, ,(R) such that

(@ A= Lo+ (8- a)Ps
(b) A=1.0+ (a—B)Pa;
(¢) Po+Ps =1,

(d) A=aP,+ 3P

Proof. Let A € M, ,(R) be a diagonalized matrix with minimal polynomial m(\) =
(A—a)(A— ) and o # (3. From the proof of Lemma 2.1 we have that the matrix A admits
a representation in the form

A=TI,oa+ (f—a)Pg, (2.2)

where P3 € M, ,(R) is an idempotent matrix. It is obvious that [,, — P3 = P, is the
idempotent matrix. We rewrite the equality (2.2) as

A=Ta+ (8—a)I, — Ps) = 1,6+ (o — B)Pa.
By the relation P, + Pg = I,,, from (2.2) it follows that

A= (Pa + Pg)a + (ﬁ — Oz)Pg = OzPa + ﬁPg.
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For the matrix A we assume that, there exists another pair of idempotent matrices
Qa,Qp € M, ,(R) that is different from the pair P,, Pg, for which the conditions
Qo+ Qp = I, and A = aQ, + SQ s hold. Hence,

A=ILa+ (f—a)Psg=ILa+ (6 —a)Qs.

Since o # (3, the last equality yields Pg = (3. Analogously, we can show that P, = Q,.
This completes the proof. O

3. Common Eigenvectors of Matrices with Quadratic Minimal
Polynomials

It is said that the matrices A, B € M, ,(R) have a common left eigenvector, if there
exists a nonzero vector @ € M; ,(R) such that uA = @« and uB = uf, where o, 3 € R.
Analogously, we introduce the notion of a common right eigenvector of the matrices A and
B. Tt is obvious that if the matrices A and B have the common left eigenvector, then A and
B have the common right eigenvector. Below, the term common eigenvector of the matrices
A and B means that A and B have a common left eigenvector. It follows from the above
consideration that the matrices A and B over the domain R can have a common eigenvector
only in the case, if their characteristic polynomials a(\) and b(\) admit a representation
in the forms a(A) = (A — a)e(A) and b(A\) = (A — B)d(\) respectively. We note that if
R is a field, then the problem of the existence of a common eigenvector for the matrices
A and B over a field was solved in [7] (see also [11], [13]). In this section we indicate
the conditions of the existence of a common eigenvector for matrices over R with quadratic
minimal polynomials.

Let A and B be n x n matrices over a principal ideal domain R chosen randomly. Then,
with probability one, A and B do not have nontrivial common eigenvector. However, the
situation can change if the choice of A and B is somehow restricted. In this respect, the
following lemma, theorem and corollaries are of interest.

Lemma 3.1. The idempotent matrices A, B € M,, ,(R) have a common eigenvector if and
only if the commutator [A, B] is a singular matrix.

Proof. Necessity. Let u € M ,(R) be a common eigenvector of the matrices A, B €
M, »(R), that is
uA = ua and uB = upf,

where «, 8 € R. Then we have
u(AB — BA) = uaB — ufA = u(af — Ba) = 0p .

Since u € M; »(R) is a nonzero vector, then from the last equality we have that the com-
mutator [A, B] is a singular matrix. The necessity is proved.

Sufficiency. Let for the idempotent matrices A, B € My, ,(R) the commutator [A, B]
be a singular matrix. If one of the matrices A or B is the identity or zero matrix, then it is
obvious that the matrices A and B have a common eigenvector.
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We assume that 1 < rank A =k < nand1 < rank B < n. For the idempotent matrix
A there exists a matrix ' € GL(n, R) such that

I, O

_1_ _
TAT —D—[O 0

] and TBT '=(C = [O“ 012] :

Co1 Co

where C1 € Mk(R), Chg € Mk,n—k(R), Cy € Mn—k,k (R), Cyy € Mn_k(R). It is
obvious that the matrices A and B have a common eigenvector if and only if the matrices
D and C have a common eigenvector.

Since B?2 = B, we have C? = (. The last equality yields

C11C11 + C12C21 = Chy, 3.1
C11C12 + C12C22 = C)2, (3.2)
C21C11 + Ca2Cs1 = Coy, (3.3)
C21C12 + Ca2C2 = Coa. (3.4)

It is easily verified that rank [A, B] = rank [D,C] < n and

[D,C]:[ O 012].

—Cyn O

Since rank [D, C] < n, we have that either rank Ci < k or rank Co1 < n — k.
A) Letrank C1o < k. Then one of the following conditions is satisfied:

rank [011 012] <k or rank [011 012] = k.

If rank [011 012] < k, then there exists a nonzero vector & € M; ,(R) such that
@ [C11 Cia] = 0is the zero vector. Hence, the vector [@ 0 ... 0] € Mi,(R) is the
common left eigenvector of the matrices D and C.

Let rank [011 012] = k. Since rank C15 < k, there exists a nonzero vector o €
M ,(R) such that uC12 = 0 and uC1; # 0. From equality (3.1) we obtain

(’L_LCH) C11 = uChy.
Similarly, from equality ( 3.2) it follows that
(’L_LCH) Cig = 0.

Hence, in this particular case the vector [uC11 0 ... 0] € M ,(R)is the common
left eigenvector of the matrices D and C.
B) Let rank C5; < n — k. Then one of the following conditions is satisfied:

rank [021 022] <n-—k or rank [021 022] =n-—k.

Let rank [021 ng] < n—k. For the matrix [021 ng] there exists a nonzero vector
u € M p—k(R) such that
U [021 022] = 0.
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Hence, the vector [0 ... 0 a] € M, »(R) is the common left eigenvector of the matri-
ces D and C.
Let rank [021 ng] = n — k. Then there exists a nonzero vector € M ,—,(R)
such that
uCy; = 0 and uCoo # O.

From equality (3.4 ) we obtain (uCs2) Coo = uC9s. Similarly, from equality (3.3) it follows
that (’L_LCQQ) Cy = 0.

Hence, the vector [0 ... 0 11022] € M ,(R) is the common left eigenvector of
the matrices D and C. The Lemma is proved. U

Corollary 3.1. Let A, B € M, »,(R) be diagonalizable matrices with minimal polynomials
ma(A) = (A—a1)(A—ag) and mp(\) = (A— 1) (A= B2) respectively, where o;, B; € R,
a1 # ag and 1 # Bo. The matrices A and B have a common eigenvector if and only if the
commutator [A, B] is a singular matrix.

Proof. By Corollary 2.1, for diagonalizable matrices A, B € M,, ,,(R) with minimal poly-
nomials m4(A\) = (A — aq)(A — ag) and mp(A\) = (A — B1) (A — [2) respectively, there
exist the idempotent matrices P, ) € M, ,(R) such that

A=T,01+(ag—a1)P  and  B=10+ (82— 3)Q.

Hence, the matrices A and B have a common eigenvector if and only if the idempotent
matrices P and () have a common eigenvector. Since (e — 1) (82 — 31) # 0, it is easy to
see that

rank [A, B] = rank [P, Q]

By Lemma 3.1, the matrices P and () have a common eigenvector if and only if the com-
mutator [P, Q] is a singular matrix. This completes the proof. U

Theorem 3.1. Let A, B € M, ,(R) be the matrices with minimal polynomials m s (\) =
(A —a1)(A—ag) and mp(N\) = (A= (1) (X — B2) respectively, where «;, B3; € R, a1 #
and 3y # B2. The pair of matrices A, B € M, ,(R) have a common eigenvector over R if
and only if the commutator [A, B] is a singular matrix.

Proof. Necessity is evident.

Sufficiency. Let for the idempotent matrices A, B € My, ,(R) the commutator [A, B]
be a singular matrix. Further, let ' be a quotient field of the domain R, thatis R C F. It
is clear, that m 4 (\) and mp(\) are minimal polynomials of the matrices A and B over T,
respectively. Thus, matrices A and B over F are diagonalizable. By Corollary 3.1 from
inequality rank [A, B] < n it follows that for the matrices A and B there exists a common
eigenvector © € M; ,,(IF). Now we write the vector @ in the form

_ ur U2 Un,
=l w W
n
where u; € Rand v; € R\{0},7i=1,2,...,n. Putv = Hv,-. It is obvious that the vector
i=1
Uy = v-u € M ,(R) is the common eigenvector of the matrices A and B over R. The
proof of Theorem 3.1 is completed. O
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Let A € M,,(R) be an involutory matrix, that is A?> = I,,. If A # =+I,, then
m(\) = (A — e)(\ + e) is the minimal polynomial of an involutory matrix A. The im-
potent application of Theorem 3.1 is presented in the following corollary.

Corollary 3.2. The involutory matrices A, B € M, ,,(R) have a common eigenvector if
and only if the commutator [A, B] is a singular matrix.

Letv = [ vl Vg ... Up } € My »(R) be a vector. If e = ged (v1, v2, ..., vp)
is the greatest common divisor of elements vy , va, ..., vy, then U is called an unimodular
vector.

Suppose that w = [ w; Wy ... Wy } € M; ,(R) is a common eigenvector of
matrices A, B € M, ,(R) and ged (w;, w2, ..., w,) = d # e. Then w; = du;,
where u; € R foralli = 1,2,...,n, and ged (uy, ug, ..., u,) = e. Obviously, that
u = [ U U ... Up } is an unimodular vector and w = d - u. This means that the uni-
modular vector u is a common eigenvector of matrices A, B € M, ,,(R) also. We record
this fact as a remark to Theorem 3.1.

Remark 1. Let a pair of matrices A, B € M,, ,(R) have a common eigenvector over R.
Then for matrices A and B there exists an unimodular common eigenvector over R.

4. Simultaneous Triangularization of a Pair of Matrices
with Quadratic Minimal Polynomials

In this section, we present new, relatively simple necessary and sufficient conditions for
the simultaneous triangularization of a pair of matrices over a principal ideal domain with
quadratic minimal polynomials. Let F be an algebraically closed field. If matrices A and
B over a field F commute, then their simultaneous triangulability is a known fact in linear
algebra (see [8], Chapter 2). It is easy to prove the following propositions.

Proposition 4.1. Let A, B € M, ,(R) be matrices with characteristic polynomials

aN) =det(I, A —A) = A—a)PrA—a)2 .. A=), 0y eRi=1,2,....1;
and

b(A) = det(I,A — B) = (A= B1)" (A= o)™ ... (A= B)", B €R,j=1,2,....1,

respectively. If matrices A and B commute, then A and B are simultaneously triangulariz-
able.

Proposition 4.2. Let matrices A, B € M,, ,(R) be simultaneously triangularizable. Then
the commutator [A, B] is a nilpotent matrix.

The following question is natural: for which classes of matrices A, B € M, ,(R) the
condition of Proposition 4.2 is sufficient as well. The following theorem and its corollaries
specify the classes of such pair of matrices.
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Theorem 4.1. Let A, B € M, ,(R) be the matrices with minimal polynomials ms(\) =
(A —a1)(A—ag) and mp(N\) = (A — (1) (A — B2) respectively, where «;, 3; € R, a1 #
and 3y # (2. The pair of matrices A, B € M, ,(R) are simultaneously triangularizable if
and only if the commutator [A, B] is a nilpotent matrix.

Proof. The necessity follows from Proposition 4.2.

Sufficiency. Put Ay = {1, a0} and Ap = {1, B2} Since [A, B] is a nilpotent matrix,
then by Theorem 3.1 and Remark 1, for the matrices A and B there exists an unimodular
common eigenvector u; € M ,(R), that is

U1 A =uroqg and 1 B = u1511,
where a1 € A g, 511 € Ap. For the vector Uy there exists a matrix U; € GL(n,R) with

first row w; (see [4], Chapter II), that is U; = [ 1:3 ] For the matrix U; the following

relations holds:

0 ... 0 0 - 0
UL AUTY = [ o | ] and U,BU! = [ P | ] ,
* ‘ Aq * ‘ By
where A, B € M,,_1 »—1(R). From equality
00 0
U [A, B U = [ | ]
* ‘ [Al,Bl}

it follows that [Al, Bl] is a nilpotent matrix.
By Theorem 3.1 and Remark 1, for the matrices A and B; there exists an unimodular
common eigenvector Uy € M; ,—1(R), that is

Ug Ay = Ui and U By = U2 f22,

where aoo € A 4, G20 € Ap. Similarly, for the vector w5 there exists a matrix

U; = [ 1;2 ] € GL(n — 1,R) and for the matrix Us the following relations holds:

agg‘o

*‘ A2

Uy AUyt = and UpBiU; " =

522‘0 e 0
*‘ B2

where oo € Ay, P20 € Ap and Ay, By € Mn_gm_g (R) It is clear that [Ag, Bg] is a
nilpotent matrix.
Put Uy, = diag (e, Ug) Ui € GL(n,R). Itis easy to see that

a1 0 o --- 0
U21AU2_11 = | a1 ax|0 --- 0
* * ‘ As
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and
Bin 00 ... 0
UnBUy;' = | Bor B2 |0 ... 0
* * By

Continuing these procedure further, after a finite number of steps we obtain that for the
matrices A and B there exists a matrix U € G L(n, R) such that UAU ! and UBU ! are
lower triangular matrices. This completes the proof of Theorem 4.1. U

The following results are immediate consequences of Theorem 4.1.

Corollary 4.1. The idempotent matrices A, B € M,, ,(R) are simultaneously triangulari-
zable if and only if the commutator [A, B] is a nilpotent matrix.

Corollary 4.2. The involutory matrices A, B € M, ,,(R) are simultaneously triangulari-
zable if and only if the commutator [A, B] is a nilpotent matrix.

Conclusion

We note that the obtained results are true for matrices over the domains of elementary
divisors. In addition, some of them can be extended for matrices over the ID-rings [3],
i.e., over the commutative rings with an identity element, over which an idempotent matrix
is diagonalized. It is noted that the simultaneous triangularization of the set of matrices
over commutative rings with an identity element (and over the principal ideal domain R, in
particular) is an open problem.
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Chapter 9

RELATION OF ROW-COLUMN DETERMINANTS
WITH QUASIDETERMINANTS OF MATRICES
OVER A QUATERNION ALGEBRA

Aleks Kleyn'* and Ivan I. Kyrchei*'
! American Mathematical Society, USA
2Pidstryhach Institute for Applied Problems
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Abstract

Since product of quaternions is noncommutative, there is a problem how to determine a
determinant of a matrix with noncommutative elements (it’s called a noncommutative
determinant). We consider two approaches to define a noncommutative determinant.
Primarily, there are row — column determinants that are an extension of the classical
definition of the determinant; however we assume predetermined order of elements
in each of the terms of the determinant. In the chapter we extend the concept of an
immanant (permanent, determinant) to a split quaternion algebra using methods of the
theory of the row and column determinants.

Properties of the determinant of a Hermitian matrix are established. Based on
these properties, analogs of the classical adjont matrix over a quaternion skew field
have been obtained. As a result we have a solution of a system of linear equations
over a quaternion division algebra according to Cramer’s rule by using row—column
determinants.

Quasideterminants appeared from the analysis of the procedure of a matrix in-
version. By using quasideterminants, solving of a system of linear equations over a
quaternion division algebra is similar to the Gauss elimination method.

The common feature in definition of row and column determinants and quaside-
terminants is that we have not one determinant of a quadratic matrix of order n with
noncommutative entries, but certain set (there are n? quasideterminants, n row deter-
minants, and n column determinants). We have obtained a relation of row-column
determinants with quasideterminants of a matrix over a quaternion division algebra.

*E-mail address: Aleks_Kleyn @MailAPS.org
TE-mail address: kyrchei@online.ua
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1. Introduction

Linear algebra is a powerful tool that we use in different areas of mathematics, including
the calculus, the analytic and differential geometry, the theory of differential equations, and
the optimal control theory. Linear algebra has accumulated a rich set of different methods.
Since some methods have a common final result, this gives us the opportunity to choose the
most effective method, depending on the nature of calculations.

At transition from linear algebra over a field to linear algebra over a division ring,
we want to save as much as possible tools that we regularly use. Already in the early
XX century, shortly after Hamilton created a quaternion algebra, mathematicians began
to search the answer how looks like the algebra with noncommutative multiplication. In
particular, there is a problem how to determine a determinant of a matrix with elements
belonging to a noncommutative ring. Such determinant is also called a noncommutative
determinant.

There were a lot of approaches to the definition of the noncommutative determinant.
However none of the introduced noncommutative determinants maintained all those prop-
erties that determinant possessed for matrices over a field. Moreover, in paper [1], J. Fan
proved that there is no unique definition of determinant which would expands the definition
of determinant of real matrices for matrices over the division ring of quaternions. There-
fore, search for a solution of the problem to define a noncommutative determinant is still
going on.

In this chapter, we consider two approaches to define noncommutative determinant.
Namely, we explore row-column determinants and quasideterminant.

Row-column determinants are an extension of the classical definition of the determi-
nant, however we assume predetermined order of elements in each of the terms of the
determinant. Using row-column determinants, we obtain a solution of a system of linear
equations over a quaternion division algebra according to Cramer’s rule.

Quasideterminant appeared from the analysis of the procedure of a matrix inversion.
Using quasideterminant, solving of a system of linear equations over a quaternion division
algebra is similar to the Gauss elimination method.

There is common in definition of row and column determinants and quasideterminant.
In both cases, we have not one determinant in correspondence to quadratic matrix of or-
der n with noncommutative entries, but certain set (there are n? quasideterminant, n row
determinants, and n column determinants).

Today there is wide application of quasideterminants in linear algebra ([2, 3]), and in
physics ([4, 5, 6]). Row and column determinants ([7, 8]) introduced relatively recently
are less well known. Purpose of the chapter is establishment of a relation of row-column
determinants with quasideterminants of a matrix over a quaternion algebra. The authors are
hopeful that the establishment of this relation can provide mutual development of both the
theory of quasideterminants and the theory of row-column determinants.
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1.1. Convention about Notations

There are different forms to write elements of a matrix. In this paper, we denote a;; an
element of the matrix A. The index ¢ labels rows, and the index j labels columns.
We use the following notation for different minors of the matrix A.

a;  the ¢-th row
Ag . the minor obtained from A by selecting rows with index from the set S
A’ the minor obtained from A by deleting row a; .
A% the minor obtained from A by deleting rows with index from the set S
a ; the j-th column
A 7 the minor obtained from A by selecting columns with index from the set T’
A7 the minor obtained from A by deleting column a, j
AT the minor obtained from A by deleting columns with index from the set T’
A j (b) the matrix obtained from A by replacing its j-th column by the column b
A; (b) the matrix obtained from A by replacing its i-th row by the row b

Considered notations can be combined. For instance, the record

A (b)

means replacing of the k-th row by the vector b followed by removal of both the i-th row
and the i-th column.

As was noted in section 2.2 of the paper [9], we can define two types of matrix products:
either product of rows of first matrix over columns of second one, or product of columns of
first matrix over rows of second one. However, according to the theorem 2.2.5 in the paper
[9], this product is symmetric relative operation of transposition. Hence in the chapter, we
will restrict ourselves by traditional product of rows of first matrix over columns of second
one; and we do not indicate clearly the operation like it was done in [9].

1.2. Preliminaries. A Brief Overview of the Theory of Noncommutative
Determinants

Theory of determinants of matrices with noncommutative elements can be divided into
three groups regarding their methods of definition. Denote M(n, K) the ring of matrices
with elements from the ring K. One of the ways to determine determinant of a matrix of
M (n, K) is following ([11, 12, 13]).

Definition 1.1. Let the functional
d:M(n,K)—K

satisfy the following axioms.
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Axiom 1. d (A) = 0 iff A is singular (irreversible).
Axiom 2. VA, B e M (n,K),d(A-B)=d(A)-d(B).

Axiom 3. If we obtain a matrix A’ from matrix A either by adding of an arbitrary
row multiplied on the left with its another row or by adding of an arbitrary column
multiplied on the right with its another column, then

d(A")=d(A)

Then the value of the functional d is called determinant of A € M (n, K). ]

The known determinants of Dieudonné and Study are examples of such functionals.
Aslaksen [11] proved that determinants which satisfy Axioms 1, 2 and 3 take their value
in some commutative subset of the ring. It makes no sense for them such property of con-
ventional determinants as the expansion along an arbitrary row or column. Therefore a
determinantal representation of an inverse matrix using only these determinants is impossi-
ble. This is the reason that causes to introduce determinant functionals that do not satisfy
all Axioms. Dyson [13] considers Axiom 1 as necessary to determine a determinant.

In another approach, a determinant of a square matrix over a noncommutative ring is
considered as a rational function of entries of a matrix. The greatest success is achieved
by Gelfand and Retakh [14, 15, 16, 17] in the theory of quasideterminants. We present
introduction to the theory of quasideterminants in the section 5.

In third approach, a determinant of a square matrix over a noncommutative ring is con-
sidered as an alternating sum of n! products of entries of a matrix. However, it assumed
certain fixed order of factors in each term. E. H. Moore was first who achieved implementa-
tion of the key Axiom 1 using such definition of a noncommutative determinant. Moore had
done this not for all square matrices, but only for Hermitian. He defined the determinant of
a Hermitian matrix! A = (a,'j)nxn over a division ring with involution by induction over n
following way (see [13])

aii, n=1
o n
MdetA =4 s~ g, Mdet (A(i — j)), n>1 (1.1
j=1
Here g1 = { _i’ z ; j ,and A (i — j) denotes the matrix obtained from A by replac-

ing its j-th column with the ¢-th column and then by deleting both the ¢-th row and column.
Another definition of this determinant is presented in [11] by using permutations,

Mdet A = E ‘U‘anunlz Tt Qnypngg " Gngingg st Gnggyngy -
O’GSn

Here S,, is symmetric group of n elements. A cycle decomposition of a permutation ¢ has
form,
g = (7211 .. .nul) (n21 .. .n212) N (nTl .. .nTlT) .

"Hermitian matrix is such matrix A = (a;;) that a;; = @;;.
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However, there was no any generalization of the definition of Moore’s determinant to
arbitrary square matrices. Freeman J. Dyson [13] pointed out the importance of this prob-
lem.

L. Chen [18, 19] offered the following definition of determinant of a square matrix over
the quaternion skew field H, by putting for A = (a;;) € M (n, H),

det A = Z E(J)anm-aim...-aism-...-aka e Qg
O’GSn
o= (nyig...is)...(npka... k),
Ny > 09,13, ...,0s;...,Np > ko, k3, ..., ki,

n=ny>ng>...>n, > 1.

Despite the fact that this determinant does not satisfy Axiom 1, L. Chen got a determinantal
representation of an inverse matrix. However it can not been expanded along arbitrary rows
and columns (except for n-th row). Therefore, L. Chen did not obtain a classical adjoint
matrix as well. For A = (ay,...,a,) over the quaternion skew field H, if ||A| :=
det(A*A) # 0, then 3A~! = (b)), where

1 . -
bjk:mwkja (]7k:17n)7

*
Wgj = det (Ozl e e e 77 e 7 RN an_15k) (Ozl s Q10 .. .an_laj) .

Here «; is the i-th column of A, dy is the n-dimensional column with 1 in the k-th entry
and 0 in other ones. L. Chen defined ||A|| := det(A*A) as the double determinant. If
|A || # 0, then the solution of a right system of linear equations

n
Dy @i =1

over H is represented by the following formula, which the author calls Cramer’s rule

_1_
r; = ||A[|7 Dy,

for all 7 = 1, n, where

Dj:det (Ozl cee Q1 Op Oyl ... Qp1 Ozj).

Here o is the i-th row of A* and (3* is the n-dimensional vector-row conjugated with /3.

In this chapter we explore the theory of row and column determinants which develops
the classical approach to the definition of determinant of a square matrix, as an alternating
sum of products of entries of a matrix but with a predetermined order of factors in each of
the terms of the determinant.
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2. Quaternion Algebra

9

b
A quaternion algebra H(a, b) (we also use notation <%> ) is a four-dimensional

vector space over a field IF with basis {1, ¢, j, k} and the following multiplication rules:

2= a,
j*=b,
ij =k,
ji = —k.

The field F is the center of the quaternion algebra H(a, ).
In the algebra H(a, b) there are following mappings.

e A quadratic form
n:x€H —-n(x)elF

such that
n(z-y)=n(z)nly) z,yeH

is called the norm on a quaternion algebra H.
e The linear mapping
trrx=a'+atita?+alkeH - t(x)=22"€cF

is called the trace of a quaternion. The trace satisfies permutability property of the
trace,

t(g-p)=tp-q-.
From the theorem 10.3.3 in the paper [9], it follows

t(x) = %(w — izt — jxj — kxk). (2.1)

e A linear mapping
r—T=t(zr)—x (2.2)

is an involution. The involution has following properties

T=ux,
r+y=7T+7Y,
TY=7 T

A quaternion 7 is called the conjugate of z € H. The norm and the involution satisfy
the following condition:

n(g) = n(q)-

The trace and the involution satisfy the following condition,

t(z) = t(x).
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From equations (2.1), (2.2), it follows that
1
T = —i(x +izi + jxj + kxk).

Depending on the choice of the field I, a and b, on the set of quaternion algebras there
are only two possibilities [20]:

b
1. <aﬁ? > is a division algebra.

b
2. <%> is isomorphic to the algebra of all 2 x 2 matrices with entries from the field

F. In this case, quaternion algebra is splittable.
The most famous example of a non-split quaternion algebra is Hamilton’s quaternions
H= (_1@_1 ), where R is real field. The set of quaternions can be represented as

H={¢=q + qi+qj+ak @ a,qe qacR},

where i> = j?2 = k> = —1 and ijk = —1. Consider some non-isomorphic quaternion
algebra with division.

b
1. <aﬂ,§ > is isomorphic to the Hamilton quaternion skew field H whenever ¢ < 0 and
. (a,b\ . .
b < 0. Otherwise <—]R > is splittable.

2. If F is the rational field Q, then there exist infinitely many nonisomorphic division

b :

quaternion algebras <%> depending on choice of a < 0 and b < 0.

3. Let Q, be the p-adic field where p is a prime number. For each prime number p there
is a unique division quaternion algebra.

The famous example of a split quaternion algebra is split quaternions of James Cockle
Hg (%), which can be represented as

Hs = {q¢=qo + qii + @25 + @3k; qo,q1, @2, g3 € R},

where i2 = —1, j2 = k? = 1 and ijk = 1. Unlike quaternion division algebra, the
set of split quaternions is a noncommutative ring with zero divisors, nilpotent elements
and nontrivial idempotents. Recently there was conducted a number of studies in split
quaternion matrices (see, for ex. [21, 22, 23, 24]).

3. Introduction to the Theory of the Row and Column
Determinants over a Quaternion Algebra

The theory of the row and column determinants was introduced [7, 8] for matrices over
a quaternion division algebra. Now this theory is in development for matrices over a split
quaternion algebra. In the following two subsections we extend the concept of immanant
(permanent, determinant) to a split quaternion algebra using methods of the theory of the
row and column determinants.
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3.1. Definitions and Properties of the Column and Row Immanants

The immanant of a matrix is a generalization of the concepts of determinant and per-
manent. The immanant of a complex matrix was defined by Dudley E. Littlewood and
Archibald Read Richardson [25] as follows.

Definition 3.1. Let o € S,, denote the symmetric group on n elements. Let x : S, — C be
a complex character. For any n x n matrix A = (a;;) € C"*" define the immanent of A
as

Imm, (A) = Z x() H o (i)
oc€Sn i=1

Special cases of immanants are determinants and permanents. In the case where x is the
constant character (x(z) = 1forall z € S,), Imm, (A) is the permanent of A. In the case
where Y is the sign of the permutation (which is the character of the permutation group as-
sociated to the (non-trivial) one-dimensional representation), Imm, (A) is the determinant
of A.

Denote by H™*"™ a set of n x m matrices with entries in an arbitrary (split) quaternion
algebra H and M (n, H) a ring of matrices with entries in H. For A = (a;;) € M (n, H) we
define n row immanants as follows.

Definition 3.2. The i-th row immanant of A = (a;;) € M (n, H) is defined by putting
rImm; A = Z X(U)aiikl Qi iy g1 -+ iy g - - - Ciging 1 - - - Ty 1,k
O’GSn

where left-ordered cycle notation of the permutation o is written as follows

o= (i Uy Ty 41 - - -ikl—i-ll) (ikgikg—‘rl .. 'ikz—i-lz) o (g1 - - Tkt ) - 3.1

Here the index i starts the first cycle from the left and other cycles satisfy the following
conditions
ikQ < ik3 <...< ik,«, ikt < ikH_S. (3.2)

forallt=2,rand s = 1,1;.
Consequently we have the following definitions.

Definition 3.3. The i-th row permanent of A = (a;j) € M (n, H) is defined as
rperiA = Z (I“'kl aiklik1+1 .. .a,-leli e aik,«ikr+1 .. 'aikr+lrikr’
O’GSn

where left-ordered cycle notation of the permutation o satisfies the conditions (3.1) and
(3.2).

Definition 3.4. The i-th row determinant of A = (a;;) € M (n, H) is defined as

— n—r .. . . . . . . . .
rdet; A = E (—1) iy, Qi gy 41 - - Qi 10 - Vi gy - - - Wiy g1y i
oESh

where left-ordered cycle notation of the permutation o satisfies the conditions (3.1) and
(3.2), (since sign(c) = (—=1)""").
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For A = (a;;) € M (n, H) we define n column immanants as well.
Definition 3.5. The j-th column immanant of A = (a;;) € M (n, H) is defined as
ImmyA = Y X(7) @y i Disrdin G gy 1, - - Gy 1 Gy
TESH

where right-ordered cycle notation of the permutation T € Sy, is written as follows

T = (ketle - Ikt 1Tk ) -+ - Uatly -+ - Jhpt10k2) (it - Tk 41700 d) - (33)

Here the first cycle from the right begins with the index j and other cycles satisfy the fol-
lowing conditions
Tky < Jks < oo <Jker Tkt < Jhitss (3.4)

forallt =2 rands =1,l;.
Consequently we have the following definitions as well.
Definition 3.6. The j-th column permanent of A = (a;;) € M (n, H) is defined as
rper; A = Z Uy Gty ** Vikpt1dir = QG dny 41y -+ Ly 4130y Yk 5>
TESK

where right-ordered cycle notation of the permutation o satisfies the conditions (3.3) and
(3.4).

Definition 3.7. The j-th column determinant of A = (a;;) € M (n, H) is defined as

rdetjA - E : (_1) a]k,«]k,«ur t 'a]kr+1]kr <.y Jki+1y * 'a3k1+13k1 a]klj’
TESK

where right-ordered cycle notation of the permutation o satisfies the conditions (3.3) and
(3.4).

Consider the basic properties of the column and row immanants over H.

Proposition 3.8. (The first theorem about zero of an immanant) If one of the rows (columns)
of A € M (n,H) consists of zeros only, then rImm; A = 0 and cImm; A = 0 for all
i=1,n.

Proof. The proof immediately follows from the definitions. O
Denote by Ha and aH left and right principal ideals of H, respectively.

Proposition 3.9. (The second theorem about zero of an row immanant) Let A = (a;j) €
M (n,H) and ax; € Ha; and a;; € @H, where n(a;) = 0 for k, j = 1, nand for all i # k.
Let a11 € Haq and ass € aiH if k = 1, and ap, € Hay and a1 € apH if k = @ > 1,
where n(ay) = 0. Then rImm;A = 0.
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Proof. Let i # k. Consider an arbitrary monomial of rlmmyA, if ¢ #£ k,
d= X(O‘)akiaij e Al

where {I,m} C {1,...,n}. Since there exists a; € H such that n(a;) = 0, and ax; € Ha;,
aij € a;H, than OkiGi5 = Oand d = 0.
Let ¢ = k = 1. Then an arbitrary monomial of rImm; A,

d= X(O‘)(Inagg e Al

Since there exists a; € Hsuch thatn(ay) = 0,and a1; € Haq, ass € a1H, then aj1aze =0
and d = 0.
If Kk =4 > 1, then an arbitrary monomial of rlmmy A,

d = x(0)agkaii - - - apm.

Since there exists a;, € H such that n(a) = 0, and ay, € Hag, a1 € axH, then agra; =
Oand d = 0. O

Proposition 3.10. (The second theorem about zero of an column immanant) Let A =
(aij) € M (n,H) and a;, € a;H and aj; € Ha;, where n(a;) = 0 for k,j = 1,n and
foralli # k. Let a11 € a1H and aso € Hay if k = 1, and ag, € apH and a1 € Hay, if
k =1 > 1, where n(ay) = 0. Then clImm;A = 0.

Proof. The proof is similar to the proof of the Proposition 3.9. U
The proofs of the next theorems immediately follow from the definitions.

Proposition 3.11. If the i-th row of A = (a;;) € M (n, H) is left-multiplied by b € H, then
rImm; A; (b-a;) =b-rImm; A foralli =1,n.

Proposition 3.12. If the j-th column of A = (a;;) € M (n, H) is right-multiplied by b € H,
then cImm; A j (a j -b) = clmm; A - bforall j = 1,n.

Proposition 3.13. If for A = (a;;) € M (n,H) there exists t € {1, ...,n} such that a;; =
bj + ¢ forall j =1,n, thenforalli=1,n

rImm; A = rImm; A, (b) + rImm; A; (c),
cImm; A = cImm; A (b) 4+ cImm; A; (c),

where b = (b1, ...,by), c = (c1,...,cp).

Proposition 3.14. If for A = (a;;) € M (n, H) there exists t € {1, ...,n} such that a;; =
b; +c; foralli =1,n, thenforall j = 1,n

rImm; A = rImm; A ; (b) + rImm; A ;(c),
clmm; A = cImm; A ; (b) + cImmj;A ;(c),

where b = (by,...,b,)T, c = (c1,...,c0)t.
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Proposition 3.15. If A* is the Hermitian adjoint matrix (conjugate and transpose) of A €
M (n, H), then rImm; A* = cImm; A foralli =1, n.

Particular cases of these properties for the row-column determinants and permanents
are evident.

Remark 3.16. The peculiarity of the column immanant (permanent, determinant) is that,
at the direct calculation, factors of each of the monomials are written from right to left. [

In Lemmas 3.17 and 3.18, we consider the recursive definition of the column and row
determinants. This definition is an analogue of the expansion of a determinant along a row
and a column in commutative case.

Lemma 3.17. Let R;; be the rightij-th cofactor of A = (a;;) € M (n, H), namely

n
rdetiA = Z (I,‘j . R,‘j
j=1

forall i =1,n. Then

= { e (). i

rdety, A%, i=3
2, i=1
b= {1, i>1
where the matrix (Az;(a i)) is obtained from A by replacing its j-th column with the i-th
column and then by deleting both the i-th row and column. ]

Lemma 3.18. Let L;; be the left ijth cofactor of entry a;; of matrix A = (a;;) €
M (n, H), namely

n
cdetj A= Z L,;j . (I,;j
=1

forall j = 1,n. Then

Li; = { —edet; (A¥(a;), i 7]

cdety, A%, i=7
_J2, j=1
k_{l, j>1

where the matrix (Af] (a;.)) is obtained from A by replacing its ith row with the jth and
then by deleting both the jth row and column. ]

Remark 3.19. Clearly, an arbitrary monomial of each row or column determinant cor-
responds to a certain monomial of another row or column determinant such that both of
them have the same sign, consist of the same factors and differ only in their ordering. If
the entries of A are commutative, then rdet1 A = ... = rdet, A = cdet; A = ... =
cdet, A. O
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4. An Immanant of a Hermitian Matrix

If A* = A then A € H"*" is called a Hermitian matrix. In this section we consider
the key theorem about row-column immanants of a Hermitian matrix.
The following lemma is needed for the sequel.

Lemma 4.1. Let T), be the sum of all possible products of n factors, each of their are either
h; € H or h; for all i = 1, n, by specifying the ordering in the terms, Ty, = hy - ha - . . . -
hp, +hi-hy-...-hp+...+hi-hg-...-h,. Then T, consists of the 2™ terms and
Tn:t(hl) t(hg) t(hn)

Theorem 4.2. If A € M (n, H) is a Hermitian matrix, then
rlmm;A = ... = rImm, A = cImm; A = ... = cImm, A €F.

Proof. At first we note that if A = (a;;) € H"*" is Hermitian, then we have a;; € I and
aij = ay; forall i, j =1, n.

We divide the set of monomials of rImm; A for some i € {1, ...,n} into two subsets.
If indices of coefficients of monomials form permutations as products of disjoint cycles
of length 1 and 2, then we include these monomials to the first subset. Other monomials
belong to the second subset. If indices of coefficients form a disjoint cycle of length 1, then
these coefficients are a;; for j € {1,...,n} and a;; € F.

If indices of coefficients form a disjoint cycle of length 2, then these entries are conju-
gated, a;, i, ., = @i, 4y and

Qigipgr " Qiggrin — Viggrip * Vigppiip = n(aik+1ik) eF.

So, all monomials of the first subset take on values in F.
Now we consider some monomial d of the second subset. Assume that its index permu-
tation o forms a direct product of r disjoint cycles. Denote ¢y, := ¢, then

d= X(U)aiklik1+1 Ce aik1+llik1 aiink2+1 Ce aik2+l2ik2 .. 'aikmikm+1 oo X (4 1)
Xaikm+lmikm Ce aik,«ikr+1 .. 'aikr+lrikr = X(O‘)hlhg Ce hm Ce hT,
where hs = a;, iy 4, * -+ Qi iy, Toralls = 1,7, and m € {1,...,r}.If I = 1, then

hs = aiksiks+1aiks+1ik_sz n(aiksikSH) e F. Ifl, = 0, then hy, = Qiy, i, ceF. Ifl;, =0
orls = 1forall s = 1,rin (4.1), then d belongs to the first subset. Let there exists s € I,
such that [; > 2. Then

h

s = Qiggiggin - Qiggqaging = iggqiging - Viggingpr = Viggipgrs =« Viggpring -

Denote by o (ix,): = (ik,9k.+1 - - - ik,+1,) @ disjoint cycle of indices of d for some s €
{1,...,r}, then 0 = oy (i) 02 (ik, ) ...0r (i, ). The disjoint cycle o, (ix,) corresponds
to the factor hs. Then ot (i) = (ig.ik.ti.9ko+1---ik,+1) is the inverse disjoint cycle
and o ! (ix,) corresponds to the factor h,. By the Lemma 4.1, there exist another 2P — 1
monomials for d, (where p = r — p and p is the number of disjointcycles of length 1 and 2),
such that their index permutations form the direct products of r disjoint cycles either o (i, )
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or o; ! (iy,) by specifying their ordering by s from 1 to r. Their cycle notations are left-
ordered according the to the Definition 3.2. These permutations are unique decomposition
of the permutation ¢ including their ordering by s from 1 to r. Suppose C] is the sum of
these 2P — 1 monomials and d, then, by the Lemma 4.1, we obtain

Cr = x(o)at(hy) ... t(h,) €F.

Here o € F is the product of coefficients whose indices form disjoint cycles of length 1 and
2,v, €{1,...,r}forallk =1,p.

Thus for an arbitrary monomial of the second subset of rImm; A, we can find the 2P
monomials such that their sum takes on a value in F. Therefore, rImm; A € F.

Now we prove the equality of all row immanants of A. Consider an arbitrary rImm; A
such that j # ¢ for all j = 1,n. We divide the set of monomials of rImm; A into two
subsets using the same rule as for rImm; A. Monomials of the first subset are products of
entries of the principal diagonal or norms of entries of A. Therefore they take on a value in
F and each monomial of the first subset of rImm; A is equal to a corresponding monomial
of the first subset of rImm; A.

Now consider the monomial d; of the second subset of monomials of rImm; A con-
sisting of coefficients that are equal to the coefficients of d but they are in another order.
Consider all possibilities of the arrangement of coefficients in d.

(i) Suppose that the index permutation ¢’ of its coefficients form a direct product of r
disjoint cycles and these cycles coincide with the r disjoint cycles of d but differ by their
ordering. Then o’ = o and we have

di = x(o)ahy, ... hy,

where {y, ..., A} = {v1,...,1p}. By the Lemma 4.1, there exist 2” — 1 monomials of the
second subset of rlmm; A such that each of them is equal to a product of p factors either
hsor hg forall s € {u, ..., \}. Hence by the Lemma 4.1, we obtain

Co = x(o)at(hy) ... t(hy) = x(0) at(hy,)... t(h,) = Ci.

(i) Now suppose that in addition to the case (i) the index j is placed inside some disjoint
cycle of the index permutation o of d, e.g., j € {ik,,4+1; -+ Uyt ;- DENOtE J = G 1q.
Considering the above said and o, 41 (ik,,+1) = Tk, +q(ikm+q), We have 0’ = 0. Then d;
is represented as follows:

dl = X(U)aikm+qikm+q+1 e aikm‘FZmikm aikmikm“‘l cee X
Xaikm+q—1ikm+qaikuiku+1 N aikuj‘luiku N aik}\ih+1 . aikkﬁ-l)\ik)\ = (42)
= x(o)ahmhy ... hy,
where {m, i, ..., A} = {v1,...,1,}. Except for h,,, each factor of d; in (4.2) corresponds

to the equal factor of d in (4.1). By the rearrangement property of the trace, we have
t(hy) = t(hy,). Hence by the Lemma 4.1 and by analogy to the previous case, we obtain,

Oy = x(0)a t(hm) t(hy) - .. t(hy) =
= x(0) @ t(hy,) .. t(hm) ... t(hy,) = Cy.
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(ii1) If in addition to the case (i) the index i is placed inside some disjoint cycles of the index
permutation of d;, then we apply the rearrangement property of the trace to this cycle. As
in the previous cases we find 2” monomials of the second subset of rImm; A such that by
Lemma 4.1 their sum is equal to the sum of the corresponding 27 monomials of rImm;A.
Clearly, we obtain the same conclusion at association of all previous cases, then we apply
twice the rearrangement property of the trace.

Thus, in any case each sum of 2P corresponding monomials of the second subset of
rImm; A is equal to the sum of 2” monomials of rImm; A. Here p is the number of
disjoint cycles of length more than 2. Therefore, for all 7, j = 1, n we have

rImm; A = rImm; A € F.
The equality cImm; A = rImm; A for all i = 1, n is proved similarly. O

Remark 4.3. If A € H"™" is skew-hermitian (A = —A¥*), then the Theorem 4.2 is not
meaningful. It follows from the next example.

Example 4.4. Consider the following skew-hermitian matrix over the split quaternions of

James Cockle Hg(—31),
G 2+
A= < —2+i -k > '

rlmm; A = —jk — (2+14)(—2+1i) =5+ 1,
rlmmg A = —(=2+4)(2+14) —kj =5 — 1,

then rImm; A # rImms A.

Since

Since the Theorem 4.2, we have the following definition.

Definition 4.5. Since all column and row immanants of a Hermitian matrix over H are
equal, we can define the immanant (permanent, determinant) of a Hermitian matrix A €
H"*". By definition, we put for all i = 1,n

Imm A :=rImm; A = cImm; A,
per A := rper; A = cper; A,
det A :=rdet; A = cdet; A.

4.1. Cramer’s Rule for System of Linear Equations over a Quaternion
Division Algebra

In this subsection we shall be consider H as a quaternion division algebra especially
since quasideterminants are defined over the skew field as well.

Properties of the determinant of a Hermitian matrix is completely explored in [7, 8] by
its row and column determinants. Among all, consider the following.

Theorem 4.6. If the i-th row of the Hermitian matrix A € M (n, H) is replaced with a left
linear combination of its other rows

a;. =ca; .+ ...+ cra;, .
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where ¢; € H foralll =1,k and {i,i;} C {1,...,n}, thenforalli=1n
CdetiAi.(Cl - ay, . —|—...—|—ck-a,;k.) :rdet,;A,;,(cl X: VI —|—...—|—ck-a,;k.) =0.

Theorem 4.7. If the j-th column of a Hermitian matrix A € M (n, H) is replaced with a
right linear combination of its other columns

aj=ajc+...+aj .c

where c; € H foralll = 1,k and {j,5;} C {1,...,n}, thenforallj =1,n
cdetjA.j (a.jl 1+ ... ay, 'Ck) :rdetjA,j (a.jl ‘c1+ ... t+ay, 'Ck) =0.

The following theorem on the determinantal representation of an inverse matrix of Her-
mitian follows immediately from these properties.

Theorem 4.8. There exist a unique right inverse matrix (RA) ™! and a unique left inverse
matrix (LA)™! of a nonsingular Hermitian matrix A € M (n, H), (det A # 0), where
(RA)™' = (LA)™! =: AL, Right inverse and left inverse matrices has following deter-
minantal representation

Ri1 Ry R
_ 1 R Rao Ry
RA) =
( ) det A cee ’
Rln R2n Rnn
L1 Lo L1
_ 1 Lis Loy -+ Ly
LA) =
( ) det A ’
Lin Lopn -+ Lpy

where R;j, L;; are right and left ij-th cofactors of A, respectively, for all i,j = 1, n.

To obtain the determinantal representation for an arbitrary inverse matrix over a quater-
nion division algebra H, we consider the right AA* and left A* A corresponding Hermitian
matrices.

Theorem 4.9 ([7]). If an arbitrary column of A € H™*" is a right linear combination of
its other columns, or an arbitrary row of A* is a left linear combination of its other rows,
then det A*A = 0.

Since principal submatrices of a Hermitian matrix are also Hermitian, then the basis
principal minor may be defined in this noncommutative case as a principal nonzero minor
of a maximal order. We also can introduce the notion of the rank of a Hermitian matrix by
principal minors, as a maximal order of a principal nonzero minor. The following theorem
establishes the correspondence between the rank by principal minors of a Hermitian matrix
and the rank of the corresponding matrix that are defined as a maximum number of right-
linearly independent columns or left-linearly independent rows, which form a basis.

Theorem 4.10 ([7]). A rank by principal minors of a Hermitian matrix A* A is equal to its
rank and a rank of A € H™*",
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Theorem 4.11 ([7]). If A € H™*", then an arbitrary column of A is a right linear com-
bination of its basic columns or arbitrary row of A is a left linear combination of its basic
rows.

It implies a criterion for the singularity of a corresponding Hermitian matrix.

Theorem 4.12 ([7]). The right linearly independence of columns of A € H™*"™ or the left
linearly independence of rows of A* is the necessary and sufficient condition for

det A*A #£0
Theorem 4.13 ([7]). If A € M (n, H), then det AA* = det A*A.

In the following example, we shall prove the Theorem 4.13 for the case n = 2.

Example 4.14. Consider the matrix A = <a11 a12> , then A* = <a11 a21> . Respec-

a1 a2 a2 a2

tively, we have
AA* — aiiail + ajea12  a11021 + a12G22
- —_— — —_— — |
a21a11 + ag2012 21021 + A22G22

A*A — aiiail + ag1a21  Ga11012 + 421622
a12a11 + @22a21 12012 + A22G22

According to thw Theorem 4.2 and the Definition 4.5, we have

det AA* = rdet; AA™,
det A*A = rdet]A*A

According to the Lemma 3.17

det AA* = (AA*)11(AA%)9 — (AA™)12(AAY)y
= (a11G11 + a12a12)(a21G21 + azda2)
—(a11G21 + a12022) (a21G11 + azeaiz)
= 111011021021 + A12012a21021
+a11G11a22022 + a12G12022022 ; (4.3)
—@11021021011 — 012022021011
—@11021022012 — 012022022012
= 112012021021 + A11011A22022
—a12022021G1] — (11021022012
det A*A = (A*A)11(A*A)2 — (A*A)12(A*A)
= (@11011 + a21021) (A12012 + G22022)
—(@11a12 + G21a22)(@12011 + G22a21)
= 011011012012 + 021021012012
+ai1a11a22a22 + U21021022022 . 4.4)
—G11012012011 — 021022012011
—G11012022021 — 021022022021
= (21021012012 + 411011022022
—G21022012011 — 011612022021
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Positive terms in equations (4.3), (4.4) are real numbers and they obviously coincide. To
prove equation

(12022021011 + 11021022012 = (21022012011 + 011Q12022021 (45)

we use the rearrangement property of the trace of elements of the quaternion algebra,
t(pq) = t(qp). Indeed,

12022021011 + A11021022012 = (12022021011 + A12G22021411 = t(a12G22a21G11),
21022012011 + 11012022021 = G11012022021 + G11012022a21 = t(@11012022021)
Then by the rearrangement property of the trace, we obtain (4.5).

According to the Theorem 4.13, we introduce the concept of double determinant. For
the first time this concept was introduced by L. Chen ([18]).

Definition 4.15. The determinant of corresponding Hermitian matrices is called the double
determinant of A € M (n,H), i.e, ddetA :=det (A*A) = det (AA*).

If H is the Hamilton’s quaternion skew field H, then the following theorem establishes
the validity of Axiom 1 for the double determinant.

Theorem 4.16. If {A, B} C M (n, H), then ddet (A - B) = ddetA - ddetB.

Unfortunately, if a non-Hermitian matrix is not full rank, then nothing can be said about
singularity of its row and column determinant. We show it in the following example.

Example 4.17. Consider the matrix

() 2),

Its second row is obtained from the first row by left-multiplying by k. Then, by the Theorem
4.12, ddet A = 0. Indeed,

wa _(—F =3\ (¢ J\_ (2 -2k
oas( 7)1 2 2
Then ddetA = 4 + 4k = 0. However

cdet1 A = cdetoA = rdet; A = rdetpA = —i% — j? = 2.

At the same time rank A = 1, that corresponds to the Theorem 4.10.

The correspondence between the double determinant and the noncommutative determi-
nants of Moore, Stady and Dieudonné are as follows,

ddetA = Mdet (A*A) = SdetA = Ddet?A.
Definition 4.18. Let ddetA = cdet; (A*A) = > L;j - a;j for j = 1,n. Then L;; is
called the left double ij-th cofactor of A € M (n, H).
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Definition 4.19. Let ddet A = rdet; (AA*) =" a;j-R;j fori = 1,n. Then R;; is called
J
the right double ij-th cofactor of A € M (n, H).

Theorem 4.20. The necessary and sufficient condition of invertibility of a matrix A =
(a;j) € M(n, H) is ddetA # 0. Then A~ = (LA) ™" = (RA) ™", where

Ly Loy ... L
1 L L .. L
LA) ' = (A*A) 1 A* = 12 22 n2 4.
(LA)" = (A°A) ddetA | ... ... . (4.6)
Lln L2n Lnn
Riyp Rop ... Ry
_ 1 R R .o R
AVl A (AAR)L = 12 22 n2 47
(BA) vyl *7)
Ri, Ro, ... R,

and Lij = cdetj(A*A).j (af"i), R ij = rdet,;(AA*),;. (a}") fOI’ all ’i,j = 1, n.

Remark 4.21. In the Theorem 4.20, the inverse matrix A~' of an arbitrary matrix A €
M(n, H) under the assumption of ddet A # 0 is represented by the analog of the classical
adjoint matrix. If we denote this analog of the adjoint matrix over H by Adj[[A]], then the

next formula is valid over H.:

L Adi[[A]
A= ddetA -

An obvious consequence of a determinantal representation of the inverse matrix by the
classical adjoint matrix is Cramer’s rule.

Theorem 4.22. Let

be a right system of linear equations with a matrix of coefficients A € M(n, H), a column
of constantsy = (y1, . . .,yn)T € H™!, and a column of unknowns x = (1, . . .,xn)T. If
ddet A # 0, then (4.8) has a unique solution that has represented as follows,

o cdet;(A*A) ; (f)
I ddet A

3

, Vi=1, 4.9)

where f = A*y.

Theorem 4.23. Let
x-A=y (4.10)

be a left system of linear equations with a matrix of coefficients A € M(n, H), a column
of constants y = (y1,...,yn) € H' " and a column of unknowns x = (x1,...,x,). If
ddet A # 0, then (4.10) has a unique solution that has represented as follows,

o rdet; (AA¥), (2z)
i ddetA

Vi=1,n 4.11)

where z = yA™.
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Equations (4.9) and (4.11) are the obvious and natural generalizations of Cramer’s rule
for systems of linear equations over a quaternion division algebra. As follows from the
Theorem 4.8, the closer analog to Cramer’s rule can be obtained in the following specific
cases.

Theorem 4.24. Let A € M(n,H) be Hermitian in (4.8). Then the solution of (4.8) has
represented by the equation,
cdet;A ; (y)
T, = —2 2
J det A
Theorem 4.25. Let A € M(n, H) be Hermitian in (4.10). Then the solution of (4.10) has
represented as follows,

Vi =1,n.

rdet; A;. (y)
€rT, = ———
! det A 7
An application of the column-row determinants in the theory of generalized inverse

matrices over the quaternion skew field recently has been received in [26, 27, 28, 29, 30,
31, 32, 33, 34, 35, 36, 37, 38].

Vi=1,n.

5. Quasideterminants over a Quaternion Division Algebra
Theorem 5.1. Suppose a matrix

ai] ... Qinp
A=

Apl ... Qpp

with entries from a quaternion division algebra has an inverse A=1.? Then a minor of the
inverse matrix satisfies the following equation, provided that the inverse matrices exist

(A1)~ = Ay — A (A7) T AY 5.1
Proof. Definition of an inverse matrix leads to the system of linear equations
AT(ATH G+ A (AT =0 (5.2)
AJA Y+ A Ay =1 (5.3)
where I is a unit matrix. We multiply (5.2) by (A7/ )_1
(AD+ AT TIAG AT, =0 (5:4)
Now we can substitute (5.4) into (5.3)
Ajr(A ™ — AFATD) AL AT =1 (5.5

(5.1) follows from (5.5). O

2This statement and its proof are based on statement 1.2.1 from [17] (page 8) for matrix over free division
ring.
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Corollary 5.2. Suppose a matrix A has the inverse matrix. Then elements of the inverse
matrix satisfy to the equation

(A1) ™" = aj — Af(AT) 1A (5.6)

Example 5.3. Consider a matrix

According to (5.6)

(A N1 = (a11 — a12(ae) ™" agn) ™ (5.7)
(A ™91 = (a1 — aga(a12) ' ain) ™ (5.8)
(A D12 = (a12 — ar1(a21) " age) ™ (5.9)
(A )92 = (az2 — az1(a1;) *agz) ™ (5.10)
We call a matrix
HA = (HA)ij) = ((a50) ) (5.11)

a Hadamard inverse of> A.
Definition 5.4. The (ji)-quasideterminant of A is formal expression
Al = (HA™Y) = (A7) ™ (5.12)

We consider the (ji)-quasideterminant as an element of the matrix |A|, which is called a
quasideterminant.

Theorem 5.5. Expression for the (ji)-quasideterminant has form

|Alji = aji — Aj (AT LAY (5.13)

|Alj: = aji — Aj H|AT| A, (5.14)

Proof. The statement follows from (5.6) and (5.12). O
Example 5.6. Let

A= <(1) (1)> (5.15)

It is clear from (5.7) and (5.10) that (A=Y = 1 and (A~ ')y = 1. However
expression for (A=1)91 and (A~1)12 cannot be defined from (5.8) and (5.9) since (a1 —
aga(a12) "t a11) ™t = (a12 —a11(ag1) 7t age) "t = 0. We can transform these expressions.
For instance

a1 — &22(&12) ! 0011)_1

&11((&11) a1z — (a21) " az))
(a21) ™ ar1(ai(arn) " a1z — ag))

aii(azi(ain)” Yagg — &22))_1 a1

(A2

-1

-1

=
= (
=
= (

3See also page 4 in paper [16].
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It follows immediately that (A~")o1 = 0. In the same manner we can find that (A~1)15 =

0. ThEI efOl e,
= .

O
From the Example 5.6 we see that we cannot always use Equation (5.6) to find elements

of the inverse matrix and we need more transformations to solve this problem. From the
theorem 4.6.3 in the paper [9], it follows that if

ai] ... Qip
rank | ... ... .. <n-2

Apl ... Qpp

then |A|;; for all ¢, j = 1, n is not defined. From this, it follows that although a quasideter-
minant is a powerful tool, use of a determinant is a major advantage.

Theorem 5.7. Let a matrix A have an inverse. Then for any matrices B and C equation

B=C (5.17)
follows from the equation
BA =CA (5.18)
Proof. Equation (5.17) follows from (5.18) if we multiply both parts of (5.18) over AL
O
Theorem 5.8. The solution of a nonsingular system of linear equations
Az =5b (5.19)
is determined uniquely and can be presented in either form*
z=A""b (5.20)
x ="H|A|b (5.21)

Proof. Multiplying both sides of (5.19) from left by A~! we get (5.20). Using the Defini-
tion 5.4, we get (5.21). Since the Theorem 5.7, the solution is unique. O

6. Relation of Row-Column Determinants
with Quasideterminants

Theorem 6.1. If A € M(n, H) is an invertible matrix, then, for arbitrary p,q = 1,n, we
have the following representation of the pq-quasideterminant

ddetA - cdety(A*A) 4 (af“p)
| A ‘pq: * * )
n(cdety(A*A) 4 (a.p))

6.1

“See similar statement in the theorem 1.6.1 in the paper [17] on pagen 19.
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ddetA - rdet,(AA*),. (a;.)
n(rdet,(AA*),. (aq.))

| A [pg= 6.2)

Proof. Let A~! = (b;;) to A € M(n, H). Equation (5.12) reveals the relationship between
a quasideterminant | A |, , of A € M(n,H) and elements of the inverse matrix A~! =

(b,’j), namely )
| A |pg= bap

for all p,q = 1,n. At the same time, the theory of row and column determinants (the
theorem 4.20) gives us representation of the inverse matrix through its left (4.6) and right
(4.7) double cofactors. Thus, accordingly, we obtain

_ . L -l
A = bl = Lyq 1 _ cdety(A*A) 4 (A.p) 63)
T\ ddetA ddetA ! ’
_ . L -l
i tap  \ ddet A ddetA ' :

Since ddetA # 0 € IF, then 3(ddet A)~! € F. It follows that

. o1 cdetq(A*A).q(Af“p)
Aot AR () = et (AA) , (A%,)) ©

_ rdet,(AA*), (A%)
rdet,(AA®), (A*) ' = P -/ (6.6)
P p. (A7) n(rdet,(AA*), (A%))
Substituting (6.5) into (6.3), and (6.6) into (6.4), we accordingly obtain (6.1) and (6.2).
We proved the theorem. O

Equation (6.1) gives an explicit representation of a quasideterminant | A |, , of A €
M(n, H) for all p, ¢ = 1, n by the column determinant of its corresponding left Hermitian
matrix A*A, and (6.2) does by the row determinant of its corresponding right Hermitian
matrix AA*,

Example 6.2. Consider a matrix

A <a11 a12>
a1 Q22
According to (5.13)

Al = <a11 - @12((122)_1 ag1 aip — an(am)j a22> 67)
a1 — agz(a12) ™ a1 a2 — azi(ai1) " a2

Our goal is to find this quasideterminant using the Theorem 6.1. It is evident that

At — <a—n @_21> AFA — <n(an) +n(az) &_11&12-1-&_21&22) .

a2 a2 G12a11 + G22a21 n(aiz) + n(age)
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Calculate the necessary determinants

ddetA = rdet;(A*A)
= (n(a11) + n(az1)) - (n(ar2) +n(asz))
—(@11a12 + @zrag2) - (@12011 + Gzaz1)
= n(ai1)n(a12) + n(a11)n(age) + n(ag1)n(aiz) + n(azi)n(azs)
—G11012012011 — 011612022021 — G21022012011 — (21022022021
=n(ai1)n(a2) + n(azi)n(ai2) — (@r1012G22021 + ar1a12022021)
= n(ai1)n(a2) + n(ag)n(ai2) — t(@rai2a2a21)

G21  @11a12 + G21022
cdetq ( ).1(a%) = cdety <a_22 n(ai2) + n(@zz))

= n(ai2)az1 + n(aze)a1 — a11a12G22 — G21022022
= n(a12)d21 — G11012022.

Then

cdet1(A*A) 1(a%) = n(ai2)az1 — a@i2a11,

n(cdet; (A*A) 1(a%)) = cdet1(A*A) j(a%) - cdet; (A*A) 1(a%)
= (n(a12)az1 — aze@izarr) - (n(aiz)azr — Girai2a22)
= n%(a12)n(a21) — n(ai2)asnariairass
—n(a12)a22612011021 + A22012011011012G22
=n(ai2)(n(a12)n(az) — t(arai2a22a21) + n(agr)n(ar2))

= n(aj2)ddetA.
Following (6.1), we obtain
ddet A
Aly = det1 (A*A *
| |21 n(Cdetl(A*A),l(aB))C e 1( )~1(a.2)
ddet A
= ———cdet1(A*A *
n((ilg)ddetAC et )a(2s)
= -cdet1(A*A) 1 (a%) ©38)
n(alg) :
_ - (n(a12)ag1 — ageaizaii)
n(a1) 12)021 22012011

=ag) — &22(&12)_1&11-

The last expression in (6.8) coincides with the expression |A |21 in (6.7). O

7. Conclusion

In the chapter we consider two approaches to define a noncommutative determinant,
row-column determinants and quasideterminants. These approaches of studying of a matrix
with entryes from non commutative division ring have their own field of applications.

The theory of the row and column determinants as an extension of the classical defi-
nition of determinant has been elaborated for matrices over a quaternion division algebra.
It has applications in the theories of matrix equations and of generalized inverse matrices

Complimentary Contributor Copy



322 Aleks Kleyn and Ivan I. Kyrchei

over the quaternion skew field. Now it is in development for matrices over a split quaternion
algebra. In the chapter we have extended the concepts of an immanant, a permanent and a
determinant to a split quaternion algebra and have established their basic properties.

Quasideterminants of Gelfand-Retax are rational matrix functions that requires the in-
vertibility of certain submatrices. Now they are widely used. Though we can use quaside-
terminant in any division ring,’ row-column determinant is more attractive to find solution
of system of linear equations when division ring has conjugation.

In the chapter we have derived relations of row-column determinants with quasideter-
minants of a matrix over a quaternion division algebra. The use of equations (6.1) and (6.2)
allows us direct calculation of quasideterminants. It already gives significance in establish-
ing these relations.
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Chapter 10

FIRST ORDER CHEMICAL KINETICS MATRICES
AND STABILITY OF O.D.E. SYSTEMS

Victor Martinez-Luaces
Electrochemistry Engineering Multidisciplinary Research Group,
Udelar, Uruguay

Abstract

First order chemical reaction mechanisms are modeled through Ordinary Differential
Equations (O.D.E.) systems of the form: X = AX, X being the chemical species

concentrations vector, X its time derivative, and A the associated system matrix.

A typical example of these reactions, which involves two species, is the Mutarotation of
Glucose [1], which has a corresponding matrix with a null eigenvalue whereas the other one is
negative.

A very simple example with three chemical compoundsis grape juice, when it is
converted into wine and then transformed into vinegar [2]. A more complicated example,also
involving three species, is the adsorption of Carbon Dioxide over Platinum surfaces [3].
Although, in these examples the chemical mechanisms are very different, in both cases the
O.D.E. system matrix has two negative eigenvalues and the other one is zero. Consequently,
in all these cases that involve two or three chemical species, solutions show a weak stability
(i.e., they are stable but not asymptotically). This fact implies that small errors due to
measurements in the initial concentrations will remain bounded, but they do not tend to vanish
as the reaction proceeds.

In order to know if these results can be extended or not to other chemical mechanisms, a
possible general result is studied through an inverse modeling approach, like in previous
papers ([3, 4, 5]). For this purpose, theoretical mechanisms involving two or more species are
proposed and a general type of matrices — so-called First Order Chemical Kinetics
Mechanisms (F.O0.C.K.M.) matrices — is studied from the eigenvalues and eigenvectors view
point.

This chapter shows that in an F.O.C.K.M. matrix all columns add to zero, all the diagonal
elements are non-positive and all the other matrix entries are non-negative. Because of this
particular structure, the Gershgorin Circles Theorem [6] can be applied to show that all the
eigenvalues are negative or zero. Moreover, it can be proved that in the case of the null

* E-mail address: victorml@fing.edu.uy
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eigenvalues — under certain conditions — algebraic and geometric multiplicities give the same
number.

As an application of these results, several conclusions about the stability of the O.D.E.
solutions are obtained for these chemical reactions, and its consequences on the propagation
of concentrations and/or surface concentration measurement errors, are analyzed.

Introduction

A typical example of first order O.D.E. is given by the mathematical model
corresponding to the unimolecular chemical reaction. This separable variables O.D.E.
problem is usually included in classical mathematics textbooks like Courant [7].

The original problem comes from an important paper published by L.E. Wilhelmy in
1850 [8]. This German physicist studied the inversion of sugar with acids, using a new
technique (Polarimetry) for evaluating the dependency of reaction velocity on the quantity of
reactants and temperature. As S. Zambelli mentioned, “in this paper probably appeared the
first differential equation in chemistry” and “although written in a prestigious journalthe
paper passed unnoticed by contemporary scholars. It will be rediscovered only in 1884 by
Ostwald” [9].

The O.D.E. proposed by Wilhelmy was:

_9Z _zs 1)
dt
where the reaction velocity is the negative derivative of , the sugar quantity in time , is the

acid quantity and finally, represents the quantity of inverted sugar in the differential time dt .
If there is an excess of acid, then can be considered as a constant.Wilhelmy also verified that
remains almost constant in time at a certain temperature. Then, the O.D.E. solution under
these conditions is:

Z =Z,exp(—MSt) 2

The O.D.E. problem and the corresponding solution is the same as Courant’s textbook
example, but with a different notation.

This unimolecular first order chemical reaction can be schematized more easily as
follows:

A—>B ©)

where A represents sugar, is time, is the Kinetic constant and is the inverted sugar. The
corresponding O.D.E. mathematical model is:

% = —k[A] @)

where [A] represents the concentration of substance , is time and the minus sign expresses

that the sugar is being transformed and its concentration diminishes with time.
The O.D.E. solution is:
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[A]=[A], exp (k1) ©)

being [A]O the initial concentration of the reactant.

In both cases (Courant’s textbook and Wilhelmy’s paper), the authors were concerned
about the sugar concentration and its variation against time. Now, if the inverted sugar
concentration is also considered, then we will have the following O.D.E. system:

d[A]

o A ©
% 8]

. A
that corresponds to the following vectorial O.D.E. problem: X = AX , where X = [ {BD

is the concentrations vector, X is its time derivative and is the associated system matrix.
One more interesting problem takes place when the reaction between and is reversible. In
this case, we will have:

A—X 5BandB——>A 7)

where K and are the corresponding kinetic constants.
This situation can be schematized as:

LN
A B ®)
(k—
And the O.D.E. system will be:
d[A] _
F——K[A]+ k[B] -
dlB] _ 11
- K[A]-k[B]

Once again, this system can be written more easily as X = AX , being in this case:

-K k
A _( i k} (10)
A real-life example of this chemical reaction is given by the Mutarotation of Glucose [1].
It is important to note that in both cases (i.e., the irreversible reaction and the reversible
one), there is a negative eigenvalue and the other one is zero. In fact, as the kinetic constants
are always positive, the matrix eigenvalues are and for the irreversible reaction (Eqg. 3), while
in the reversible one (Eq. 8), the corresponding eigenvalues are and (see [3] for this result).

An example involving three different species takes place when a chemical substance
reacts giving a chemical compound which reacts again to give C , the final product of the
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whole reactions sequence [2]. This is a very common situation in real life, for example, when
grape juice is converted into wine and then, it is transformed into vinegar.

This sequence of reactions is a first order chemical kinetics mechanism (F.0.C.K.M),
which can be represented as follows:

k. k
E,——>E,——>FE

(11)

where k; and are the corresponding kinetic constants.

In the production of wine and vinegar, is a carbohydrate, is ethylic alcohol, and is acetic
acid. The mathematical model for this F.O.C.K.M. is the following:

d[E, ] (12)

and the associated matrix is:

A=| k, -k, 0 (13)

whose eigenvalues are obvious , and (note that the system matrix is a triangular one).
Another interesting case involving three species comes from the study of the adsorption
of Carbon Dioxide (CO,) on Platinum (Pt) surfaces [3-10-11]. The research found three

different adsorbates, El ,E2 and E;, and their surface concentrations were measured by

conventional electrochemical techniques. Several mechanisms were proposed and the
theoretical curves were compared with the experimental ones. The best fit was obtained by
the following mechanism:

ks

EZ(k—
-3

E;

If represents the adsorbate E; surface concentration and K, , K, ,k; and are the kinetic
constants, the corresponding mathematical model [3] is:
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d[E,]

=—(k, +k, )[El]
15
d[d%]:kl[E1]_k3[Ez]+k-3[E3] =
d Ejlig] = kz [E1]+ k3[E2]_ k73[E3]
The associated system matrix is:
-k, -k, 0
A= k. —k kg (16)

kK, k -k,

which has the following eigenvalues: 4, =—k;, —k, <0 , and A, =0, as it was proved in
[3].

It can be noted that once again — like in all the other cases — all the eigenvalues are
negative, except one, which is zero.

In all the previous examples, the chemical or electrochemical processes considered were
quite different; however in all of them the mathematical models showed a certain regularity
that poses the following questions:

o Is there any general form for the associated matrices corresponding to the
F.O.C.K.M. proposed in the examples? If so, could this form be generalized to any
F.O.C.KM.?

e Can it be proved that all the eigenvalues of the F.O.C.K.M. matrices are negative
except one, which is always zero?

e In all the previous examples the O.D.E. system solutions are stable but not
asymptotically [3-12]. Is it a general result valid for any F.O0.C.K.M.?

e Which would be the practical consequences of the previous statements if they were
true?

These questions, their answers, and possible generalizations among other issues will be
considered in this book chapter, following an inverse modeling approach [3-4-5-13-14], i.e.,
proposing different theoretical F.O.C.K.M. and analyzing the corresponding O.D.E. systems
and their associated matrices, in order to get general results and/or interesting
counterexamples.

A General Form for F.O.C.K.M. Matrices

Let us consider again two chemical substances and B . If all the possible first order

chemical reactions take place, we will have a mechanism like: and B—X>A, previously
analyzed in (Eq. 7). For this mechanism, we refer back to Eqg. 9 and 10, the corresponding
O.D.E. system is:
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%:—K[AHK[B]
@= K[A]-K[B]

-K Kk
A=
K -k
It is easy to note that in any other simpler F.O.C.K.M., like (Eq. 3), the O.D.E. system
(refers back to Eq. 6):

and its associated matrix is:

9IA]_ i
dt
% 8]

and its associated matrix are just particular cases of (Eg. 9) and (Eq. 10), with a null constant
and a different notation.

In a similar way, if three chemical species E,, and E; are involved, and all the possible
first order reactions take place, we havethe following mechanism:

K, K, K,

— S
E, E,. E, E,and E, E, (17)
< K, ¢ K, < K,

using the notation of a previous article [3].
For such mechanism, the mathematical model can be written as:

X -k, — Kk, k., K, X
y| = k, -k, -k, k., y (18)
z K, K, -k,-k;\z

where the concentrations [El],[Ez] and were replaced by X, Y and so as to simplify the

notation.

Once again, it can be observed that the systems given by (Eq.12) and (Eg.15) and their
corresponding associated matrices — see (Eqg. 13) and (Eq. 16) — are just particular cases if we
substitute several matrix entries by zero.

_k1_k3 k 1 k-3

So, [‘KK "kJ (Eq.10)and | Kk —k,-k, Kk, (19)
K, k, —k,—k,

can be considered as the general forms for and F.O.C.K.M matrices.
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In order to get an general form, let us consider chemical species , E, ,... E, and suppose

that all the possible first order chemical reactions take place. If any of these reactions does not
occur, then, the corresponding constant will be considered null. For instance, (Eg. 14) can be
rewritten as:

E,—%2 sE, E—%“>E  E,—%E,
and
E,—%2>E,, with k,, —k,, =0 (20)

Then, in a general form, corresponding to a F.O.C.K.M., direct reactions involving
species are:

E,—2E, E—%5E,, .. E—>E (1)

n

and the opposed reactions are:

E,—f2 >E E,—%3E, . E —%>E (22)
Consequently, the corresponding O.D.E. for the variation of concentration with time is:
d|E
[d'[l] = 12[E1]_ le[El]_ el kln [El]+ k21[E2]+ k31[E3]+ et knl[En] (23)
or:
d|E
[ l] = _Sl[El]+ k21[E2]+ k31[E3]+ et knl[En] (24)
being
31:k12+k13+...+k1n:2k1j (25)
j#1
Following a similar reasoning for species we have:
d|E.
% =5 [Ei ]"‘ kli [E1]+ et ki—l,i [Ei—1]+ ki+1,i [Ei+1]' -t kni [En] (26)
being
SI :k|1+"'+k|,|—l+k|,|+l"'+k|n :Zk” (27)
j=i
Then, the general F.0.C.K.M. mathematical model is:
[El] -s, Ky Ky [El]
[Ez] _ k‘lz _§2 krjz '[Ez] (28)
1) \Ka Ka =S{[E,]
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and its associated matrix is:

—S |(21"' knl
klZ =Sy K 2
A=| . " (29)
kln k2n ’ =S,
where all the non-diagonal entries are non-negative and the diagonal elements are
-5 = _z kij , 50 all the matrix columns add to zero.
j=i

To summarize, the characteristics that define these F.O.C.K.M. matrices, are the
following:

. A is a N <X N'matrix with real entries aij .

e The non-diagonal entries are always non-negative numbers, i.e., &; = 0 Vi=j.

e The diagonal elements are — S; , S; is the sum of the non-diagonal entries in the I th
column.

Two obvious corollaries can be easily obtained for this general form:

o det(A)=0.
e A=0jsaneigenvalue of A.
The first one is a straightforward conclusion from FOW, +FOW, +...+row, =0

(Eg. 30), and the second one is an obvious consequence of having a null determinant.
To end this section, two more comments can be made. The first one is that if all the
reactions involved are reversible ones, then:

E,—%>E,,with k; #0 (31)

E,—2—>E, with k;; #0 (32)

So, in this particular case, all the non-diagonal entries are positive and all the diagonal
ones are negative. These mechanisms where all the reactions are reversible were already
studied in another paper [12].

The second comment is about the previous corollaries, i.e., and A=0isan eigenvalue

of A. Both of them can be obtained because of Lavoisier’s Law of Conservation of Mass.
This different approach [3] establishes a strong connection with the original modeling
problem, but in the opposite way, getting a mathematical result because of a chemical law.
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This inverse modeling approach was widely used in previous books and articles like [3], [4],
[5], [12], [13] and [14] and it will be utilized one more time in this chapter in order to get
other general results.

The Gershgorin Circle Theorem and Its Application
to F.O.C.K.M. Problems

The Gershgorin circle theorem was first published by S. A. Gershgorin in 1931 and may
be used to bind the spectrum of a complex N x N matrix [6]. If with i, j € {1, ..,N }are the

matrix entries and R, =-)"la;|is the sum of the non-diagonal entries modules in the i th

j#

a

row, then D(a;, R, ), the closed disc centered at with radius Ri, is called a Gershgorin disc.
The theorem states that every eigenvalue of lies within at least one of the Gershgorin discs
D(a;,R)-

A corollary of this theorem can be obtained by applying the Gershgorin circle theorem to

AT The straightforward conclusion is that all the eigenvalues of A lie within the
Gershgorin discs corresponding to the columns of A.

For a general F.O0.C.K.M. involving species E_, ... the O.D.E. system is like (Eq. 28) and
the associated matrix is given by (Eg. 29). For instance, for the first column the Gershgorin
disc is where R, ZZ‘kli‘ = k,; =s,. Then, the first column Gershgorin disc is and the

j#l JE

same happens with all the other columns of A(Eq. 29), so all the eigenvalues lie in
U D(-s;.s;)
i=1

It is important to note that every disc is centered in a non-positive number — §; < 0 and

the circle radius is the absolute value of this number (i.e., ‘— Si‘ =3S;), then all the

Gershgorin discs are tangent to the imaginary axis.
One of these circles can be schematized like in Figure 1.

. Im

i Re

Figure 1. The [ thGershgorin circle 5(— Si,si).
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Then, all the Gershgorin circles are contained in the closure of the left semi-plane, (_:(_) ,

i.e.
|J B(-s..s)< {zC/Re(2)<0}=C, , (33)

i=1

This situation is shown in the next figure:

Re

Figure 2. The Gershgorin circles.

As a consequence of (Eq. 33), the spectrum of Ais also included in C_IH, or in other
words:
4€C. Vi=12..,n (34)

According to the previous results, it follows that:
Re(4)<0 Vi=12,...,n (35)

and

Re(4,)=0 < 4, =0 (36)

From the O.D.E. solutions point of view, the non-zero eigenvalues give linear
combinations of functions like:

exp(4t), texp (it), P exp(At), ..., t° exp(At) (37)

depending on the algebraic multiplicity (A.M.) and the corresponding geometric multiplicity

(G.M.) of the eigenvalue A.

An interesting example of this kind of analysis was included in a previous article [3],
where a F.0.C.K.M. involving three species was studied and the corresponding O.D.E.
system was analyzed. In that mechanism, three possible cases were described: three different
eigenvalues, a double eigenvalue and a simple one, and finally, a unique triple eigenvalue. In
all those cases the O.D.E. system solutions showed a weak stability, i.e., they were stable
solutions but not asymptotically stable.

In order to generalize the previous result already mentioned, to any other F.O.C.K.M., a
general matrix like (Eq. 29) will be considered. For this general form, above in this chapter it
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was proved that: (Eq. 35) and (Eq. 36), so there are two different cases to analyze: the
eigenvalues with a negative real part and the null eigenvalue.

Case 1. is an eigenvalue with Re(1)<0
In this case, if is an eigenvalue with & <0, the O.D.E. solutions are a linear combination
of exp(ﬂut),texp(/lt),t2 exp(lt), N exp(ﬂt), where depends on the A.M. and G.M.

corresponding to A . Taking into account that exp(ﬂ,t):eat (cosbt +isinbt), being
a<0, it follows that and the same happens with all the other functions:

texp(At), t?exp(At), ..., t° exp(At).
Then, all the O.D.E. solutions associated with the eigenvalue tend to vanish with time,
independently of corresponding A.M. and/or G.M.

case2. A=0

The null eigenvalue is always present in F.O.C.K.M. problems as it was proved above in
this chapter. As it was mentioned before, the same result can be obtained from a different
approach, because of Lavoisier’s Law of Conservation of Mass [3].

The O.D.E. system solutions associated with the null eigenvalue are linear combinations

of the following functions: {em,tem,---,tqem}, or the equivalent: {1,t,...,tq}. Then,
the solutions due to the null eigenvalue are polynomial functions, which grade depends on

both the A.M. and the G.M., corresponding to A=0,

It follows straightforward that only if ( = 0 will the polynomial solutions remain bound
when tends to infinity.

To sum up the previous results, it can be stated that only the null eigenvalue — and
particularly, its A.M. and G.M. — is relevant to make predictions about the stability of the
O.D.E. system solutions. The study for the different cases, corresponding to the eigenvalue
A =0, will be carried out in the following section of this chapter, through an inverse
modeling approach.

The Multiplicities of the Null Eigenvalue

In the previous sections, a general F.O.C.K.M. was analyzed. For this mechanism, the
mathematical model is an O.D.E. linear system whose associated matrix has its spectrum in
the closure of the left semi-plane in the complex numbers. With the purpose of studying the
stability of the O.D.E. solutions, only the A.M. and the G.M. corresponding to are relevant.

Taking into account all these facts, the following questions must be considered:

e s it possible to find a F.O.C.K.M. with a multiple (double, triple, etc.) null

eigenvalue?
e Ifso, isit possible to have a F.0.C.K.M. such that AM ,_, #GM ,_; ?
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In order to answer these questions an inverse modeling approach will be put into practice,
like in other papers [4-12-13-14] and books [3-5].

As W. Blum et al. mentioned, modeling is a process that goes from the real world
towards mathematics [15]. Examples of this process were presented above when (Eq. 9) was
proposed as the mathematical model for the F.O.C.K.M. considered in (Eq. 7), or when (Eq.
12) was obtained from the chemical reactions of (Eg. 11) in the wine/vinegar example, and

finally when (Eq. 15) was derived from (Eq. 14) in the adsorption of CO, on surfaces.

In an inverse modeling approach, O.D.E. systems and/or their associated matrices are the
inputs and the main objective is to find a chemical reaction or a chemical mechanism that fits
with the proposed O.D.E. system or its associated matrix. Then, only matrices such as those
described in the second section of this chapter, e.g., (Eq.29), will be considered,since these
are the unique matrices that are able to fit with a F.0.C.K.M., as it was proved before.

In order to answer the first question proposed — about double, triple, etc.,and null
eigenvalues — the following matrix can be analyzed:

50 0
A=l 3 0 0 (38)
2 00

It is easy to observe that A has two different eigenvalues: (simple) and (double).
Therefore, the inverse modeling question is, if it exists, a F.O.C.K.M. that fits with this matrix
and the answer is affirmative, since the F.0.C.K.M.:

E,—%>E, E,—% >E, (39)

gives an O.D.E. like:

d[E,]
dt
d[E,]
dt

d EEB] = le[El]

= _(klz + k13)[E1]

= klZ[El] (40)

and its associated matrix is:

- k12 - k13 0
k12

0
0 (41)
K 0

0
0

This matrix corresponds with the matrix given in (Eq. 38) if and k ;= 2. It is interesting
to note that this mechanism is like the F.O.C.K.M. corresponding to the adsorption of on
surfaces (Eq. 14), without the reversible reaction between and E;.
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The mechanism can be easily generalized for N chemical speciesE, ,E, ... in the
following way: El% E,. EI% E,. ..., (Eq. 42), then:
d[E]
dtl = _(k12 +k+. kg, )[El]
d|E
[ 2] = klZ[El]
t (43)
d|E
[_jtn] = kln [El]
and its associated matrix is:
-5 0 0
k, O 0 (44)
kg 0 - 0

being Sl = k12+k13+...+ kln :Zklj
j#l

It is obvious that has two different eigenvalues: A4, = —S, < 0 (simple) and 4, = 0 with

AM , ,=n—-1.

In the previous examples was found in (Eg. 10), (Eq. 13) and (Eqg. 16), and was found in

(Eg. 41) and (Eq. 44).

Now, an interesting question arises: Is it possible to get an intermediate for the null

eigenvalue?
Once again the answer is affirmative, for instance if

-s, k, 00
Aol K2 s, 00
ks ky 0 0
k14 k24 0 O

Then, algebraic manipulations give:
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p(1)=det(A— A1) = 2%[(s, + A )s, + A)—k,,k,,] and if we takek , =k =k, =k, =k, =k,, =1
the characteristic polynomial will be p(1)=A*(2+4)4+4), which has two negative
eigenvalues: 4, =-2 <0 (simple), A, =—4 <0 (simple) and A, = A4, = 0(double).
An inverse modeling approach suggests considering a mechanism with one reversible
. S . . k k
reaction: E, E, and four irreversible ones: E, —2—>E, E,—*—>E,,and.
k21

This F.O0.C.K.M can be easily generalized for N speciesE,, ... E_ . If we consider the

i

. . . . . ki .
reversible reactions: E; E; being and the irreversible ones: E, —')EJ— being and

< K.
ji

then, the corresponding matrix is:

-5, Kips 0 - 0
Al kl@—p —S.n,p 0 --- 0 (46)
Kp = Kipy O =+ 0

In this matrix, if the kinetic constants are well chosen, the first N — P columns will be

linear independentand AM , , =p.

The previous examples show that the A.M. corresponding to the null eigenvalue can be
S0, the next question is: can be equal to n?

In this case, the answer is negative as can be proved by analyzing the trace of A. It is
well known that is by definition the sum of the diagonal entries of and it also equalsthe sum
of the eigenvalues [16]. So, on one hand we have: (Eq.47), and on the other hand:

tr(A):—sl—sz—...—sn:—Zn:kij (48)

ij=1

If then and so must be zero. In this theoretical situation and there are no chemical
reactions or mechanism to be studied.

Summarizing all these results, (Eqg. 49), and can take any of these values.

This result gives an affirmative answer to the first question posed at the beginning of the
section.

In order to respond to the second question, the G.M. corresponding to the eigenvalue
must be analyzed.

If only two species are involved, and the must be 1, due to (Eq. 49) and in this case is a

simple eigenvalue and so, GM ,_, = AM ,_; =1.

If three chemical compounds are involved in the F.O.C.K.M., the analysis is not as
simple as in the previous case. In this new situation, and taking into account the result of (Eq.
49).

Complimentary Contributor Copy



First Order Chemical Kinetics Matrices and Stability ... 339

In the first sub-case, i.e., AM ,_;, =1, once again is a simple eigenvalue and the result is:
GM, , =AM, ,=1.
In the second sub-case (i.e., AM ,_, =2) a priori the can be 1 or 2. We will see that in
F.O.C.K.M. matrices it is always 2. For this purpose, let us consider the general 3x 3 matrix:
—-S k21 k31
A=k, -5, Ky (50)
k13 k23 —S3

where
S, =k, + K5, and S, =K, + K, (51)

The characteristic polynomial is:

- 51 -4 kZl k31
p(1)=det(A-Al)=det| k, -s,—4 ki (52)
k13 k23 —S;— A
which can be written as:
p(1)=det(A-Al)=c, A +c,2 +c A+, (53)

In this formula, several coefficients can be easily determined [16]. In fact, it is well
known that: , ¢, =tr(A) and , so in this case:

(54)
then:
p(2)= -2 +[tr(A)] 2 +c,A (55)

In this polynomial, C; must be zero in order to have AM, ,=2. Developing the
determinant in (Eq. 52) it is easy to obtain:

C, =—5,S; — ;S5 —S,8;5 + K ,K;y + K gKgy +Ky 5K, (56)
and if C; must be zero, then:

$,S; 8,5 + 5,85 = KKy, + KigKgy +Ky 5K, (57)
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Finally, combining (Eg. 51) and (Eq. 57) the result is:
k12k23 + k13k21 + k13k23 + k12k31 + k12k32 + k13k32 + k21k31 + k21k32 + k23k3l = 0 (58)

The constants kij are non-negative Vi, j , therefore, all the products included in (Eq. 58)
must be zero. In order to analyze all the possibilities, the tree diagram of figure 3 will be

followed.
/ k #0 (casel)
(Eq. 58) k21>0 (sub-case Ila)
k=0 (case II)

k, =0 (sub-case IIb)

Figure 3. Tree diagram for the analysis of possible cases in (Eq. 58).

Casel. k;, #0
If and all the products in (Eq. 58) must be zero, then: k,, =0, and k,, =0, and this result

implies that k ;= 0. In fact, if then, the whole mechanism will be only: E, E, and
%

species is not involved in the F.O.C.K.M.
So, here we have: k, =0, and K,; =K;; =K;, =0. Moreover, being the second

product in (Eq. 58) Kk K,;=0and k,#0, then k,,=0and the F.O.CKM. is:
Q%EZ,Q%ES. This case was already considered (Eg. 39-40) and the
associated matrix was:
_klz_kl3
klZ
k13

o O O

0
0 (41)
0

This matrix has a null double eigenvalue, such that the canonic vectors: &, =(0,1,0)and

are associated eigenvectors and so, GM,_, =AM , ;=2

Casell. k, =0

If then k21may be positive (sub-case Ila) or (sub-case Ilb). Both sub-cases will be
analyzed in the following paragraphs.

Sub-case lla. and k,, >0

If the constant is positive, then since all products in (Eq. 58) must be zero. The remaining
mechanism is given only by: E, —=E , E, L ERN E, (Eq. 59) and the associated matrix is:
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0 Ky, 0 50
0 - (k21 + k23) 0 ( )
0 Kys 0

It is easy to observe that the canonic vectors: & =(1,0,0)and are eigenvectors associated
with the null eigenvalue and so, once again: GM,_, = AM ,_, =2.

Sub-case Ilb. and k,, =0

If then (Eq. 58) is converted into: (Eq. 61), where as always, k; >0 Vi, j.

It is important to note that if then K, =K, =0, since all products in (Eq. 61) —
particularly the first and the last products — must be zero. In this situation, k;, =k,, =0 and

k,, =k, =0, so the species E, is not involved in the mechanism. Then, if three chemical
substances are considered, must be zero and (Eq. 61) is converted into:

kK, =0 (62)

We already havek;, =k,; =0 and k,, =0, so must be positive (if not, the species E, is
not part of the F.O.C.K.M.). Then, it follows from (Eq. 62) that k,, =0

To summarize this sub-case, we have K, =K, =0, ,K,;,=0 and the remaining
. . k . .o
mechanism is EsL)El, E,—2—>E, (Eq. 63), and the associated matrix is:
00 Kk
0 0 Ky
0 0 —ky—ks

(64)

For this matrix, it is easy to observe that the canonic vectors & =(1,0,0)and are
eigenvectors associated with the null eigenvalue and we have again: GM,_, =AM ,_, =2,

like in the previous sub-case.

As a summary of this section, in all mechanisms involving two or three species, the A.M.
and the G.M., corresponding to the null eigenvalue are the same. The consequences of this
result on the stability of the O.D.E. solutions and its possible generalizations, among other
conclusions, will be the core of the next section.

Conclusion

In the preceding sections, a general form for matrices associated to F.O.C.K.M. problems
was obtained.

Because of this structure, several properties were proved. Particularly, for a general
Nnx nmatrix A, corresponding to a given F.0.C.K.M., the following statements were
demonstrated:
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det(A)=0

If is an eigenvalue of A, then Re(2)<0

Re(4)=0 ifand only if =0
For the null eigenvalue is and can take any of these possible values.

If two or three chemical substances are considered, the matrix that corresponds to this
F.0.C.K.M. verifies that GM ,_, = AM _,.

This algebraic result has an analytical corollary: the O.D.E. solutions for F.0.C.K.M.
involving two or three species are always stable, but not asymptotically. This weak stability
has an important chemical consequence, since it implies that small errors in the initial
concentration measurements will remain bound as the reactions take place, but they will not
tend to disappear when t — +o0.

If more than three substances are involved in the F.0.C.K.M., this weak stability result
can easily be generalized in the particular case where only reversible reactions are considered
[12].

Other qualitative results can be obtained by analyzing the form of the solutions for the
O.D.E. linear system. For instance, the existence and number of inflexion points in curves of
vs. were previously obtained in [3], among other conclusions.

It is important to note that the cases studied in this chapter — i.e., F.O.C.K.M. involving
two or three species — are especially important since they are the most common situations in
chemical kinetics problems and they appear regularly in the corresponding mathematical
models.

Finally, the study of other stability properties and qualitative results, for any number of
reactants and for any kind of chemical reactions (reversible, irreversible, second and third
order reactions, etc.), represents a challenging problem and an opportunity for further
research in this area.
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